
Chapter 31
A Comparison of Laser Oscillators
and Quasiclassical Solid State Oscillators

Wepresent three types of quasiclassical oscillators that are able to generatemicrowave
radiation of high frequency: Gunn oscillator (used as source of radiation up to
∼200GHz); superlattice oscillator (in development, up to 200GHz); resonant-tunnel
diode oscillator (demonstrated up to 700GHz). These oscillators are solid state oscil-
lators, driven by active media. An active medium of a solid state oscillator makes
use of the nonlinear transport in a semiconductor (Gunn oscillator) or a semicon-
ductor heterostructure (superlattice oscillator and resonant-tunnel diode oscillator).
The nonlinear transport is due to a negative mobility of conduction electrons. The
origin of negative differential mobility is of quantum mechanical nature. However,
the transport can be described classically.

A laser oscillator and a quasiclassical solid state oscillator have in common that
gain is mediated by a high frequency polarization of an active medium and, addition-
ally, that the activemedium experiences a change during the buildup of an oscillation.

What makes the difference between a laser oscillator and a quasiclassical solid
state oscillator? In a laser oscillator, polarization occurs via interaction of a high
frequency field with single particles (atoms, molecules, free-electrons). In a quasi-
classical solid state oscillator, polarization occurs via interaction of a high frequency
field with charge density domains, i.e., with collectives of free-electrons. The forma-
tion of domains and thus of the polarization is due to nonlinear transport properties
of the active medium—and not by a population inversion. A quasiclassical solid state
oscillator shows an upper frequency limit that is determined by a relaxation time; this
is the time it takes the electrons to establish a collective. Oscillation is only possible
if the period of the high frequency field is larger than the relaxation time.

There is, beside the mechanism of interaction of radiation with a medium, a
difference in the techniques used to couple radiation to amedium. The activemedium
of a laser fills a resonator partly or completely. A solid state diode that drives a
quasiclassical solid state oscillator can have extensions that are small compared to
the wavelength of the radiation. An antenna serves for coupling of the active medium
to the radiation. It is possible to use an active medium of small volume because the
gain of classical active media can be much larger than the gain of laser media.
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568 31 A Comparison of Laser Oscillators and Quasiclassical …

According to Kroemer, there are two types of domains and therefore two modes
of operation of a quasiclassical solid state oscillator—the pure charge accumula-
tion mode and the propagating dipole domain mode. Here, we treat the pure charge
accumulation mode, which is rarely described in textbooks, and we present an exper-
iment that demonstrates the occurrence of the pure charge accumulation mode in a
quasiclassical solid state oscillator.

We will, furthermore, discuss a classical oscillator model—the van der Pol oscil-
lator. The model describes an equivalent circuit containing a nonlinear resistance
that drives a self-excited oscillation in the circuit. The resistance of a van der Pol
oscillator does not undergo a change during the buildup of an oscillation.

The chapter provides a connection to textbooks that treat microwave oscillators.

31.1 Interaction of Radiation with an Active Medium
of a Laser or a Quasiclassical Oscillator

A comparison of a laser oscillator and a quasiclassical solid state oscillator shows
the following.

• A laser oscillator and a quasiclassical oscillator have in common: interaction of an
active mediumwith a high frequency field results in a high frequency polarization,
which is synchronized to the field;mutual interaction of field and polarization leads
to the buildup of both field and polarization.

• An active medium of a laser is, with respect to the charge distribution ρ, homoge-
neous (Fig. 31.1a). The corresponding material equation has the form ∇ · D = 0.
An active medium of a laser contains high frequency dipole moments carried
by atomic excitations. Interaction of these single-particle excitations with a high
frequency electromagnetic field leads to gain for the high frequency field.

• In the active medium of a solid state oscillator, the charge distribution is inhomo-
geneous, ∇ · D �= 0 (Fig. 31.1b). The periodic buildup and destruction of charge
density domains gives rise to a high frequency polarization of the active medium.
A quasiclassical solid state oscillator shows an upper frequency limit that is deter-
mined by the relaxation time of the electrons, which constitute a domain. The
material properties responsible for the occurrence of charge density domains are
based on quantum mechanical properties of a semiconductor (or a semiconductor
heterostructure).

Fig. 31.1 Active media.
a Laser medium. b Active
medium of a solid state
oscillator
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31.2 Solid State Oscillators

There are various types of solid state oscillators for generation of microwave radia-
tion. We mention three types.

• Gunn oscillator. The active device (active medium and electrodes together) of a
Gunnoscillator is aGunndiode.Wedescribe aGaAsGunndiode. The active device
consists of a doped GaAs layer embedded in highly doped GaAs layers carrying
metallic contacts. Nonlinearity is due to transfer of conduction electrons from a
high-mobility state to a low-mobility state in GaAs. The electron transfer, which
is of quantum mechanical nature, gives rise to a negative differential mobility for
voltages larger than a critical voltage. The negative differential mobility causes
formation of charge density domains. Gunn oscillators are available as microwave
oscillators up to frequencies of∼200GHz. Gunn oscillators are described in many
textbooks and survey articles; see, for instance, [234–239].

• Semiconductor superlattice oscillator. The basis of the nonlinearity of a semi-
conductor superlattice oscillator is the miniband transport. At voltages across a
superlattice that are larger than a critical voltage, miniband electrons show a neg-
ative differential mobility. The negative differential mobility causes formation of
charge density domains.

• Resonant tunnel diode oscillator. The active medium is a resonant-tunneling diode
(Sect. 31.7).

