Chapter 30
Electron Waves in Semiconductor
Heterostructures

We study electron waves in one-dimensional potentials and in semiconductor
heterostructures.

We will begin with the discussion of the one-dimensional square well potential,
then describe the origin of energy bands for electrons in a one-dimensional periodic
potential. We make use of the tight binding method.

We will introduce the plane-wave transfer matrix method to describe, for an inter-
face of two semiconductors, how a wave function of a semiconductor continues in
the other semiconductor. The requirement that the energy flux through a boundary
is steady provides the boundary conditions for electron waves at an interface of two
different semiconductors. The plane-wave transfer matrix method allows for deter-
mination of the energy bands (minibands) of a superlattice. Finally, we will treat the
quantum well and the double quantum well.

The plane-wave transfer matrix method is the same we used to describe electro-
magnetic plane waves in layered systems (Sect. 25.11). The difference of the results
comes from the different dispersion relations: the wave vector of a free-electron wave
in vacuum (or in a semiconductor) varies with the square root of energy while the
wave vector of an electromagnetic wave in vacuum (or in a homogeneous medium)
shows a linear dependence on frequency.

30.1 Electron in a One-Dimensional Square Well Potential

An electron wave with the wave vector k obeys the dispersion relation

s

E= .
2m0

(30.1)

E is the energy of an electron and my the electron mass. The energy E increases
quadratically with k. We describe free-electrons (in a bulk semiconductor) propagat-
ing in x direction by the use of the time-independent Schrodinger equation
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w dp
— — — L = Eog, 30.2
2mgo dx? ¢ (30.2)

where ¢ (x) is the wave function. A solution is
o(x) = Ae®*; k= 4/ 2moE /R (30.3)

‘We consider an electron in a one-dimensional square well potential (width a) with
rigid walls (Fig.30.1a). The Schrodinger equation for |x| < a/2,

hZ d2¢
———— =Ep, 30.4
2mg dx2 ¢ (304)
has the general solution
@(x) = Asinkx + Bcoskx; k= +2myE/h2. (30.5)

The boundary conditions require that ¢(+a/2) = 0 or

Asin(ka/2) + B cos(ka/2) =0, (30.6)
—Asin(ka/2) + B cos(ka/2) = 0. (30.7)

Solutions are

e A =0and cos(ka/2) = 0 leading to
nwx .
¢(x) = Bcos——, n=1,3,... (even solution); (30.8)
a

e B = 0and  sin(ka/2) = 0 leading to

. nmx .
¢o(x) =Asin——, n=2,4,... (odd solution). (30.9)
a
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Fig. 30.1 One-dimensional square well potential a with infinitely high walls and b with walls of
finite height
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The energy eigenvalues are
w2h*n?

E,=—.
" 2mga?

(30.10)

For a square well potential with finite potential steps (Fig. 30.1b), the Schrédinger
equation is unaltered for |x| < a/2. The wave equation for |x| > a/2,

i’ dz('0+U =F (30.11)
2mgdx2 0T EY ’
has the solution
p(x) = Ce™ + De"; k= ++/2mo(Uy — E) /2. (30.12)

The boundary conditions require that ¢ (x) and dg/dx are continuous for x = +a/2.
The application of the boundary conditions would allow for determination of A, B,
C, D and of the eigenvalues. Instead, we make use of the symmetry of the potential.
The ansatz of the even solutions

¢(x) = Bcoskx for |x|<a/2, (30.13)
px)=Ce™ for |x|>a/2, (30.14)

and the condition of continuity of ¢ and dg/dx at [x| = a/2 lead to

Bcos(ka/2) = Ce ™ /2, (30.15)
kB sin(ka/2) = kCe /> (30.16)
or
ktan(ka/2) = k. (30.17)
The odd solutions are
¢(x) = Asinkx for [x]| <a/2, (30.18)
p(x) =Ce™ for |x|>a/2. (30.19)

The boundary conditions of the odd solutions require that
kcot(ka/2) = k. (30.20)

The conditions k tan(ka/2) = « and kcot(ka/2) = « provide a finite number of
discrete energy eigenvalues E|,.
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30.2 Energy Bands of Electrons in a Periodic Square
Well Potential

We describe a model (tight binding model) that illustrates the occurrence of energy
bands and of dispersion for electron waves in a periodic potential.

