
Chapter 10
General Methods of Quantum Mechanics

10.1 Introduction

The preceding chapters have provided the introductory information about Quantum
Mechanics. Here the general principles of the theory are illustrated, and the methods
worked out for the Hamiltonian operator are extended to the operators associated
to dynamical variables different from energy. The important concept of separable
operator is introduced, and the property of some operators to commute with each
other is related to the mutual compatibility of measurements of the corresponding
dynamical variables. Then, the concepts of expectation value and uncertainty are
introduced, and the Heisenberg uncertainty principle is worked out. This leads in
turn to the analysis of the time derivative of the expectation values, showing that
the latter fulfill relations identical to those of Classical Mechanics. The form of the
minimum-uncertainty wave packet is worked out in the complements.

10.2 General Methods

The discussion carried out in Sect. 9.2 has led to a number of conclusions regarding
the eigenvalues of the time-independent Schrödinger equation (7.45). They are:

• The energy of a particle subjected to a conservative force is one of the eigenval-
ues of the time-independent equation Hw = Ew, where H is derived from the
corresponding Hamiltonian function by replacing pi with −i h̄ ∂/∂xi . Any other
energy different from an eigenvalue is forbidden.

• The wave function of a conservative case (taking by way of example the discrete-
eigenvalue case) is ψ = ∑

n cn wn exp ( − iEn t/h̄). The particle’s localization
is given by |ψ |2, where it is assumed that ψ is normalized to unity. The proba-
bility that a measurement of energy finds the eigenvalue Em is |cm|2; an energy
measurement that finds the eigenvalues Em forces cn to become δnm.

• The time evolution ofψ is found by solving the time-dependent Schrödinger equa-
tion i h̄ ∂ψ/∂t = Hψ . The latter holds also in the non-conservative situations;
although in such cases the wave function ψ is not expressible as a superposition
of monochromatic waves, it can still be expanded using an orthonormal set like
in (9.10) or (9.11).
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An important issue is now extending the conclusions listed above to the dynamical
quantities different from energy (e.g., momentum, angular momentum, and so on).
The extension is achieved by analogy, namely, it is assumed that for any dynamical
variable one can construct an eigenvalue equation whose solution provides the pos-
sible values of the variable itself. This line of reasoning yields the procedures listed
below, that are called general methods of Quantum Mechanics:

1. Given a dynamical variable A, an operator A is associated to it. It is found, first,
by expressing A in terms of canonical coordinates qi ,pi (Sect. 1.6), then, by
replacing the momentum’s components pi with p̂i = −i h̄ ∂/∂qi in such a way
that A is Hermitean.

2. It is checked whether the eigenvalue equation Av = Av possesses a complete,
orthonormal set of eigenfunctions. If the check fails, the operator is not con-
sidered; otherwise it is accepted, and is called observable [78, Chap. V.9]. The
eigenvalue equation is subjected to the same boundary or asymptotic conditions
as Hw = Ew.

3. Let An or Aβ be the eigenvalues of Av = Av, with n (β) a set of discrete
(continuous) indices. Such eigenvalues are the only values that a measure of the
dynamical variable A can find.

4. Thanks to completeness, the wave function ψ describing the particle’s
localization can be written, respectively for discrete or continuous spectra,

ψ =
∑
n

an(t) vn(r), ψ =
∫
β

aβ(t) vβ(r) dβ, (10.1)

with an = 〈vn|ψ〉, aβ = 〈vβ |ψ〉.
5. If the wave function in (10.1) is normalizable, then

∑
n |an|2 = 1,

∫
β
|aβ |2 dβ = 1

at all times. For a discrete spectrum, Pn = |an(tA)|2 is the probability that a
measurement of A finds the eigenvalue An at t = tA. For a continuous spectrum,
the infinitesimal probability that at t = tA the domain of Aβ is found in the
interval dβ around β is dP = |aβ(tA)|2 dβ.