There are two modes of operation of a Gunn oscillator or of a superlattice oscillator.

• Pure charge accumulation mode [239] (Fig. 31.2a). Under the action of a static
field, a negative differential mobility medium extracts electrons from the cathode.
The excess electrons in the medium and the positive charges at the cathode rep-
resent a dipole domain connected with a quasistatic polarization of the medium.
Under the action of both a static field and a high frequency field, the number of
excess electrons within the medium (and thus the density of positive charge at
the cathode) increases and decreases periodically at the frequency of the high fre-
quency field. The corresponding high frequency polarization P mediates gain. In
the pure charge accumulation mode of operation of an oscillator, negative charge
flows periodically from the cathode into the negative differential mobility medium
and back to the cathode while the positive charge is bound to the cathode.

Fig. 31.2 Dipole domains in
an active medium of a solid
state oscillator. a Dipole
domain caused by pure
charge accumulation.
b Propagating dipole domain
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• Propagating dipole domain mode [239] (Fig. 31.2b). Under the action of a static
field and of a high frequencyfield, negative and positive chargeswithin the negative
differential mobility medium separate giving rise to dipole domains. A dipole
domain is formed near the cathode, travels through the medium, and disappears at
the anode. The periodic formation and destruction of domains at the frequency of
the high frequency field is joinedwith a high frequency polarization P of the active
medium. The polarization mediates gain. The formation of propagating domains
requires special boundary conditions for the field at the boundary between cathode
and the negative differential mobility medium.

We will consider a particular solid state oscillator, namely a semiconductor super-
lattice oscillator, operating in a pure charge accumulation mode.

31.3 Semiconductor Superlattice Oscillator

In a semiconductor superlattice oscillator (Fig. 31.3a), a superlattice in a cavity res-
onator drives the oscillation. The superlattice is electromagnetically coupled to the
field in the resonator via an antenna (a metal whisker). The antenna is also connected

Fig. 31.3 Semiconductor superlattice oscillator. aArrangement. bEmission spectrum. cThreshold
behavior
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to a bias circuit containing a voltage source (voltage U ), which delivers a direct
current I . A filter in the bias circuit avoids loss of radiation to the bias circuit. Radia-
tion is coupled out from the resonator via the output port that contains a diaphragm.
The oscillator is suited to generate microwave radiation. The emission spectrum
(Fig. 31.3b), of an oscillator generating radiation near a frequency of 64GHz, shows
a bandwidth (200kHz) that is determined by the spectrum analyzer used to regis-
ter the spectrum. The emission line is, as indicated by the slope in the far wings, a
Lorentzian line; a small deviation is due to background of the spectrum analyzer. For
description of a superlattice oscillator, we follow [246].

Figure31.3c (points and solid line) shows the output power Pout of the oscillator
for different strengths η of output coupling loss; a measure of the output coupling
loss η is the ratio of the aperture area and the area of the completely open output port.
At small η, with radiation stored in the resonator, Pout is small. With increasing η,
Pout increases, shows a maximum corresponding to optimum output coupling at ηopt,
and then decreases to zero at the threshold loss ηth. A solid state oscillator shows an
oscillation threshold behavior as a laser oscillator does.

To illustrate the principle of a superlattice oscillator, we consider the current-
voltage (I–V ) curve of a superlattice (Fig. 31.4a).With increasing voltage, the current
increases linearly at small voltage, then less than linearly, reaches a peak value Ip
at a critical voltage Uc, and remains constant for Us > Uc. A static voltage Us > Us

causes the buildup of a high frequency current I (t) and voltage U (t). The active
medium experiences feedback from the high frequency field stored in the resonator,
which results in a reduction δ I of the direct current. The current reduction is equal
to the amplitude of the high frequency current (Fig. 31.4b). The current reduction
occurs stepwise: at increasing Us, the direct current shows plateau-like slopes. A
current reduction, indicating oscillation, can occur already for U < Uc.

Fig. 31.4 Principle of the semiconductor superlattice oscillator. a I–V curve and time-dependent
current and voltage. b I–V curve without and with feedback from radiation



572 31 A Comparison of Laser Oscillators and Quasiclassical …

We conclude from the occurrence of oscillations that the real high frequency
current and high frequency voltage contain components of opposite phases, i.e., that
the high frequency resistance of the superlattice is negative, which that is a condition
of gain. The high frequency resistance is equal to

Rneg = − Û/ Î . (31.1)

Û is the amplitude of the high frequency voltage and Î the amplitude of the high
frequency current.

Example A particular GaAs superlattice (diameter 4 µm; length 0.6 µm; electron
density N0 = 5× 1022 m−3) has a critical voltage of 0.6V and a peak current of
10mA. Oscillation at 65GHz results in a reduction of the current amplitude of
δ I = Î = 2mA. The amplitude of the high frequency voltage is Û = 0.9 V (for
Us = 2 Uc). Thus, the negative resistance is equal to Rneg = −450�. The exper-
imental output power at optimum output coupling is ∼0.5mW corresponding to an
efficiency of 4% for conversion of electric power to power of microwave radiation.

31.4 Model of a Solid State Oscillator

We follow [234].We characterize a (quasiclassical) solid state oscillator by an equiv-
alent resonance circuit. The resonance circuit can be a parallel or series resonance
circuit. We choose a parallel resonance circuit.

