
Chapter 2
Coordinate Transformations and Invariance
Properties

2.1 Introduction

An important generalization of the subject of coordinate transformation is that of
canonical transformation, which leads to the concept of generating function and,
through it, to the definition of the principal function and characteristic function
of Hamilton. The principal function is found to coincide with the solution of the
Hamilton–Jacobi equation introduced in the previous chapter, this showing the equiv-
alence of the approach based on the variational principles with that based on the
canonical transformations. Connected with the Hamiltonian formalism is also the
important concept of separability. Still based on Hamilton’s principal function is
the concept of phase velocity applied to a mechanical system, that brings about
an analogy with the electromagnetic theory. The aspects mentioned above give an-
other indication about the generality that is reached by the formalism of Analytical
Mechanics illustrated in this part of the book.

Another fundamental issue is that of the invariance properties of the mechanical
systems. It is shown that, basing only on the observation of symmetries possessed by
the Lagrangian function or other functions connected to it, one derives the existence
of invariance properties of the system. Among these are the constants of motion,
namely, the dynamical properties that are constant in time and are therefore known
from the motion’s initial condition.

Of special relevance among the constants of motion are the total energy, the total
momentum, and the total angular momentum of the system. The conservation of
the total energy is related to the uniformity of time, that of the total momentum is
related to the uniformity of space and, finally, that of the total angular momentum
is related to the isotropy of space. Besides the theoretical interest connected to it,
the knowledge of a constant of motion is important also for practical purposes: by
introducing a known constraint among the canonical coordinates, it is of use in the
separation procedure.
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26 2 Coordinate Transformations and Invariance Properties

This chapter completes the illustration of the basic principles of Analytical Me-
chanics started in the previous one. The purpose of the two chapters is to introduce
a number of concepts that are not only useful per se, but also constitute a basis for
the concepts of Quantum Mechanics that are introduced in later chapters. The first
subject is that of the canonical transformations, followed by the definition and prop-
erties of the Hamilton characteristic function and of the phase velocity. Then, the
invariance properties that derive from the symmetries of the Lagrangian function are
discussed. The chapter continues with a short description of the Maupertuis principle
and of the expression of the angular momentum in spherical coordinates. The last
paragraphs deal with the linear motion and the action-angle variables.

2.2 Canonical Transformations

Section 1.4 introduced the generalized coordinates q1, . . . , qn, that are defined by
the first of (1.26) starting from a set of Cartesian coordinates x1, . . . , xn. From this,
one defines the generalized velocities q̇i and, from the second of (1.26), calculates
the Lagrangian function in the new variables L(q, q̇, t). The conjugate momenta pi

are derived from the latter using the first of (1.30) and, finally, the new Hamiltonian
function is determined from the second of (1.32). From this, the Hamilton equa-
tions (1.42) in the new coordinates are deduced. The process depicted here is a series
of replacement, elimination, and differentiation steps.

Relations like (1.26), that transform a set of coordinates into another one, are
called point transformations. It has been observed in Sect. 1.4 that the canonical
coordinates q1, . . . , qn, p1, . . . ,pn are mutually independent. It follows that the
point transformations are not the most general coordinate transformations, because
they act on the q1, . . . , qn only. The most general transformations act simultaneously
on the generalized coordinate and momenta, hence they have the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̃1 = q̃1(q1, . . . , qn,p1, . . . ,pn, t)
...

q̃n = q̃n(q1, . . . , qn,p1, . . . ,pn, t)

p̃1 = p̃1(q1, . . . , qn,p1, . . . ,pn, t)
...

p̃n = p̃n(q1, . . . , qn,p1, . . . ,pn, t)

(2.1)

where qi ,pi indicate the old canonical coordinates and q̃i , p̃i indicate the new
ones. If H is the Hamiltonian function in the old coordinates, introducing into H

the inverse transformations of (2.1) yields a function H̃ that depends on the new
coordinates and on time.

For an arbitrary choice of the form of (2.1) it is not possible in general to deduce
from H̃ the Hamilton equations in the new coordinates. In fact it is necessary to
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limit the choice of the transformation (2.1) to the cases where the resulting H̃ is a
Hamiltonian function proper, namely, it is such that

dq̃i
dt

= ∂H̃

∂p̃i

,
dp̃i

dt
= −∂H̃

∂q̃i
, i = 1, . . . , n (2.2)

are fulfilled. The transformations (2.1) that make (2.2) to hold are called canonical
transformations. The procedure by which the Hamilton equations in the old coor-
dinates are found has been illustrated in Sect. 1.4 and is based on the derivation of
the extremum equation of the action integral (1.45). To obtain (2.2) the same calcu-
lation must be repeated based on the action integral defined in the new coordinates.
It follows that for two sets of coordinates qi ,pi and q̃i , p̃i connected by a canonical
transformation, the following must hold simultaneously:

S =
∫ b

a

(
n∑

i=1

pi

dqi
dt

− H

)
dt , S̃ =

∫ b

a

(
n∑

i=1

p̃i

dq̃i
dt

− H̃

)
dt. (2.3)

The difference between the two integrals in (2.3) can be set equal to an arbitrary
constant because the calculation uses only the variations of S or S̃. As the limits of
the two integrals are fixed to the same values a and b, the constant can in turn be
written as the integral between a and b of the total time derivative of an arbitrary
function K . In this way the relation between the two integrands in (2.3) reads

n∑
i=1

pi

dqi
dt

− H =
n∑

i=1

p̃i

dq̃i
dt

− H̃ + dK

dt
. (2.4)