6. When the measurement is carried out at t = tA and an eigenvalue, say, Am,
is found, the coefficients of the first expansion in (10.1) are forced by the
measurement to become |an(t+A )|2 = δmn, and the wave function at that instant1

becomesψ(r, t+A ) = vm(r). The time evolution ofψ starting from t+A is prescribed
by the time-dependent Schrödinger equation i h̄ ∂ψ/∂t = Hψ , with ψ(r, t+A )
as the initial condition. In this respect there is a neat parallel with Classical
Mechanics, where the time evolution of the canonical variables starting from the
initial conditions is prescribed by the Hamilton equations (1.42).

According to the general methods listed above, the eigenvalues of A are the only
possible outcome of a measurement of the dynamical variable A. As the eigenvalues

1 Measurements are not instantaneous (refer to the discussion in Sect. 9.2). Here it is assumed that
the duration of a measurement is much shorter than the time scale of the whole experiment.
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represent a physical quantity, they must be real; this makes the requirement that A
must be Hermitean easily understood: if an operator is Hermitean, then its eigenvalues
are real (Sect. 8.4.1). The inverse is also true: if the eigenfunctions of A form a
complete set and its eigenvalues are real, then A is Hermitean. In fact, for any pair
of functions f , g, considering the discrete spectrum by way of example, one has

〈g|Af 〉 − 〈Ag|f 〉 =
∑
n

∑
m

g∗
n fm [〈vn|Avm〉 − 〈Avn|vm〉] =

=
∑
n

∑
m

g∗
n fm 〈vn|vm〉 (

Am − A∗
n

) =
∑
n

g∗
n fn

(
An − A∗

n

) = 0, (10.2)

which holds for all f , g because the eigenfunctions vn are mutually orthogonal and
the eigenvalues An are real.

As indicated at point 1 above, the dynamical variable A is transformed into the
operator A by replacingpi with p̂i . The operator obtained from such a replacement is
not necessarily Hermitean: its hermiticity must be checked on a case-by-case basis.
For instance, the dynamical variable A = x px can be written in equivalent ways as
x px , px x, and (x px + px x)/2. However, their quantum counterparts

−i h̄x
∂

∂x
, −i h̄

∂

∂x
x, −i

h̄

2

(
x

∂

∂x
+ ∂

∂x
x

)
(10.3)

are different from each other, and only the third one is Hermitean (compare with
Sect. 9.5).

10.3 Separable Operators

Let A be an operator acting only on the x coordinate. Similarly, let B and C two
operators acting only on y and z, respectively. The eigenvalue equations for the
discrete-spectrum case read

Auk = Ak uk , Bvm = Bm vm, Cwn = Cn wn, (10.4)

where uk(x), vm(y), and wn(z) are three complete and orthonormal sets of eigenfunc-
tions. Given a function f (x, y, z), thanks to the completeness of the three sets the
following expansion holds:

f (x, y, z) =
∑
n

an(x, y) wn =
∑
n

[∑
m

bmn(x) vm

]
wn =

=
∑
n

{∑
m

[∑
k

ckmn uk

]
vm

}
wn =

∑
kmn

ckmn uk vm wn, (10.5)

showing that the set made of the products uk vm wn is complete. Also, for any linear
combination of the above operators, with a, b, c constant vectors, it is

(a A + b B + c C) uk vm wn = (aAk + bBm + cCn) uk vm wn, (10.6)
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that is, uk vm wn is an eigenfunction corresponding to eigenvalue aAk +bBm+cCn.
It is important to add that in (10.4) it is implied that the boundary conditions of
Auk = Ak uk depend on x alone, those of Bvm = Bm vm on y alone, and the
like for the third equation. In other terms, separability means that at least one set of
coordinates exists, such that both the equation and boundary conditions are separable.

As a first example of application of (10.6), consider the classical position of
a particle, r = x1 i1 + x2 i2 + x3 i3. Such a dynamical variable does not contain
the components of momentum; as a consequence, the operator associated to it is
r itself, and generates the eigenvalue equation r g(r) = r0 g(r). Separating the
latter and considering the eigenvalue equation for xi , one finds xi vi(xi) = xi0 vi(xi),
namely, (xi − xi0) vi(xi) = 0 for all xi �= xi0. It follows vi = δ(xi − xi0), whence
r0 = x10 i1 + x20 i2 + x30 i3, and

gr0 (r) = δ(x1 − x10) δ(x2 − x20) δ(x3 − x30) = δ(r − r0). (10.7)