The equivalent circuit (Fig. 31.5a) describes a high frequency circuit containing
an active device with a negative resistance Rneg, a capacitance C , an inductance L
and a resistance R, which accounts for loss due to emission of radiation. The active
device (i.e., the active medium together with the electrodes) itself has an inductance
Ld and a capacitanceCd. To illustrate the principle of a negative resistance oscillator,
we make use a simplified circuit (Fig. 31.5b).

• If the total resistance is negative, an initial high frequency current in the loop will
grow; thus, we have the oscillation condition: the total resistance must be negative.

Fig. 31.5 Negative resistance oscillator. a Equivalent circuit and b simplified equivalent circuit
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Fig. 31.6 Dependence of
the magnitude of a negative
resistance on the current
amplitude

• At steady state oscillation, the sum of the resistances is zero; during onset of
oscillation, the magnitude of the negative resistance decreases from a small-signal
value to a large-signal value.

• If the total resistance is positive, an initial high frequency current will be damped
and oscillation will not start.

The magnitude of the negative resistance depends on the amplitude of the high
frequency current (Fig. 31.6). The absolute value of Rneg is largest for a small current
amplitude Î and is zero at maximum current amplitude Îmax obtained for R = 0.
The resistance R determines the point of steady state oscillation.

The output power of the oscillator is

Pout = (1/2)R Î 2 (31.2)

if the condition

Rneg + R = 0 (31.3)

is satisfied. An appropriate choice of the value of R—for instance, by an appropriate
choice of the output coupling aperture of the resonator—leads to optimum output
coupling. In the description of an equivalent parallel circuit, the threshold condition
of a solid state oscillator is given by

R < |Rth|; (31.4)

the loss resistance R must be smaller than the absolute value of the threshold resis-
tance Rth.

To maintain a steady state oscillation, the high frequency voltage across the loop
described by the complete equivalent circuit (see Fig. 31.5a) must be zero according
to Kirchhoff’s rules of voltages and currents in an electrical circuit,

I0 (Rneg + i Xd) + I0 (R + i X) = 0. (31.5)
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Xd is the reactance of the device and X = ωL − 1/(ωC) the reactance of the res-
onance circuit. Rneg + i Xd is the device impedance. The real part of the equation
leads to (31.3) and the imaginary part to

X + Xd = ω(L + Ld) − 1

ω

(
1

C
+ 1

Cd

)
= 0. (31.6)

This condition provides the oscillation frequency at steady state oscillation.
We consider an oscillator with an active element carrying a high frequency current

(frequency ω) of amplitude Î ,

I (t) = Î cosωt. (31.7)

The voltage across the active device is given by

U (t) = Rneg Î cosωt − Xd Î sinωt; (31.8)

we neglect higher harmonics. Voltage and current have a phase shift of

tan ϕ = −Xd/Rneg. (31.9)

Without loss (R = Rneg = 0), the phase shift between current and voltage is π/2.
We can write the oscillator equation in the form

L
dI

dt
+ RI + 1

C

∫
Idt +U = 0. (31.10)

Inserting (31.7) and (31.8) in (31.10) leads to the conditions of steady state oscillation,
Rneg + R = 0 and ωL − 1/(ωC) + Xd = 0.

Anegative resistance device based on nonlinear properties of conduction electrons
in a semiconductor has internal degrees of freedom: the charge density distribution
in an active device (=active medium and electrodes together) can be inhomogeneous.
The degree of inhomogeneity depends nonlinearly on the voltage across the device.
The value of Rneg depends therefore on the internal dynamics.

We consider an oscillator operated at a fixed R = |Rneg|, i.e., at a fixed static
voltage. In the case that the oscillator is submitted to a small additional timedependent
voltage U1(t), the oscillator equation is given by

L
dI

dt
+ RI + 1

C

∫
Idt +U = U1(t). (31.11)

We solve the equation by using the ansatz:

I (t) = Î (t) cos[ωt + ϕ(t)], (31.12)



31.4 Model of a Solid State Oscillator 575

where higher harmonic currents are neglected. It follows that the high frequency
voltage is equal to

U (t) = Rneg Î cos[ωt + ϕ(t)] − Xd Î sin[ωt + ϕ(t)]. (31.13)

We assume that Î (t) andϕ(t) do not vary appreciably over one cycle of the oscillation
(slowly varying envelope approximation) and find the differential equations

dI

dt
= − Î

(
ω + dϕ

dt

)
sin(ωt + ϕ) + d Î

dt
cos(ωt + ϕ), (31.14)

∫
Idt =

(
Î

ω
− Î

ω2

dϕ

dt

)
sin(ωt + ϕ) + 1

ω2

d Î

dt
cos(ωt + ϕ). (31.15)

Using (31.12) and (31.13), multiplying by cos(ωt + ϕ) and sin(ωt + ϕ) and inte-
grating over a period T = 2π/ω, we find from (31.14) and (31.15) two oscillator
equations

(
L + 1

ω2C

)
d Î

dt
+ (

Rneg + R
)
Î = 2

T

∫ t

t−T
U1(t) cos(ωt + ϕ)dt (31.16)

and
(

−ωL + 1

ωC
− X̄

)
−

(
L + 1

ω2C

)
dϕ

dt
= 2

Î T

∫ t

t−T
U1(t) sin(ωt + ϕ)dt.

(31.17)

If an external voltage is absent, these differential equations describe self-excited
oscillation of a quasiclassical solid state oscillator. The description of onset of oscil-
lation and steady state oscillation of a specific oscillator requires knowledge about
the parameters R, L , C of the passive elements and the parameters Rneg( Î ), Cd( Î ),
and Ld( Î ) of the active device. If an external voltage is present, the equations describe
phase locking of a classical oscillator to an external (weak) high frequency voltage
(that is delivered, for instance, by a highly stabilized oscillator).