It is worth reminding that in the derivation of the Hamilton equations in Sect. 1.6 it
is assumed that all variations of generalized coordinates and momenta vanish at the
integration limits. Here this applies to both the old and new sets of coordinates. As a
consequence, K can be made to depend on all 4n coordinates qi , pi , q̃i , p̃i , and on
time t . Due to the 2n relations (2.1) that define the canonical transformation, only
2n coordinates are independent. Thus, K can be made to depend on 2n coordinates
chosen among the 4n available ones, and on time. The most interesting cases are
those where K has one of the following forms [42, Sect. 9-1]:

K1 = K1(q, q̃, t), K2 = K2(q, p̃, t), K3 = K3(p, q̃, t), K4 = K4(p, p̃, t).
(2.5)

By way of example, select the first form: replacingK1 into (2.4), calculating dK1/dt ,
and multiplying both sides by dt yields

n∑
i=1

(
∂K1

∂qi
− pi

)
dqi +

n∑
i=1

(
∂K1

∂q̃i
+ p̃i

)
dq̃i +

(
∂K1

∂t
+ H − H̃

)
dt = 0,

(2.6)
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where the left hand side is a total differential in the independent variables qi , q̃i , and
t . To fulfill (2.6) the parentheses must vanish independently from each other, whence

pi = ∂K1

∂qi
, p̃i = −∂K1

∂q̃i
, H̃ = H + ∂K1

∂t
, i = 1, . . . , n. (2.7)

As K1 is prescribed, the first two equations in (2.7) provide 2n relations involving
the 4n coordinates qi , pi , q̃i , p̃i , that constitute the canonical transformation sought.
Using the latter one expresses the right hand side of the third of (2.7) in terms of q̃i ,
p̃i , this yielding the new Hamiltonian function H̃ (q̃, p̃, t). The procedure is the same
for the other functions listed in (2.5), that can all be defined starting from K1. In fact,
letting

K2(q, p̃, t) = K1(q, q̃, t) +
n∑

i=1

p̃i q̃i , (2.8)

and applying the same procedure used to determine (2.7), yields

pi = ∂K2

∂qi
, q̃i = ∂K2

∂p̃i

, H̃ = H + ∂K2

∂t
, i = 1, . . . , n. (2.9)

In (2.8) the independent variables are qi , p̃i , so that the coordinates q̃i are expressed
through them. Similarly, when K3 is used one lets

K3(p, q̃, t) = K1(q, q̃, t) −
n∑

i=1

piqi , (2.10)

to find

qi = −∂K3

∂pi

, p̃i = −∂K3

∂q̃i
, H̃ = H + ∂K3

∂t
, i = 1, . . . , n. (2.11)

Finally, in the case of K4 one lets

K4(p, p̃, t) = K1(q, q̃, t) +
n∑

i=1

p̃i q̃i −
n∑

i=1

piqi , (2.12)

whence

qi = −∂K4

∂pi

, q̃i = ∂K4

∂p̃i

, H̃ = H + ∂K4

∂t
, i = 1, . . . , n. (2.13)

Regardless of the choice of K , the relation between the old and new Hamiltonian
function is always of the form H̃ = H + ∂K/∂t . As the canonical transformation is
completely determined when K is prescribed, the latter is called generating function
of the canonical transformation. Two interesting examples are those produced by
the generating functions F1 = ∑n

i=1 qi q̃i and F2 = ∑n
i=1 qip̃i . Applying (2.7) to
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F1 yields q̃i = pi and p̃i = −qi . As a consequence, the effect of the transforma-
tion generated by F1 is that of exchanging the roles of the generalized coordinates
and momenta. This result shows that the distinction between coordinates and mo-
menta is not fundamental, namely, these two groups of variables globally constitute
a set of 2n independent coordinates. Applying (2.9) to F2 provides the identical
transformation q̃i = qi , p̃i = pi . A generalization of this example is found using
F2 = ∑n

i=1 zi(q, t)p̃i , where zi are arbitrary functions. The new coordinates are in
this case q̃i = zi(q, t) which, as indicated at the beginning of this section, are point
transformations. This example shows that all point transformations are canonical.

2.3 An Application of the Canonical Transformation

The discussion of Sect. 2.2 has shown that a canonical transformation based on an
arbitrary generating function K brings a Hamiltonian function H (q, p, t) into a new
one H̃ (q̃, p̃, t). One may then exploit the arbitrariness of K to obtain the form of H̃
that is most convenient for solving the problem in hand. For instance, remembering
the definition of cyclic coordinate given in Sect. 1.42, one may seek a transformation
such that the new canonical coordinates q̃i , p̃i are all cyclic. In this case, thanks to
(2.2), it is dq̃i/dt = ∂H̃/∂p̃i = 0, dp̃i/dt = −∂H̃/∂q̃i = 0, namely, each new
canonical coordinate is a constant of motion.