As a second example consider the classical momentum of a particle, p = p1 i1 +
p2 i2 + p3 i3. Remembering the discussion of Sect. 8.5 one finds for the operator
associated to p,

"̂p = −i h̄

(
i1

∂

∂x1
+ i2

∂

∂x2
+ i3

∂

∂x3

)
= −i h̄ grad, (10.8)

whose eigenvalue equation reads −i h̄ gradf = p0 f . Separation yields for the ith
eigenvalue equation, with vi = vi(xi), the first-order equation −i h̄ dvi/dxi = pi0 vi
(compare with (8.49)), whence vi = (2π )−1/2 exp (i ki xi), with ki = pi0/h̄, so that
k = p/h̄ = k1 i1 + k2 i2 + k3 i3, and

fk(r) = (2π )−3/2 exp (i k · r). (10.9)

Neither (10.7) nor (10.9) are square integrable. The indices of the eigenvalues (r0 in
(10.7) and k in (10.9)) are continuous in both cases.Also, from the results of Sects. C.2
and C.5 one finds that gr0 (r) = g(r, r0) is the Fourier transform of fk(r) = f (r, k).

10.4 Eigenfunctions of Commuting Operators

It has been shown in Sect. 10.2 that a measurement of the dynamical variable A at
time tA yields one of the eigenvalues of the equation Aa = Aa. Considering for
instance a discrete spectrum, let the eigenvalue be Am. The initial condition ψ(r, t+A )
for the time evolution of the particle’s wave function after the measurement is one of
the eigenfunctions of A corresponding toAm. If a measurement of another dynamical
variable B is carried out at a later time tB , the wave function at t = tB is forced to
become one of the eigenfunctions of Bb = B b, say, bk . The latter can in turn be
expanded in terms of the complete set derived from A, namely, bk = ∑

n〈an|bk〉 an.
As the coefficients of the expansion are in general different from zero, there is a finite
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probability that a new measurement ofA at tC > tB finds a value different fromAm. In
principle this could be due to the fact that, ifA is not conserved, its value has evolved,
from the outcome Am of the measurement carried out at t = tA, into something
different, as prescribed by the time-dependent Schrödinger equation having ψ(r, t+A )
as initial condition.2 However, the instant tB of the second measurement can in
principle be brought as close to tA as we please, so that the two measurements can be
thought of as simultaneous. As a consequence, the loss of information about the value
of A must be ascribed to the second measurement, specifically, to its interference
with the wave function, rather than to a natural evolution3 of the value of A: the gain
in information about the eigenvalue of B produces a loss of information about that
of A; for this reason, the two measurements are said to be incompatible.

From the discussion above one also draws the conclusion that, if it were bk = am,
the two measurements of outcome Am and Bk would be compatible. This is in itself
insufficient for stating that the measurements of A and B are compatible in all cases;
for this to happen it is necessary that the whole set of eigenfunctions of A coincides
with that of B: in this case, in fact, the condition bk = am is fulfilled no matter what
the outcome of the two measurements is.

It would be inconvenient to check the eigenfunctions to ascertain whether two
observables A, B are compatible or not. In fact, this is not necessary thanks to
the following property: if two operators A and B have a common, complete set of
eigenfunctions, then they commute, and vice versa (as indicated in Sect. 8.6.2, two
operators commute if their commutator (8.71) is the null operator). Still assuming
a discrete spectrum, for any eigenfunction vn it is ABvn = ABn vn = BnAvn =
Bn An vn. Similarly, BAvn = BAn vn = AnBvn = An Bn vn, showing that A and B
commute for all eigenfunctions. Then, using the completeness of the common set vn
to expand any function f as f = ∑

n fn vn, one finds

ABf =
∑
n

fnABvn =
∑
n

fnBAvn = BA
∑
n

fn vn = BAf. (10.10)

This proves that if two operators have a complete set of eigenfunctions in common,
then they commute. Conversely, assume that A and B commute and let vn be an
eigenfunction of A; then, ABvn = BAvn and Avn = An vn. Combining the latter
relations yields ABvn = BAn vn which, letting gn = Bvn, is recast as Agn =
Angn. In conclusion, both vn and gn are eigenfunctions of A belonging to the same
eigenvalue An.