In comparison with a laser oscillator coupled to an external field—characterized
by five differential equations of first order (Sect. 9.9)—the quasiclassical solid state
oscillator coupled to an external field can be characterized by only two differential
equations of first order, an equation for the amplitude of the current, and another
equation for the phase between current and external field. The equations are coupled
equations that have in common the parameters of the active device.

We can describe the superlattice oscillator as a regenerative amplifier with a res-
onator mediating feedback. Amplification of thermal radiation leads to phase and
amplitude fluctuations and therefore to a noise bandwidth of the oscillator radia-
tion. The spectral distribution of the radiation has a Lorentzian lineshape (Sect. 4.5).

http://dx.doi.org/10.1007/978-3-319-50651-7_9
http://dx.doi.org/10.1007/978-3-319-50651-7_4
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The quality factor for radiation generated in a single mode oscillation is equal to
(Sect. 8.9)

Qrad = QresZ/Z0. (31.18)

Qres is the quality factor of the resonator, Z the average occupation number of photons
in the resonator mode at steady state oscillation, and Z0 the average occupation
number of thermal photons in the resonator modewithout oscillation. Z follows from
the relation Pout = Zhν/τp, where τp = Qres/ω is an average lifetime of a photon
in the resonator. The thermal occupation number is Z0 = kT/hν; k is Boltzmann’s
constant and T the temperature.

Example Superlattice oscillator with a superlattice described in the preceding and
the following example. Frequency ν = 6.5 × 1010 Hz; Qres = 30; output power
Pout = 0.5mW; Z0 ∼ 100; Z = 2 × 108; Qrad ∼ 108.

A more detailed treatment of noise in solid state oscillators can be found, for
example, in [244, 245].

31.5 Dynamics of Gain Mediated by a Semiconductor
Superlattice

We describe a particular superlattice (Fig. 31.7a). It consists of layers of GaAs and
of AlAs in turn. The superlattice is doped and contains free-electrons. Adjacent to
the superlattice are, on both ends, highly doped GaAs layers (electron concentration
2 × 1024 m−3). One of these layers connects the superlattice to a highly doped GaAs
substrate and the other layer is covered with a metallic contact layer.

Fig. 31.7 Semiconductor
superlattice. a Geometric
structure. b Drift
velocity-field characteristic
for a homogeneous field
along the superlattice axis.
c Experimental I–V curve
(simplified)

http://dx.doi.org/10.1007/978-3-319-50651-7_8
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The drift velocity-field characteristic (Fig. 31.7b) is expected to have the form of
an Esaki-Tsu characteristic:

vET = vET,m
2 Es/Ec

1 + (Es/Ec)2
(31.19)

Es is the static field, vET,m the maximum drift velocity reached at the critical
field Ec. The differential mobility μ = dvET/dEs is equal to the ohmic mobil-
ity μohm = 2vET,m/Ec for fields around Es = 0 and is negative for Es > Ec. The
negative differential mobility has the largest absolute value for E = 1.7 Ec, where
µ = −µohm/8. We will derive the Esaki–Tsu characteristic in Sect. 32.3. We will
show that the critical field is determined by the superlattice period a and a relax-
ation time τ according to Ec = �/eaτ ; the relaxation time indicates how fast an
equilibrium is established in an ensemble of free-electrons in a superlattice.

If the field along the superlattice axis is homogeneous even if the field exceeds
the critical field, we obtain the Esaki–Tsu I–V characteristic, which is given by

IET = Ip
2Us/Uc

1 + (Us/Uc)2
. (31.20)

Us = Esl is the static voltage across the superlattice,Uc = Ecl is the critical voltage,
and

Ip = πr2N0evET,m (31.21)

is the peak current; r is the radius of the superlattice and N0 the electron density. The
ohmic resistance around Us = 0 is equal to

Rohm = Uc

2Ip
. (31.22)

Example of a superlattice (radius r = 2 µm; l = 0.6 µm; electron density N0 =
5.5 × 1022 m−3); vET,m = 105ms−1; Ip = 11mA; Ec = 106 Vm−1;Uc = 0.6V; τ ∼
1.5 × 10−13 s; ohmic resistance Rohm = 27 � (around Us = 0) and ohmic mobility
μohm = 0.20m2 V−1 s−1; ohmic conductivity σohm = 1.8 × 103 �−1 m−1.

Now, the experimental I–V curve (Fig. 31.7c) shows a constant current (peak
current Ip = N0evET,m) at voltages above Uc. The origin of the excess current
Iexc(U ) = Ip − N0evET(E), with U = El, are excess electrons extracted from the
cathode.

Aconstant current (I = Ip) corresponds to an excess electrondensityn (Fig. 31.8a)
that increases with Us (>Uc) according to

n(Us) = N0

(
vET,m

vET(Us)
− 1

)
= N0

(1 −Us/Uc)
2

2Us/Uc
. (31.23)

http://dx.doi.org/10.1007/978-3-319-50651-7_32
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Fig. 31.8 Superlattice
biased with a static voltage.
a I–V curve and excess
current at a static voltage Us.
b Charge density and
polarization

The excess electron density is zero at Us = Uc, equal to N0 at Us = 3.7 Uc and
increases linearly with Us at Us/Uc � 1. For Us/Uc � 1, the excess electron den-
sity increases linearly with the static voltage, n = (1/2)N0Us/Uc. We suppose that
the positive charges are distributed on a plane (at the cathode) adjacent to the super-
lattice boundary. The excess charge within the superlattice is equal to the positive
charge at the cathode (Fig. 31.8b, upper part). The density of the excess charge in
the superlattice is -ne and the area density of the charge at the cathode is nel. The
excess charge in the superlattice together with the positive charge at the cathode
form a dipole domain (Fig. 31.8b, lower part). It consists of a charge density domain
within the superlattice and a positive area charge bound to the cathode. In the absence
of current oscillations, a dipole domain is associated with a quasistatic polarization
P(Us) = −n(Us)el/2. The direction of polarization is opposite to the direction of
the direct current Ip.