The simplest way to obtain this result is to set the new Hamiltonian function
equal to zero. Remembering from Sect. 2.2 that in every canonical transformation
the relation between the old and new Hamiltonian function is H̃ = H + ∂K/∂t ,
one finds in this case the relation ∂K/∂t + H = 0. To proceed it is convenient to
choose a generating function of the K2 = K2(q, p̃, t) type in which, as noted above,
the new momenta p̃i are constants of motion. Given that the aim is to obtain the
relation H̃ = 0, the generating function of this problem is the particular function of
the coordinates qi , p̃i , and t , that fulfills the equation ∂K2/∂t + H = 0. In other
terms, the generating function becomes the problem’s unknown. A comparison with
(1.51) shows that the equation to be solved is that of Hamilton–Jacobi, and that K2

coincides with Hamilton’s principal function S.
As mentioned in Sect. 1.7, (1.51) is a first-order, partial differential equation in

the unknown S and in the n+1 variables q1, . . . , qn, t . As one of the n+1 integration
constants can be set to zero, the actual number of integration constants is n. This
seems contradictory, because the Hamilton–Jacobi equation is expected to be equiv-
alent to those of Hamilton or Lagrange for the description of the system’s motion. As
a consequence, the number of constants involved should be 2n. The contradiction is
easily removed by observing that n more constants appear in S, to be identified with
the new momenta p̃1, . . . , p̃n: remembering the canonical transformations (2.9) to
be used in connection with the generating function of the K2 type one finds

pi = ∂S

∂qi
, q̃i = ∂S

∂p̃i

, i = 1, . . . , n . (2.14)
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Calculating the first of (2.14) at the initial time t = a yields a set of n algebraic equa-
tions in the n unknowns p̃1, . . . , p̃n. In fact, at t = a the old canonical coordinates
qi ,pi are known because they are the problem’s initial conditions. The solution of
such algebraic equations yields the first set of motion’s constants p̃1, . . . , p̃n. Then,
one considers the second of (2.14) at t = a, whose right hand sides, at this point
of the procedure, are known. As a consequence, the second of (2.14) yield the new
generalized coordinates q̃1, . . . , q̃n, that are the second set of motion’s constants.

It is worth observing that the procedure depicted above provides also the time
evolution of the old canonical coordinates. In fact, after all constants have been cal-
culated, Eqs. (2.14) form 2n relations in the 2n+1 variables q1, . . . , qn,p1, . . . ,pn, t .
From them one extracts the relations q1 = q1(t), . . . ,pn = pn(t). This shows that the
Hamilton–Jacobi picture is equivalent to those based on the Hamilton or Lagrange
equations for the solution of the mechanical problem.

2.4 Separation—Hamilton’s Characteristic Function

The Hamilton–Jacobi equation (1.51) can be recast in a more symmetric form by
letting qn+1 = t and incorporating ∂S/∂t = ∂S/∂qn+1 into the other term:

C

(
q1, . . . , qn+1,

∂S

∂q1
, . . . ,

∂S

∂qn+1

)
= 0. (2.15)

Solving (2.15) becomes simpler if one of the coordinates, say qi , and the cor-
responding momentum pi = ∂S/∂qi appear in (2.15) only through a relation
ci = ci(qi , ∂S/∂qi) that does not contain any other coordinate, nor derivatives with
respect to them, nor time. In this case qi is called separable coordinate and the so-
lution of (2.15) can be written as S = Si +Wi , where Si depends only on qi and Wi

depends on the other coordinates and time [67, Sect. 48]. Replacing this expression
of S into (2.15) and extracting ci yields a relation of the form Ci = ci with

Ci = Ci

(
q1, . . . , qi−1, qi+1, . . . , qn+1,

∂Wi

∂q1
, . . . ,

∂Wi

∂qi−1
,
∂Wi

∂qi+1
, . . . ,

∂Wi

∂qn+1

)
,

ci = ci

(
qi ,

∂Si

∂qi

)
. (2.16)

The equality Ci = ci must hold for any value of the coordinates. As this is possible
only if the two sides are constant, Ci = ci separates and yields the pair

ci

(
qi ,

∂Si

∂qi

)
= ci0, (2.17)

C

(
q1, . . . , qi−1, qi+1, . . . , qn+1,

∂Wi

∂q1
, . . . ,

∂Wi

∂qi−1
,
∂Wi

∂qi+1
, . . . ,

∂Wi

∂qn+1
, ci0

)
= 0,

where C does not contain qi nor the corresponding derivative. The solution of the
first of (2.17) provides Si(qi). The latter contains two constants, namely, ci0 and the
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integration constant. As noted earlier, the latter can be set to zero because an additive
constant onS is irrelevant. In conclusion, ci0 is the only constant that remains after this
step. In turn, the solution of the second of (2.17), which is an n-variable differential
equation, contains n more constant, one of which is additive and can be disregarded.
It follows that the total number of integration constants in the set (2.17) is still n.

If all coordinates are separable one has S = ∑n
i=1 Si(qi) and the problem is

solved by n individual integrations (an example is given in Sect. 3.10). In this case
one says that the Hamilton–Jacobi equation is completely separable. A special case
of separable coordinate is that of the cyclic coordinate. If qi is cyclic, in fact, (2.17)
reduces to ∂Si/∂qi = ci0, whence Si = ci0qi and

S = ci0qi + Wi . If the cyclic coordinate is qn+1 = t , the above becomes

∂Sn+1

∂t
= −E, Sn+1 = −Et , (2.18)

where the symbolE is used for the constant cn+1,0. It is worth noting that the units ofE
are always those of an energy regardless of the choice of the generalized coordinates
qi . Comparing (2.18) with (1.51) yields H = E = cost, consistently with the
hypothesis that H does not depend on t . Using the symbol W instead of Wn+1

provides the pair

H

(
q1, . . . , qn,

∂W

∂q1
, . . . ,

∂W

∂qn

)
= E, S = W − Et , (2.19)

that holds when H is a constant of motion. The first of (2.19) is a differential equa-
tion in the generalized coordinates only, called time-independent Hamilton–Jacobi
equation. The unknown function W is called Hamilton’s characteristic function.