A single isolated square well potential at position x; (Fig.30.2, upper part) is
characterized by the wave equation

n* a2
|:__T +U(x — xl):| o (x —x1) = Eo @1 (x — x7). (30.21)

Weregard E as the energy E| of the lowest state in a square well potential (Sect. 30.1)
and ¢; = ¢;(x — x;) as the corresponding wave function. The wave function is
normalized,

/ o (x —x)@i(x —x)dx = 1. (30.22)

oo

The wave equation of a periodic sequence of identical square well potentials
(Fig.30.2, center) is

R d?
(— +U (x)) Y (x) = EY(x). (30.23)

Zmo @
The potential energy is a periodic function,

Ux+a)=U(x), (30.24)

ol - L L 1 L L] L >
X1 X Xisq X

Fig. 30.2 A single square well potential, an infinite series of square well potentials and the differ-
ence between the two potentials
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where a is the period. We describe the wave function of the periodic system by a
linear combination of the wave functions of the single wells,

Yx) =D apx —x). (30.25)
1

Making use of the periodicity, we write

N-1

Y(x) = \/LN e g, (x — la). (30.26)
[=0

N is the number of quantum wells in a periodicity interval. We apply periodic bound-
ary conditions, ¥ (x + Na) = ¥ (a), and find

27l

= ; =01, ...N —1. (30.27)
Na

We restrict the k values to the first Brillouin zone

T T
T <k<=. (30.28)
a a

Inserting v (x) into the wave equation provides

) ) h2 dZ
ikla ikla
Ux)—Elg =— _ . 30.29
§l M [U(x) — Elg §l e ( T dxz) @ (30.29)
We add on both sides the term (—U;(x — x;) + E()¢; and obtain

> eMUx) — Uix —x) — E + Eo] ¢

ikla h d2
=-> Mo — —Ux—x)+ Eo| o (30.30)
- 2mg dx
The right side is zero. We find
(E — Eg) D g =>" M [U(x) — Uix — x)] g1 (30.31)
! !
We multiply the equation by
N—
YH(x) = Z ~ikma g (x — ma) (30.32)

m:O
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and integrate over the length L of the periodicity interval. We obtain

L
(E — Eg) p_etmme / nordx = el / onlU () = Ui(x = x)lgrdx.
Im 0

I,m

(30.33)

Neglecting the weak overlap of ¢;" and ¢; for [ # m, we obtain for the term on the
left side N(E — Ej). Because of the large values of U — U; (Fig.30.2, lower part)
at positions of the cells m # [, we cannot neglect the terms with m # [ on the right
side of the equation. We assume that ¢; (x; — la) decreases strongly at large distance
|x —x;]. Then we can restrict the double sum to terms that correspond to neighboring
cells. We obtain

N x (E = Eo) = N x /¢7[U(x) — Ui — x)lpidx
+ N x e—ika/gpl":l[U(x) —Ux — x)]gdx
LN x eika/¢7+l[U(x) —U(x —x)lpdx.  (30.34)

It follows, with
o= /wZ‘[Uz(x —x) — U)]gdx (30.35)

and
Y= /<P1*,1[U1(X —x;) —U@)]gdx = /%*H[Uz(x—xn) —U(x)]gdx, (30.36)

that the energy is equal to

E=E(k)=Ey—«a—ycoska. (30.37)
We introduce
eky=FEy— E(k) —a —y. (30.38)
With
€m = —2y (30.39)
we find . |
e(k) = €y (5 -3 cos ka) . (30.40)

‘We obtain the lowest energy band (Fig.30.3), with a minimum at k = 0 (width &p,),
then an energy gap, and a second band (maximum at k = 0 since y < 0). We can
interpret Ey — o — y as zero point energy of an electron in the periodic potential.
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Fig. 30.3 Energy bands
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30.3 Plane-Wave Transfer Matrix Method
of Characterizing a Semiconductor Interface

We consider (Fig.30.4) propagation of an electron wave through an interface of
two semiconductor materials (for instance GaAs and AlAs). At the interface, the
potential energy and the effective mass of an electron change abruptly. We describe
an electron wave propagating in x direction (perpendicular to the interface) by the
time-independent Schrodinger equation

R d?
<_ 2 dx? U(x)) Y(x) = E ¥ (x), (30.41)

where m(x) is the effective mass and U (x) the potential energy. We look for wave
functions v (x) and energies E that satisfy the equation. We describe the wave func-
tions in medium 1 and medium 2 by the ansatz:

V1 = Aef*  Bre kix (30.42)
Yo = Ay €% 4 By e 0, (30.43)



560 30 Electron Waves in Semiconductor Heterostructures
With

ky = +2m E/R?, (30.44)

ky = +/2mo(E — Up) /B2 (30.45)

being the wave vectors of the waves in medium 1 and medium 2, respectively. A;
and B are amplitudes of the waves of opposite directions. We restrict the discussion
to the case that E < Ujy. Then k; is imaginary and v, describes a wave with an
increasing term (amplitude A,) and a decreasing term (amplitude B;). We use the
boundary conditions

Y1 =1vY2 at x =0, (30.46)
1 d 1 d
Ldn _Ldve o (30.47)
m; dx m, dx
We write
(A1) = (22 (30.48)
1 Bl - 2 B2 .
and find
m=(r 1Y 1212 (30.49)
= \k -k ) T~ :

It follows that

= - MM, A = My, Az) (30.50)
B] ! B2 BZ

_ (%(1 +ka/ky) 31 —kz/kl))
P\l —ko/k) LA +ka/k))

where

(30.51)

is the transfer matrix. It has exactly the same form as the transfer matrix for a plane
electromagnetic wave at an interface; see (25.12).