The density n(Us) increases with increasing Us (Fig. 31.9a). If the voltage across
the superlattice suddenly changes from Us to Us +U1, additional excess electrons
flow into the superlattice until the excess charge density is equal to n(Us +U1) in
the whole superlattice. If the voltage suddenly changes fromUs +U1 toUs −U1, all
excess electrons escape from the superlattice. For Us = 2 Uc and U1 = 1.5 Uc, the
characteristic time of a cycle of filling of the superlattice with excess electrons and
their escape is tc ∼ 2 × l/(0.8vET,m). The critical rate of generation of a full domain
and its destruction is

νc = 0.4 vET,m/ l. (31.24)

The critical rate is ∼70GHz at a superlattice of a length l = 0.6 µm.
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Fig. 31.9 Dynamics of gain.
a I–V curve. b Voltage,
polarization and current
during an oscillation cycle

Under the influence of both a static and a high frequency voltage, the high fre-
quency voltage causes a periodic change of polarization. The temporal change of
polarization is equal to a polarization-current density. A high frequency voltage (fre-
quency νc) of a rectangular shape (Fig. 31.9b) produces a polarization that has, in
a simplified picture, a triangular shape and is phase-shifted by π/2. The current
has a rectangular shape and is phase-shifted by π relative to the voltage. A Fourier
transformation yields the amplitude Û = (4/π) U1 of the high frequency voltage
U = Û cosωt and the amplitude P̂ = nel/2π of the high frequency polarization
P = P̂ sinωt . The high frequency polarization current is equal to I = − Î cosωt ,
where Î = πr2ω P̂ = r2lνne is the amplitude of the current; the high frequency
polarization-current is continued outside the superlattice by a high frequency cur-
rent (flowing through the antenna). For static voltages that are noticeably larger than
Uc, the electrons are not fast enough to follow the high frequency voltage. There-
fore, the effective length leff of an excess charge domain is shorter than l. We write
leff = 0.2vET,m/vc. The product nleff (= 1.2 N0l) and thus P̂ are independent ofUs.
We obtain a constant current amplitude

Î = 1.2 r2νlN0e. (31.25)

A constant amplitude of the high frequency current results in a plateau in the I − V
curve for the superlattice in the oscillating state. This is in accord with the experi-
mental result.

An analysis of the large-signal behavior of the amplitude of the high frequency
voltage and the amplitude of the high frequency current leads to a negative differential
resistance of the superlattice operating in the accumulation mode, Racc = −Û/ Î ,
which is equal to
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Racc = − 2πvET,m

ν l

Û

Uc

2
(
Us/Uc + (π/4)Û/Uc

)
(
|1 −Us/Uc − (π/4)Û/Uc|

)2 Rohm (31.26)

for Us ∼ Uc and

Racc = − 1.6πvET,m

ν l

Û

Uc
Rohm. (31.27)

for U 2
s � U 2

c . This analysis is oriented at the I–V curve (see Fig. 31.9a). It is taken
into account that the flow of excess charge takes time and it was made use of (31.20)–
(31.22) and (31.24).

We estimate Racc (Fig. 31.10, solid line), using the values: Û = 0.2Uc;Us ∼ Uc;
Û = Us − 0.5 Uc for Us > 1.2 Uc. The absolute value of Racc has the largest value
for Us ∼ Uc, has a minimum for Us ∼ 2 Uc, and then increases with increasing Us.

A superlattice without feedback of radiation has, for Us > Uc, a small-signal
negative differential resistance. A high frequency voltage U = Û cosωt of small
amplitude Û causes the high frequency polarization P = −(el/2)n. This leads, with
dn/dt = (dn/dUs)dUs/dt , to the current amplitude

Î = πr2(el/2)ωÛdn/dUs, (31.28)

where
dn

dUs
= N0

Uc

U 2
s /U 2

c − 1

2U 2
s /U 2

c

. (31.29)

It follows that the small-signal differential resistance for the superlattice operating
in a pure charge accumulation mode, Racc,0 = −Û/ Î , is given by

Fig. 31.10 Differential resistances of a superlattice; Racc,0, small-signal negative differential resis-
tance of a superlattice operating in the pure charge accumulation mode; Racc, large-signal negative
differential resistance of a superlattice in an oscillator operating in the pure charge accumulation
mode; RET,0, Esaki–Tsu small-signal differential resistance
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Racc,0 = − 2vET,m

πν l

2U 2
s /U 2

c

U 2
s /U 2

c − 1
Rohm. (31.30)

Racc,0 (Fig. 31.10, dashed dotted) is equal to −∞ for Us = Uc and assumes the
constant value −(2vET,m/πνl)(U 2

s /U 2
c )Rohm for U 2

s � U 2
c .