2.5 Phase Velocity

The dynamics of a mechanical system can be obtained from Hamilton’s principal
function S(q, p̃, t) as shown in Sect. 2.3. After S has been determined it is possible to
build up an interesting geometrical construction, that is shown below. The indication
of the constants p̃i is omitted for the sake of conciseness.

To begin, fix the time t and let S(q, t) = S0, where S0 is some constant. This
relation describes a surface belonging to the configuration space q1, . . . , qn. Now
change the time by dt : the corresponding variation in S is obtained from (1.50) and
reads dS = ∑n

i=1 pidqi − Hdt = p · dq − Hdt . In this relation each component
pi = ∂S/∂qi is calculated in terms of the coordinates q1, . . . , qn at the instant t ,
hence the vector p = gradqS is a function of q calculated at that instant. If q belongs
to the surface S = S0, then p is normal to the surface at q. Now let S ′ = S+dS = S0,
where S0 is the same constant as before. The relation S ′(q, t) = S0 provides the new
surface into which S = S0 evolves in the interval dt . As both S = S0, S + dS = S0

hold, it must be dS = 0, namely, p · dq = Hdt .
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WhenH has no explicit dependence on t , thanks to (2.19) the relation p·dq = Hdt
becomes p·dq = Edt , with p = gradqW . In this case, letting ϕ be the angle between
the vectors p and dq (whose moduli are indicated with p, dq), and excluding the
points where p = 0, one obtains

cosϕ
dq

dt
= E

p
. (2.20)

The product cosϕ dq in (2.20) is the projection of dq over the direction of p, hence
it provides the variation of q in the direction normal to the surface S = S0. When
the Cartesian coordinates are used, the product cos ϕ dq is a length and the left hand
side of (2.20) is a velocity, that provides the displacement of the point q during the
time interval dt and in the direction normal to the surface S = S0.

As shown above, the vector p is normal to the S = S0 surface at each point
of the latter. Consider for simplicity the case of a single particle of mass m in the
conservative case, and use the Cartesian coordinates; from p = m q̇ one finds that at
each instant the surface S = S0 is normal to the particle’s trajectory. This makes the
surface S = S0 the analogue of the constant-phase surface found in the wave theory
(e.g., Sect. 5.9). For this reason, cosϕ dq/dt is called phase velocity.

Due to its definition, the phase velocity depends on the position q and is the
velocity with which each point of the S = S0 surface moves. It is worth adding that
the phase velocity does not coincide with the actual velocity of any of the system’s
particles. To show this it suffices to consider the single particle’s case with p = m q̇:
from (2.20) one finds that the modulus of the phase velocity is in fact inversely
proportional to that of the particle.

2.6 Invariance Properties

A number of dynamical properties of the system of particles under consideration
can be inferred directly from the form of the Lagrangian or Hamiltonian function,
without the need of solving the motion’s equations. An example is the conservation
of the momentum conjugate to a cyclic coordinate (Sect. 1.4). Other properties are
discussed below.

2.6.1 Time Reversal

It is found by inspection that the expression (1.22) of the system’s kinetic energy in
Cartesian coordinates is invariant when t is replaced with −t (time reversal). A rather
lengthy calculation based on the chain-differentiation rule shows that this property
still holds after a coordinate transformation.

In some cases the whole Lagrangian function is invariant under time reversal.
This makes the Lagrange equations (1.28) invariant as well. Assume that (1.28) are
solved starting from a given initial condition at t = a to the final instant t = b. Then,
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replace t with t ′ = −t and solve the Lagrange equations again, using qi(t = b) and
−q̇i(t = b) as initial conditions. Letting q ′

i = dqi/dt ′ = −q̇i , (1.28) become

d

d(−t ′)
∂L

∂(− q ′
i)

= d

dt ′
∂L

∂q ′
i

= ∂L

∂qi
, i = 1, . . . , n (2.21)

where, due to the hypothesis of invariance, the Lagrangian function is the same as
that used to describe the motion from t = a to t = b. It follows that the trajectories of
the second motion are equal to those of the first one. Moreover, the initial velocities
of the second motion, calculated at t ′ = −b, are opposite to those of the first motion
at the same point. Due to the arbitrariness of b, at each point of a trajectory the
velocity described by the time t ′ is opposite to that described by t . A motion having
this property is called reversible.

Taking the examples of Sect. 1.3 and remembering the form (1.12, 1.18) of the
corresponding Lagrangian functions one finds that, in the first example, the motion is
reversible if the potential energyV is invariant under time reversal, namely, V (−t) =
V (t), while in the second example the motion is reversible if ϕ(−t) = ϕ(t) and
A(−t) = −A(t).

2.6.2 Translation of Time

Consider the case where the Hamiltonian function is invariant with respect to trans-
lations of the origin of time. The invariance holds also for an infinitesimal translation
dt , hence it is dH/dt = 0. In other terms H is a constant of motion. When this
happens, as illustrated in Sect. 1.4, the Lagrangian and Hamiltonian functions have
no explicit dependence on time, and vice versa.