The continuity conditions we used follow from the requirements that the prob-
ability density p(x) = ¥*(x)y¥(x) and the probability current density dp/dt are
continuous. The first condition is fulfilled if ¥ (x) is continuous. To discuss the
second condition, we replace in the time-dependent Schrédinger equation

ha P
R = (——v + U(x)) Y0 (30.52)
10t 2my
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the first term on the right side:

R 92 Ra (1 ay)
Then
iw*m:@i( 1 w)w
ot 2 0x \m(x) 0x
=m[a(w ! w) wliw}zo. (30.54)
2 [ ox m(x) ox

This condition is satisfied at an interface (at x = 0) between two semiconductors if

1w _ 1w

= at x =0. (30.55)
m; 0x my 0X

30.4 Minibands

The potential energy of an electron in a superlattice is a periodic function,
Ux+a)=U(x), (30.56)

where a is the period. We describe the wave function of an electron in the periodic
system as a linear combination of the wave functions of the single wells,

Yx) =D apx —x). (30.57)
1

Making use of the periodicity, we write

N—-1

V= Z g (x — (30.58)

=0

N is the number of quantum wells in a periodicity interval. We apply periodic bound-
ary conditions, ¥ (x + Na) = ¥ (x), and find

an.

=—; [=0,1, ... N—1. (30.59)
Na
We restrict the k values to the first Brillouin zone

k<t (30.60)

a a
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We now use the transfer matrix method. We described in the preceding section
the transfer matrix of an electron wave at a boundary. Taking account of propagation,
we find the same equations, (25.31)—(25.34), as for electromagnetic plane waves in
a one-dimensional photonic crystal. The equations lead, as shown in Sect.25.14, to
the dispersion relation

1 1
coska = coskja; coskyar — 3 (5 + g) sin kya; sin kya,. (30.61)

For an electron wave in a superlattice, the quantities are:

ki =+ 2mE/h?, (30.62)

k k
ol M L 2ma(Us — E)JI2. (30.63)
kz ni K mg

We can write the dispersion relation of a miniband electron in the form
1 1Y . .
coska = coskja; coshka, — 2 |&| + |§—| sinkja; sinhka, = f(E). (30.64)

This equation, cos ka = f (E), cannot be solved analytically. However, we can obtain
an approximate solution. We expand f (E) around the eigenvalue Ej , of an isolated
quantum well,

d
F(E) ~ f(Eon) + (é) x (E — Ejp). (30.65)
E=E,
We find

E(k) = Ey — o — y coska, (30.66)
a = f(Eo)/(df/dE)E=E,, (30.67)
—y = [(df/dE) g=pg,. (30.68)

It follows, with —2y = €, that
k) = ! : k 30.69
E()—Gm(E—ECOS a). (30.69)

Taking into account the free motion perpendicular to the superlattice axis, we
obtain, with k = k,, the total energy

52
(k; +k2), (30.70)

2m

1 1
ek) = en (5 ~35 coskxa) +
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Fig. 30.5 Minibands

where m, is the effective mass of an electron in GaAs in a GaAs/AlAs superlattice
and k = (ky, ky, k;). The energy dispersion curves (Fig.30.5) indicate minibands
(and minigaps) of electron wave vectors oriented along the superlattice axis. There is
no gap for electrons that have wave vectors with components (k,, k) perpendicular
to the superlattice axis. The energy E = 0 is equal to the energy of the minimum of
the conduction band of bulk GaAs.

The widths of the minibands and of the minigaps depend on the superlattice
parameters:

e a; = thickness of a quantum well layer.
e a, = thickness of a barrier layer.
e a = a; + a, = superlattice period.

It is possible to design superlattices for a great range of values of €, namely €, =
5-140 meV for GaAs superlattices and €, up to 300 meV for GalnAs/GaAllnAs
superlattices.

If we neglect the difference of the effective masses of the superlattice materials,
the matrix method yields the same result as obtained via the superposition of the
wave functions of the single wells (Sect.30.2).