Thermal radiation in a resonator is amplified according to the small-signal negative
resistance Racc,0. Due to fluctuations of amplified thermal radiation, a superlattice
can be promoted into a state of larger negative resistance. If this resistance reaches
Racc, stable oscillation can occur. The resistance Racc corresponds to the threshold
resistance Rth since, for R < |Rth|, feedback is strong enough to start oscillation.
Then at steady state oscillation, the superlattice resistance |Racc| assumes the value
R. Because of fluctuations of the field, i.e., because of noise, oscillation can occur
also for Us < Uc.

It follows from (31.19) that the small-signal Esaki-Tsu differential resistance,
RET,0 = 1/(dI/dUs) is equal to

RET,0 = (1 +U 2
s /U 2

c )2

1 −U 2
s /U 2

c

Rohm. (31.31)

RET,0 (Fig. 31.10, dashed) is equal to the ohmic resistance Rohm near Us = 0, then
increases and becomes infinitely large for U → Uc. RET,0 is negative for Us ≥ Uc,
varies from −∞ at Us = Uc to a value of −8Rohm for Us ∼ 2Uc and is equal to
−(U 2

s /U 2
c )Rohm for U 2

s /U 2
c � 1.

In the voltage range of oscillation, the small-signal Esaki–Tsu resistance RET,0

is comparable with the large-signal resistance Racc. However, the absolute value of
the large-signal Esaki–Tsu negative resistance RET is smaller than the absolute value
of RET,0 according to the slope of the Esaki–Tsu I–V curve. Therefore, |Racc| is
larger than |RET|. This means that the interaction of the high frequency field with an
electron collective of a pure charge accumulation mode is associated, with respect
to the negative resistance, with a larger nonlinearity than the interaction of the high
frequency field with single electrons in the case that the field in the superlattice is
homogeneous.

31.6 Balance of Energy in a Superlattice Oscillator

The electric field associated with a domain has a triangular shape, with a low-field
value E1 at the anode and a high-field value E2 at the cathode; E1 (<Ec) is also the
field immediately after domain destruction. From the Poisson equation

∇ · Dρ, (31.32)

we obtain the relation ne/2 = εε0(E2 − E1)/ l. A fully developed dipole domain
carries the field energy πr2lεε0(E2 − E1)

2/2. The field energy of a domain stems
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from the high frequency field in the resonator. During a half cycle of the field, the
domain transfers its field energy to the high frequency field and during the following
half cycle, energy of the high frequency field is used to build up the field of the
domain.

Energy balance requires that the power delivered by the voltage source is equal
to the sum of the losses (we modify a discussion in [236]):

πr2lνN0eUs = πr2lνN0eE1l + Pout + Pdom. (31.33)

The loss terms concern:

• πr2lνN0eE1l = loss due to the current carried by the electrons (of density N0).
• Pout = loss due to output coupling of radiation.
• Pdom = loss due to dissipation caused by relaxation processes during domain for-
mation and destruction.

We find
Us = E1l +Urad +Udom, (31.34)

where Urad = Pout/(πr2lνN0e) and Udom = Pdom/(πr2lνN0e). The static voltage
across the superlattice is equal to the sumof three terms: the voltage necessary to drive
the normal electrons by the field E1; the voltageUrad necessary to compensate loss of
radiation and the voltage Udom necessary for compensation of energy of dissipation
associated with domains. The normal electrons drift with the average velocity v(E1)

through the superlattice. The domains,with the positive charges bound to the cathode,
appear and disappear at the repetition rate ν.

Example (for the superlattice already discussed) For Us = 2 Uc (=1.2 V) and
Prad = Pout at optimum output, the analysis yields the data: E1 = 0.7 Ec; E2 = 4
Ec; E1l = 0.5 V; Urad = 0.25V; Udom = 0.5V. Accordingly, the dissipation energy
is, for Us = 2 Uc, equal to half the field energy of a fully developed domain. The
direct current strength is determined by the drift velocity at the lower field and is
given by the expression Idc/Ip = N0ev(E1)/Ip (∼0.8).

The upper limit frequency νlimit is determined by the intraminiband relaxation of
the electrons in a superlattice. It follows from the intraminiband relaxation time (1.5
× 10−13 s) that νlimit is∼1THz. The appropriate superlattice length, according to the
relation νc = 0.4 νET,m/ l has a value of ∼10nm. This means that we are no longer
dealing with a superlattice but with a resonant-tunneling diode like structure (next
section).

A more detailed discussion of the pure charge accumulation mode observed for
superlattice oscillators can be found in [246]. The study presents a method that is
suited to investigate themechanismof gain of a solid state oscillator. Such studiesmay
contribute to an improvement of the efficiency of microwave oscillators, particularly
in the range above 100GHz.
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31.7 Resonant-Tunneling Diode Oscillator

The resonant-tunnel diode oscillator [234, 247] is a quasiclassical solid state oscilla-
tor that reaches very high oscillation frequencies. Because of small radiation power,
resonant-tunneling diode oscillators are not in use.

A resonant-tunneling diode (Fig. 31.11a) consists, for instance, of two AlAs lay-
ers separated by a GaAs layer, embedded in n GaAs. The layers form a quantum
well with a discrete energy level for electron motion perpendicular to the layers.
Under the action of a static voltage Us, electrons tunnel through the quantum well
from one n GaAs region to the other n GaAs region, which results in a current. If the
energy of the tunneling electrons coincides with the energy of the discrete energy
level (Fig. 31.11b), the tunnel current has a maximum as indicated in the I–V curve
(Fig. 31.11c). The I–V curve has, for a voltage above a critical voltage Uc, a neg-
ative slope, which corresponds to a negative differential resistance. The I–V curve
is a hypothetical curve: because of the negative differential resistance, the charge
distribution is inhomogeneous.