2.6.3 Translation of the Coordinates

Another interesting case occurs when the Lagrangian function is invariant with re-
spect to translations of the coordinates’ origin. By way of example consider an
N -particle system with no constraints, whence n = 3N , and use the Cartesian co-
ordinates xjs . Here the first index is associated with the particles and the second
one with the axes. Then, choose an infinitesimal translation dh1 in the direction of
the first axis and, similarly, infinitesimal translations dh2 and dh3 in the other two
directions. Thus, each coordinate xj1, j = 1, . . . ,N within the Lagrangian function
is replaced by xj1 + dh1, and so on. The translational invariance then yields

dL = dh1

N∑
j=1

∂L

∂xj1
+ dh2

N∑
j=1

∂L

∂xj2
+ dh3

N∑
j=1

∂L

∂xj3
= 0 . (2.22)

Each sum in (2.22) vanishes independently of the others due to the arbitrariness of
the translations. Taking the sum multiplying dh1 and using (1.28) yields
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N∑
j=1

∂L

∂xj1
=

N∑
j=1

d

dt

∂L

∂ẋj1
= d

dt

N∑
j=1

pj1 = dP1

dt
= 0, (2.23)

where P1 = ∑N
j=1 pj1 is the first component of the total momentum

P =
N∑
j=1

pj (2.24)

of the system of particles. The other two components are treated in the same manner.
In conclusion, if the Lagrangian function is invariant with respect to translations
of the coordinates’ origin, then the total momentum of the system is a constant of
motion.

The above reasoning applies independently to each axis. As a consequence, if
the Lagrangian function is such that the sum

∑N
j=1 ∂L/∂xj1 vanishes, while the

analogous sums associated with the other two axes do not vanish, then P1 is a
constant of motion, while P2, P3 are not.

An important example of a Langrangian function, that is invariant with respect to
translations of the coordinates’ origin, is found when the force Fi acting on the ith
particle derives from a potential energy V that depends only on the relative distances
rjk = |rj − rk| among the particles, k �= j . An example is given in Sect. 3.7.

2.6.4 Rotation of the Coordinates

Consider the case where the Lagrangian function is invariant with respect to rotations
of the coordinates around an axis that crosses the origin. Like in Sect. 2.6.3 a system
ofN particles with no constraints is assumed, and the Cartesian coordinates are used.
Let π be the plane that contains the origin and is normal to the rotation axis. It is
convenient to use on π a polar reference (Sect. B.2) in which the rotation is defined
over π by the angle ϕ. In turn, let ϑj be the angle between the rotation axis and the
position vector rj = (xj1, xj2, xj3) of the j th particle. The meaning of the angles
is the same as in Fig. B.1, where the axes x, y define plane π; then, ϑj and rj are
represented by ϑ and r of the figure, respectively. If an infinitesimal rotation dϕ
is considered, the position vector rj undergoes a variation drj parallel to π and of
magnitude |drj | = rj sin ϑj dϕ. To specify the direction of drj one takes the unit
vector a of the rotation axis and associates to the rotation the vector a dϕ such that

drj = a dϕ ∧ rj . (2.25)

The corresponding variations dṙj of the velocities are found by differentiating (2.25)
with respect to time. The variation of the Lagrangian function is

dL =
N∑
j=1

3∑
s=1

(
∂L

∂xjs
dxjs + ∂L

∂ẋjs
dẋjs

)
, (2.26)
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where the variations of the components are found from (2.25) and read dxjs =
dϕ

(
a ∧ rj

)
s
, dẋjs = dϕ

(
a ∧ ṙj

)
s
. Replacing the latter in (2.26) and using (1.28)

yields

dL = dϕ
N∑
j=1

(
a ∧ rj · ṗj + a ∧ ṙj · pj

)
. (2.27)

Due to the rotational invariance, (2.27) vanishes for any dϕ. Letting the sum to vanish
after exchanging the scalar and vector products, and remembering that a is constant,
one finds

a ·
N∑
j=1

(
rj ∧ ṗj + ṙj ∧ pj

) = a · d

dt

N∑
j=1

rj ∧ pj = a · dM
dt

= d

dt
(M · a) = 0,

(2.28)

where

M =
N∑
j=1

rj ∧ pj (2.29)

is the total angular momentum of the system of particles. In conclusion, if the
Lagrangian function is invariant with respect to rotations of the coordinates around
an axis that crosses the origin, then the projection of the system’s total angular
momentum M over the rotation axis is a constant of motion.