A remark. The method of superposition of elementary wave functions (tight bind-
ing model) was introduced by Felix Bloch in 1928 [251]. Ralph Kronig and William
Penney [231] introduced (in 1931) the square well potential (Kronig-Penney poten-
tial) and derived the dispersion relation (30.40). Gerard Bastard [232, 233] extended
the model (extended Kronig—Penney model) to describe energy bands of semicon-
ductor superlattices—with different effective masses of an electron in different layers
of a superlattice.
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30.5 Quantum Well

Knowing the boundary conditions for wave functions at the interface of two semi-
conductors, we find the expression that allows for determination of the eigenvalues
of electronic states of a quantum well (Problems):

ktan(ka/2) = —a my/m, for even solutions, (30.71)
kcot(ka/2) = —amy/m; for odd solutions. (30.72)

30.6 Double-Quantum Well

The energy levels of electrons in a double-well potential (Fig. 30.6) are doublets. The
energy level E;| of the lowest state of isolated potential wells splits into two levels
E{ and E; . Correspondingly, the level E splits into two levels (E; and EJ); see
Problem 30.2.

References [31, 178, 186, 226-233, 251].

Problems

30.1 Quantum well.

Estimate the eigenvalues £ and E, of an electron in an AlAs/GaAs/AlAs quantum
well (barrier height 2.2 eV; mgaas = 0.07 mo; majas ~ 3 mgans) if the well consists
of films of different thickness.

(a) Film thickness = 14 GaAs monolayers
(b) Film thickness = 2 GaAs monolayers.

Fig. 30.6 Double-well vt
potential
Uo
E2
=
ES +
0 — : >

-b-a -b0 b b+a X
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30.2 Double-quantum well.

(a) Determine the eigenvalues of a one-dimensional double well, which correspond
to the two lowest energy levels (s =1, 2) of a single one-dimensional double
well. [Hint: make use of the symmetry.]

(b) Determine the energy level splitting E; — E for the two lowest levels.

(c) Sketch the wave functions that correspond to the four lowest levels.

(d) Calculate the level splitting occurring in an Al1As/GaAs/AlAs/GaAs/AlAs double
quantum well (Fig.30.6) for ¢; = 10nm and a, = 2nm.

30.3 Dispersion of electrons in a periodic potential.
Derive the dispersion relation of electrons in a periodic potential by the use of the
matrix method.

30.4 Interface.

(a) Electrons (energy €) propagate toward a GaAs/AlAs interface and are reflected.
Determine the average penetration depth of electrons. [Hint: take into account
the difference between the penetration depth of the wave function and of the
electrons. ]

(b) Determine the penetration depth for € = 10 meV and 100 meV.

(c) Show that the reflectivity is R = |k; — ix|/|k; — iky].

(d) Explain the electron total reflector used in a GaN quantum well laser (Sect. 24.3,
Fig. 24.3a).

30.5 Tunneling.

(a) Determine the transmissivity of an AlAs barrier in a GaAs/AlAs/GaAs het-
erostructure for electrons of energy .

(b) Determine the transmissivity for electrons of energy ¢ = 10 meV and 100 meV
at a barrier width of 2 monolayers of AlAs and for a barrier of 10 monolayers
of AlAs.

30.6 Resonance state.

(a) Givenis a GaAs/AlAs/GaAs/AlAs/GaAs heterostructure. Determine the energy
dependence of the transmissivity for electron waves of different energies.

(b) Design a heterostructure that is transparent for electrons of € = 10meV.

(c) Design a heterostructure that is transparent for electrons of € 100 meV.

30.7 Injector of a quantum cascade laser.

(a) Design a quantum cascade laser of AIAs/GaAs/AlAs/GaAs/AlAs heterostruc-
tures embedded in chirped GaAs/AlAs superlattices for a quantum cascade laser
that may be able to generate radiation at a frequency of 4 THz.

(b) Estimate the thicknesses of the different layers.

(c) Discuss the role of the superlattice, especially in view of the result of the pre-
ceding problem.
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30.8 Semiconductor superlattice.

(a) Determine the effective mass m* of an electron in a superlattice (for propagation
along the superlattice axis) for an electron with k£ ~ 0.

(b) Determine m* of a GaAs/AlAs superlattice with 14 monolayers GaAs and 2
monolayers AlAs (e, ~ 140meV).

(c) Determine m* of a GaAs/AlAs superlattice with 4 monolayers GaAs and 2
monolayers AlAs (e, ~ 40meV).

(d) Determine the effective mass m™* of an electron in a superlattice (for propagation
along the superlattice axis) for arbitrary k and discuss the slope m* (k) and m*(€).

(e) Determine the group velocity vq(k) and the peak group velocity.

(f) Sketch the wave functions of the lowest miniband for k ~ 0 and k = 7 /a.

(g) Sketch the wave functions of the second miniband for k ~ 0 and k = 7/a.
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