The negative differential resistance gives rise to a self-excited oscillation if the
active element is coupled to a resonance circuit; the oscillation frequency is deter-
mined by the resonator. Radiation generated in first order has been observed in
frequency ranges from 10GHz up to several hundred GHz. The power decreased
strongly at frequencies above 100GHz. The highest frequency of radiation emitted

Fig. 31.11 Resonant tunnel diode. aQuantumwell. bVoltage-biased quantumwell. cHypothetical
I–V curve. d I–V curve in the case of occurrence of feedback from a high frequency field



584 31 A Comparison of Laser Oscillators and Quasiclassical …

by a GaAs/AlAs resonant-tunneling diode oscillator was near 400GHz [247] and
near 700GHz for an InAs/AlSb resonant-tunneling diode oscillator [248].

Example InAs/AlAs resonant-tunneling diode [249]. Double barrier structure with
1.5nm thick undoped barriers separated by a 6.4nm thick undoped InAs quantum
well; diameter 1.8 µm; current 5mA; voltage 1.3V; Ropt ∼ −50 �; power 0.3 µW
at 712GHz.

The resonant-tunneling diode oscillators operated most likely in the pure charge
accumulation mode.

31.8 Van der Pol Oscillator

Wediscuss amodel of a classical electric oscillator, namely the van der Pol oscillator.
The active device is a resistance that shows a negative differential resistance above
a critical voltage Uc (Fig. 31.12a); the I−V curve resembles the hypothetical I−V
curve of the resonant-tunneling diode. Under the action of a static voltage (bias
voltageU0), with the resistance coupled to a resonant circuit, a self-excited oscillation
can occur. It is characteristic of this classical oscillator model that the current through
the active device and the voltage across the device always follow the I−V curve and
that the curve does not change during buildup of an oscillation.

To study basic properties of a classical oscillator, we introduce an I−V curve
(Fig. 31.12b) that has, around the range of negative shape, a similar slope as the
hypothetical I–V curve of the resonant-tunneling diode and can be described by an
analytical expression,

I (U ) = I0 − a (U −U0) + b (U −U0)
3 = f (U ), (31.35)

Fig. 31.12 Classical
oscillator. a Hypothetical
I–V curve of a tunnel diode.
b I–V curve of a van der Pol
oscillator
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Fig. 31.13 Equivalent circuit of a negative resistance oscillator of the van der Pol type

where a > 0 and b > 0 are constants. The I−V curve has the largest negative slope
for U = U0. The slope of the I−V curve according to (31.35) is unrealistic for
voltages U 	 U0 and U � U0. In the range around U0, it shows for appropriate
parameters a, b, U0, and I0, the hypothetical characteristic of a tunnel diode.

We consider a parallel equivalent circuit (Fig. 31.13) containing a negative resis-
tance Rneg, an inductance L , a capacitanceC , and a loss resistance R, which describes
loss due to emission of radiation. The high frequency currents through the capaci-
tance (Ic), through the inductance (IL), and through the resistance (IR) are related to
the high frequency voltage UHF between the points 1 and 2,

IC = C
dUHF

dt
; IL = 1

L

∫
UHFdt; IR = UHF

R
. (31.36)

The sum of the total current in point 1 of the circuit must be zero,

IC + IL + IR + Id = 0. (31.37)

Id is the current through the nonlinear device. The signs follow from Kirchhoff’s
rules for voltages and currents in a circuit taking into account that the instantaneous
voltage UHF(t) across the active element has a sign that is opposite to the sign of
the high frequency current flowing through the resistance. The sum of all currents
through a knot is zero and the sum of all voltages in a loop is zero according to
Kirchhoff’s rules. By differentiation, we obtain

CL
d2UHF

dt2
+UHF + L

R

dUHF

dt
= −L

dId
dt

. (31.38)

The current, i.e., the derivative of the current with respect to time, is the source of
the high frequency voltage.

We can write
dId
dt

= dId
dU

dU

dt
= d f

dU

dU

dt
. (31.39)
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Then (31.36) assumes the form

CL
d2U

dt2
+ L

(
1

R
+ f ′(U0 +U )

)
dU

dt
+U = 0. (31.40)

We omitted the subscript HF. We find, with ω2
0 = 1/LC , the differential equation

d2U

dt2
+ (−γ + κ)

dU

dt
+ ω2

0U = 0, (31.41)

where

γ = γ (U ) = −C−1

(
∂ Id
∂U

)
U

(31.42)

is the growth coefficient and
κ = 1/RC (31.43)

the damping coefficient. In the active element of a classical oscillator, the growth
coefficient γ depends on the instantaneous voltage U (t) at time t .