2.7 Maupertuis Principle

Besides the Hamilton principle described in Sect. 1.3.4, other variational principles
exist. Among them is the Maupertuis, or least action, principle, that applies to a
particle subjected to conservative forces. Let V = V (x1, x2, x3) be the potential
energy and E = const the total energy, and let A and B indicate the two points of the
(x1, x2, x3) space that limit the trajectory of the particle. The Maupertuis principle
states that the natural trajectory between A and B is the one that minimizes the
functional

G =
∫
AB

√
E − V ds, ds2 = dx2

1 + dx2
2 + dx2

3 , (2.30)

where the integral is carried out along the trajectory. The form of (2.30) explains the
term “least action”: in fact, the relation p2/(2m) = m u2/2 = E − V shows that the
integrand

√
E − V is proportional to the particle’s momentum p; as a multiplicative

constant is irrelevant for calculating the extremum functions, the minimization of G
is equivalent to that of the action

∫
AB

p ds.
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To calculate the extremum functions of (2.30) it is convenient to parametrize the
coordinates in the form xi = xi(ξ ), where the parameter ξ takes the same limiting
values, say, ξ = a at A and ξ = b at B, for the natural and all the virtual trajectories.
Letting ẋi = dxi/dξ one finds (ds/dξ )2 = ẋ2

1 + ẋ2
2 + ẋ2

3 which, remembering (1.7),
yields the extremum condition for (2.30):

δ

∫ b

a

θ dξ = 0, θ = √
E − V

√
ẋ2

1 + ẋ2
2 + ẋ2

3 ,
d

dξ

∂θ

∂ẋi
= ∂θ

∂xi
. (2.31)

The following relations are useful to work out the last of (2.31): ds/dt = u =√
(2/m)(E − V ), dxi = ẋi dξ , dxi/dt = ui . One finds

∂θ

∂ẋi
= √

E − V
ẋi

ds/dξ
=

√
m

2
u
ẋi dξ

ds
=

√
m

2

dxi
dt

=
√
m

2
ui , (2.32)

∂θ

∂xi
= ds

dξ

−∂V/∂xi

2
√
E − V

= ds

dξ

Fi

2
√
m/2u

= dt

dξ

Fi√
2m

, (2.33)

with Fi the ith component of the force. The last of (2.31) then yields

d

dξ

(√
m

2
ui

)
= dt

dξ

Fi√
2m

, Fi = m
dui
dξ

dξ

dt
= m

dui
dt

. (2.34)

In conclusion, the equation that provides the extremum condition for functional G
is equivalent to Newton’s second law F = ma.

2.8 Spherical Coordinates—Angular Momentum

Consider a single particle of mass m and use the transformation from the Cartesian
(x, y, z) to the spherical (r ,ϑ ,ϕ) coordinates shown in Sect. B.1. The kinetic energy
is given by (B.7), namely,

T = m

2
(ṙ2 + r2ϑ̇2 + r2ϕ̇2 sin2 ϑ). (2.35)

If the force acting onto the particle is derivable from a potential energy V =
V (x, y, z, t), the Lagrangian function in the spherical reference is L = T −
V (r ,ϑ ,ϕ, t), where T is given by (2.35). The momenta conjugate to the spherical
coordinates are ⎧⎪⎪⎨

⎪⎪⎩

pr = ∂L/∂ṙ = mṙ

pϑ = ∂L/∂ϑ̇ = mr2 ϑ̇

pϕ = ∂L/∂ϕ̇ = mr2 ϕ̇ sin2 ϑ

(2.36)

Using (2.36), the kinetic energy is recast as
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T = 1

2m

(
p2
r + p2

ϑ

r2
+ p2

ϕ

r2 sin2 ϑ

)
. (2.37)

The components of the momentum p derived from the Lagrangian function written
in the Cartesian coordinates are mẋ, mẏ, mż. It follows that the components of the
angular momentum M = r ∧ p written in the Cartesian and spherical references are⎧⎪⎪⎨
⎪⎪⎩

Mx = m (y ż − z ẏ) = −mr2 (ϑ̇ sin ϕ + ϕ̇ sin ϑ cosϑ cosϕ)

My = m (z ẋ − x ż) = mr2 (ϑ̇ cosϕ − ϕ̇ sin ϑ cosϑ sin ϕ)

Mz = m (x ẏ − y ẋ) = mr2 ϕ̇ sin2 ϑ

(2.38)

The square modulus of the angular momentum in spherical coordinates reads

M2 = m2r4
(
ϑ̇2 + ϕ̇2 sin2 ϑ

) = p2
ϑ + p2

ϕ

sin2 ϑ
, (2.39)

where the last equality is due to (2.36). From (2.37, 2.39) one finds

T = 1

2m

(
p2
r + M2

r2

)
. (2.40)

If M is a constant of motion, (2.40) shows that the kinetic energy depends on r and
ṙ only. Comparing (2.36) with (2.38) one also notices that

pϕ = Mz, (2.41)

namely, the component along the z axis of the angular momentum turns out to be the
momentum conjugate to the ϕ coordinate. The latter describes the rotations along the
same axis. In contrast, the other two components of M are not conjugate momenta.
This result is due to the asymmetry of the relations (B.1) that connect the Cartesian
to the spherical coordinates, and does not ascribe any privileged role to the z axis. In
fact, by exchanging the Cartesian axes one makes pϕ to coincide with Mx or My .

Another example refers to a particle of mass m and charge e subjected to an
electromagnetic field. Remembering (1.33) one has L = (1/2)mu2 − eU + eu ·
A, where the scalar potential is indicated with U to avoid confusion with the ϕ

coordinate. It follows

L = 1

2
m

(
ṙ2 + r2 ϑ̇2 + r2 ϕ̇2 sin2 ϑ

) − e U + eu · A, (2.42)

where the components of u = ṙ are given by (B.6), and U , A depend on the co-
ordinates and time. Indicating the components of A with Ax , Ay , Az, the momenta
read⎧⎪⎪⎨
⎪⎪⎩

pr = ∂L/∂ṙ = m ṙ + e Ax sin ϑ cosϕ + e Ay sin ϑ sin ϕ + e Az cosϑ cosϕ

pϑ = ∂L/∂ϑ̇ = mr2 ϑ̇ + e Ax r cosϑ cosϕ + e Ay r cosϑ sin ϕ − e Az r sin ϑ

pϕ = ∂L/∂ϕ̇ = mr2 ϕ̇ sin2 ϑ − e Ax r sin ϑ sin ϕ + e Ay r sin ϑ cosϕ

(2.43)
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Thanks to (B.1, B.6), the third of (2.43) can be written as

pϕ = m (x ẏ − y ẋ) + e (x Ay − y Ax) = x (m ẏ + e Ay) − y (m ẋ + e Ax),
(2.44)

that coincides with the component of the angular momentum M = r ∧ p = r ∧
(m u + eA) along the z axis. This result shows that (2.41) holds also when the force
acting onto the particle derives from an electromagnetic field.

2.9 Linear Motion

The linear motion is the motion of a system having only one degree of freedom. Using
the Cartesian coordinate x, and assuming the case where the force acting onto the
particle derives from a potential energy V (x), gives the Hamiltonian function (1.32)
the form H = p2/(2m) + V (x). As shown in Sect. 1.4, a Hamiltonian function of
this type is a constant of motion whence, remembering that here it is p = m ẋ,

1

2
m ẋ2 + V (x) = E = const. (2.45)

The constant E is called total energy. Its value is given by the initial conditions
x0 = x(t = a), ẋ0 = ẋ(t = a). As the kinetic energy m ẋ2/2 can not be negative,
the motion is possible only in the intervals of the x axis such that V (x) ≤ E. In
particular, the velocity ẋ vanishes at the points where V = E. Instead, the intervals
where V > E can not be reached by the particle. Equation (2.45) is separable and
provides a relation of the form t = t(x),

t = a ±
√
m

2

∫ x

x0

dξ√
E − V (ξ )

. (2.46)

By way of example consider a situation like that shown in Fig. 2.1, where it is assumed
that to the right of xC the potential energy V keeps decreasing as x → ∞. If the
initial position of the particle is x0 = xC , there the velocity vanishes and the particle
is subjected to a positive force F = −dV/dx > 0. As a consequence, the particle’s
motion will always be oriented to the right starting from xC . Such a motion is called
unlimited. If the initial position is x0 > xC and the initial velocity is negative, the
particle moves to the left until it reaches the position xC , where it bounces back. The
subsequent motion is the same as described above.

A different situation arises when the initial position of the particle belongs to
an interval limited by two zeros of the function E − V (x) like, e.g., xA and xB in
Fig. 2.1. The motion is confined between xA and xB and, for this reason, is called
limited. The particle bounces back and forth endlessly under the effect of a force that
does not depend on time. As a consequence, the time necessary to complete a cycle
xA → xB → xA is the same for each cycle. In other terms, the motion is periodic in
time. Also, from (2.46) it is found by inspection that the time spent by the particle
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Fig. 2.1 Example of potential
energy discussed in Sect. 2.9

V

x x x xC BA

E

in the xA → xB part of the cycle is the same as that spent in the xB → xA part. The
period of the oscillation is then found to be

T = 2

√
m

2

∫ xB

xA

dx√
E − V (x)

. (2.47)

Note that the period depends on the total energy E. However there are exceptions,
as the example of Sect. 3.3 shows.

2.10 Action-Angle Variables

Consider a linear, conservative motion of constant energy E (Sect. 2.9) and let q, p
be two canonical coordinates describing it. The following hold

H (q,p) = E, p = p(q,E). (2.48)

The second of (2.48) is derived from the first one by solving for the momentum, and
provides the phase trajectory (Sect. 1.9) starting from the initial conditions q0, p0

of the motion. As shown below, in several mechanical systems of interest the phase
trajectory has some special characteristic that is worth examining.

Consider, first, the situation where the phase trajectory is closed: in this case, after
a time T has elapsed from t = 0, the canonical coordinates take again the values q0,
p0. As a consequence, for t > T the motion repeats itself, and so on. It follows that
both q and p are periodic functions of time with the same period T . As discussed
in Sect. 2.9, this type of periodic motion, in which both q and p are bounded, is
typically found when the initial position q0 lies between two zeros of E − V , and is
of the oscillatory type. It is also indicated with the astronomical term libration.

A second important situation occurs whenp is a periodic function of q. In this type
of motion q is unbounded. However, when q increases by a period the configuration
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of the mechanical system remains practically unchanged. In fact, in this type of
motion the canonical coordinate q is always an angle of rotation: the motion is still
periodic and is referred to as rotation. Note that the same mechanical system may
give rise to a libration or a rotation, depending on the motion’s initial conditions: a
typical example is that of the simple pendulum where q is identified with the angle
of deflection [42, Chap. 10.6]. The action variable is defined as

J (E) =
∮

p(q,E) dq, (2.49)

where the integral is carried out over a complete period of libration or rotation, de-
pending on the case under investigation. The name given to J stems from the fact
that, as mentioned in Sect. 1.5, the product q p has the units of an action in all
coordinate sets. The action variable is a constant of motion because it depends on
E only. Inverting J (E) yields H = H (J ). Now one applies a canonical transfor-
mation generated by a Hamilton characteristic function of the form W = W (q, J ).
Remembering the procedure depicted in Sect. 2.4, W is the solution of