Using the analytical form (31.20) of the I–V curve, we can write

IHF = −aUHF + bU 3
HF. (31.44)

It follows that (
∂ I

∂U

)
U

= −a + 3bU 2; (31.45)

we again omit the subscript HF. We find the growth coefficient

γ = −a/C + 3b/C U 2 (31.46)

and obtain the differential equation (van der Pol equation) for the high frequency
voltage

d2U

dt2
+

(
−γ0 + κ + 3b

C
U 2

)
dU

dt
+ ω2

0U = 0. (31.47)

The differential equation describes a self-excited oscillator with the small-signal
growth coefficient

γ0 = a

C
(31.48)

and two damping terms. The first damping term, κ , characterizes output coupling of
electromagnetic radiation and the second term intrinsic loss in the active element.
This loss is zero forU = 0 and increases proportionally to the square ofU . The van
der Pol equation describes an oscillation that is strongly nonlinear, except in the case
that the net gain is small,
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γ0 − κ 	 ω0. (31.49)

In this case the van der Pol equation has a solution that corresponds to a nearly
harmonic oscillation. With the ansatz

U = A(t) cosω0t, (31.50)

where A(t) is a slowly varying function, γ0 − κ 	 ω0, we obtain

dU

dt
= dA

dt
cosω0t − ω0A sinω0t, (31.51)

d2U

dt2
= −2ω0

dA

dt
sinω0t − ω2

0A cosω0t. (31.52)

The differential equation leads, with (γ0 − κ)
∣∣ dA
dt

∣∣ 	 ω0

∣∣ dA
dt

∣∣ (SVEA), to

−2ω0
dA

dt
sinω0T − (−γ0 + κ)ω0A sinω0t − 3bω0

C
A3 cos2 ω0t sinω0t = 0.

(31.53)

Using the relation

cos2 α sin α = 1

2
(1 + cos 2α) sin α = −1

4
sin α + 1

4
sin 3α (31.54)

and neglecting the higher order term sin 3α, we find

dA

dt
+ 1

2
(−γ0 + κ)A + 3b

8C
A3 = 0. (31.55)

This differential equation has exactly the same form as the differential equation
(9.144) derived for the amplitude of the field in a laser oscillator. The solution is

A(t) = A∞√
1 + (A∞/A0)2 e−(γ0−κ)t

. (31.56)

A0 = A(t = 0) is the initial amplitude of the voltage and

A∞ = 2
√

(γ0 − κ)C/3b (31.57)

is the amplitude of the high frequency voltage at steady state oscillation. After a
sudden turning on of the active element, a small high frequency voltage initiates the
buildup of an oscillation. The initial high frequency voltage stems from noise in the
resonance circuit.

http://dx.doi.org/10.1007/978-3-319-50651-7_9
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Fig. 31.14 The van der Pol
oscillator at a small net gain

The van der Pol oscillator of small net gain γ0 − κ is driven in a range of the
voltage amplitude that corresponds to the range of almost constant negative slope of
the I–V curve (Fig. 31.14). At small amplitude of the voltage, the intrinsic damping
is negligibly small. At large amplitude and steady state oscillation, the intrinsic
damping becomes efficient during each cycle at instantaneous voltages in the ranges
U ≈ ±A. This leads, as our analysis shows, to the same form of the first-order
differential equation for the amplitude of the voltage in the classical oscillator as we
found for the amplitude of the field in a laser oscillator, although the nonlinearities
have completely different origins.

The van der Pol oscillator represents a model oscillator of a negative-resistance
oscillator that is discussed in many textbooks; see, for instance, [250].

References [240–243].

Problems

31.1 Equivalent circuit.

(a) Replace the equivalent circuit of Fig. 31.5 by a parallel resonant circuit; the active
device has the negative admittance Gd and the loss resistor the admittance G.

(b) Derive the differential equation for the high frequency voltage.
(c) Discuss the dependence of the negative admittance of the device on the voltage

across the device.
(d) Show that the output power of the oscillator is Pout = (1/2)GÛ 2, where G +

Gneg = 0 is the condition of steady state oscillation.

31.2 Electric polarization.

(a) Determine the electric polarization of a dipole domain consisting of a positive
area charge ρle at x = 0 and a negative charge of density ρ in the range 0, l.
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(b) Determine the polarization of a dipole domain consisting of a negative charge
of area density ρle at x = x0 and a positive charge of density ρ in the range
x0, x0 + l.

31.3 Van der Pol oscillator.

(a) Evaluate for a van der Pol oscillator (with the data: a = 10−2 �−1; b = 10−2

�−1 V−2; ω0 = 2π × 1010 Hz; C = 1 pF; and G = 1�−1) the small-signal net
growth coefficient and show that it is small compared to ω0.

(b) Determine the voltage amplitude for the steady state oscillation.
(c) Determine the current amplitude for the steady state oscillation. [Hint: make use

the relation cos3 α = 3
4 cosα + 1

3 cos 3α and neglect the term with 3α.]

31.4 Van der Pol equation.

(a) Show that the van der Pol equation can be written in dimensionless units,

d2y

dτ 2
+ ε(−1 + y2)

dy

dτ
+ y = 0,

where y is the voltage in dimensionless units, τ = ω0t the dimensionless time
and ε the small-signal net gain coefficient in dimensionless units.

(b) Solve the van der Pol equation for ε 	 1 at steady state oscillation. [Hint: make
use of the relation cos3 τ = 3

4 cos τ + 1
3 cos 3τ and neglect the termwith cos 3τ .]

31.5 Which of the following differential equations describe a self-sustained oscil-
lation?

(a)
d2y

dt2
+ dy

dt
+ y = 0.

(b)
d2y

dt2
− dy

dt
+ y = 0.

(c)
d2y

dτ 2
+ ε(−1 + y2)

dy

dτ
+ y = 0.

31.6 Compare a classical oscillator and a laser oscillator. (A classical oscillator has
a stable I–V characteristic, Fig. 31.12, while a laser oscillator has a current-density-
field characteristic that varies during onset of oscillation, Fig. 9.7.)

31.7 Show that the impedance Z(ω) of a resonance electrical circuit has Lorentzian
lineshape.

http://dx.doi.org/10.1007/978-3-319-50651-7_9
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