H

(
q,

∂W

∂q

)
= E. (2.50)

Applying (2.14) one finds the generalized coordinate w = ∂W/∂J , called angle
variable, conjugate to J . The pair J , w constitutes the set of canonical coordinates
called action-angle variables. Finally, the Hamilton equations in the new coordinates
read

ẇ = ∂H

∂J
= const, J̇ = −∂H

∂w
= 0. (2.51)

The time evolution of the action-angle variables is then w = ẇ t + w0, J = const.
From the first of (2.51) it also follows that the units of ẇ are those of a frequency.
The usefulness of the action-angle variables becomes apparent when one calculates
the change Δw over a complete libration or rotation cycle of q:

Δw =
∮

dw =
∮

∂w

∂q
dq =

∮
∂2W

∂q∂J
dq = d

dJ

∮
∂W

∂q
dq = 1, (2.52)

where the last equality derives from combining p = ∂W/∂q with (2.49). On the
other hand, if T is the time necessary for completing a cycle of q, then it is Δw =
w(T )−w(0) = ẇ T , whence ẇ = 1/T . Thus, the frequency ν = ẇ is that associated
with the periodic motion of q. In conclusion, the action-angle variables provide a
straightforward method to determine the frequency of a periodic motion without the
need of solving the motion equation. The method is applicable also to conservative
systems having more than one degree of freedom, provided there exists at least one
set of coordinates in which the Hamilton–Jacobi equation is completely separable
[42, Chap. 10.7].
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2.11 Complements

2.11.1 Infinitesimal Canonical Transformations

Consider a system with n degrees of freedom whose Hamiltonian function is
H (q1, . . . , qn,p1, . . . ,pn, t). Remembering (1.42) one finds that the canonical co-
ordinates at t + dt are expressed, in terms of the same coordinates at t , by the
relations

qi + dqi = qi + ∂H

∂pi

dt , pi + dpi = pi − ∂H

∂qi
dt. (2.53)

Letting q̃i = qi + dqi , p̃i = pi + dpi gives (2.53) the same form as (2.1), namely,
that of a coordinate transformation. It is interesting to check whether such a trans-
formation is canonical. For this, one notes that the transformation (2.53) differs by
infinitesimal quantities from the identical transformation q̃i = qi , p̃i = pi ; as a
consequence one expects the generating function of (2.53), if it exists, to differ by an
infinitesimal function from F2 = ∑n

i=1 qi p̃i which, as shown in Sect. 2.2, generates
the identical transformation. One then lets

K2 =
n∑

i=1

qi p̃i + ε G(q, p̃, t), (2.54)

where ε is an infinitesimal quantity. From the first two equations in (2.9) it follows

pi = ∂K2

∂qi
= p̃i + ε

∂G

∂qi
, q̃i = ∂K2

∂p̃i

= qi + ε
∂G

∂p̃i

. (2.55)

In the last term of (2.55) one may replace p̃i with pi on account of the fact that the
difference between ε ∂G/∂p̃i and ε ∂G/∂pi is infinitesimal of a higher order. Then,
letting ε = dt , G(q, p, t) = H (q, p, t), and K2 = ∑n

i=1 qi p̃i +H (q, p, t) dt , makes
(2.55) identical to (2.53). Note that this replacement transforms the third of (2.9) into
H̃ = H + (∂H/∂t) dt , as should be (compare with (1.44)).

The above reasoning shows that the H dt term in (2.54) generates a canonical
transformation that produces the variations of the canonical coordinates in the time
interval dt . Such a transformation is called infinitesimal canonical transformation.
On the other hand, as the application of more than one canonical transformation is still
canonical, the evolution of the coordinates qi ,pi during a finite interval of time can
be thought of as produced by a succession of infinitesimal canonical transformations
generated by the Hamiltonian function. In other terms, the Hamiltonian function
generates the motion of the system.

2.11.2 Constants of Motion

It has been shown in Sect. 2.11.1 that a succession of infinitesimal canonical trans-
formation generated by the Hamiltonian function determines the time evolution of
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the canonical coordinates qi ,pi . If such a succession starts with the initial conditions
qi0,pi0, at some later time t the transformations Eqs. (2.53) take the form

qi = qi(q0, p0, t), pi = pi(q0, p0, t). (2.56)

The relations (2.56) are nothing else than the solution of the mechanical problem;
in fact, they express the canonical coordinates at time t , given the initial conditions.
From another viewpoint, they show that the solution of the problem contains 2 n
constants. They are not necessarily constants of motion, in fact, their values at t > 0
are in general different from those at t = 0. If the system has extra properties
(like, e.g., the invariance properties discussed in Sect. 2.6), it also has one or more
constants of motion. The latter keep the value that they possessed at t = 0, so they
are expressible as combinations of the canonical coordinates at t = 0; by way of
example, the total energy E of a single particle subjected to a conservative force
reads E = (p2

01 + p2
02 + p2

03)/(2m) + V (x10, x20, x30).
For a system having n degrees of freedom the total number of independent

combinations of the initial conditions can not exceed the number of the initial con-
ditions themselves. As a consequence, for such a system the maximum number of
independent constants of motion is 2n.

Problems

2.1 Given the Hamiltonian function H = p2/(2m) + (c/2) x2, m, c > 0 (that
describes the linear harmonic oscillator, Sect. 3.3), find the oscillation frequency
ν using the action-angle variables.
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