If An is not degenerate, the eigenfunctions vn and gn must be the same function,
apart from a multiplicative constant due to the homogeneity of the eigenvalue equa-
tion. Let such a constant be Bn; combining gn = Bn vn with the definition gn = Bvn
yields Bvn = Bn vn, this showing that vn is an eigenfunction of B as well. The

2 By way of example one may think of A as the position x, that typically evolves in time from the
original value xA = x(tA) even if the particle is not perturbed.
3 In any case, the evolution would be predicted exactly by the Schrödinger equation. Besides, the
eigenvalue would not change if A were conserved.
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property holds also when An is degenerate, although the proof is somewhat more
involved [77, Chap. 8-5]. This proves that if two operators commute, then they have
a complete set of eigenfunctions in common. Examples are given in Sect. 8.6.3.

10.5 Expectation Value and Uncertainty

The discussion carried out in Sect. 10.2 has led to the conclusion that the wave func-
tionψ describing the particle’s localization can be expanded as in (10.1), where vn or
vβ are the eigenfunctions of a Hermitean operator A that form a complete, orthonor-
mal set. Considering a discrete spectrum first, the coefficients of the expansion are
an = 〈vn|ψ〉; assuming that the wave function is normalizable, it is

∑
n |an|2 = 1.

The meaning of the coefficients is that Pn = |an(t)|2 is the probability that a
measurement ofA finds the eigenvalueAn at t . From this it follows that the statistical
average of the eigenvalues is

〈A〉(t) =
∑
n

Pn An. (10.11)

The average (10.11) is called expectation value.4 It can be given a different form by
observing that Pn = a∗

n an = (
∑

m a
∗
m δmn) an and that, due to the orthonormality of

the eigenfunctions of A, it is δmn = 〈vm|vn〉; then,

∑
n

(∑
m

a∗
m 〈vm|vn〉

)
an An = 〈

∑
m

amvm|
∑
n

anAnvn〉 = 〈
∑
m

amvm|
∑
n

anAvn〉.
(10.12)

Combining (10.12) with (10.11) and remembering that A is Hermitean yields

〈A〉 = 〈ψ |A|ψ〉. (10.13)

The same result holds for a continuous spectrum:

〈A〉 =
∫
α

Pα Aα dα =
∫
α

|aα|2 Aα dα = 〈ψ |A|ψ〉, (10.14)

where ∫
α

|aα|2 Aα dα =
∫
α

(∫
β

a∗
β δ(β − α) dβ

)
aα Aα dα, (10.15)

and
∫
β
|aβ |2 dβ = 1 at all times. The expectation values of Hermitean operators

are real because they are the statistical averages of the eigenvalues, themselves real.

4 If the wave function is normalized to a number different from unity, the definition of the expectation
value is

∑
n Pn An/

∑
n Pn, and the other definitions are modified accordingly.
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Using (8.57) one extends the definition of expectation value to the powers of the
eigenvalues; for instance,

〈A2〉 = 〈ψ |A2|ψ〉 =
∫
�

ψ∗ AAψ d� = 〈Aψ |Aψ〉 = ||Aψ ||2 ≥ 0, (10.16)

where the hermiticity of A is exploited. The variance of the eigenvalues is given by

(�A)2 = 〈
(A − 〈A〉)2

〉 = 〈
A2 − 2 〈A〉A + 〈A〉2

〉 = 〈A2〉 − 〈A〉2, (10.17)

real and non negative by construction; as a consequence, 〈A2〉 ≥ 〈A〉2. The general
term used to indicate the positive square root of the variance, �A = √

(�A)2 ≥ 0,
is standard deviation. When it is used with reference to the statistical properties of
the eigenvalues, the standard deviation is called uncertainty.

Assume by way of example that the wave function at t = tA coincides with one
of the eigenfunctions of A. With reference to a discrete spectrum (first relation in
(10.1)), let ψ(tA) = vm. From (10.13) and (10.17) it then follows 〈A〉(tA) = Am,
�A(tA) = 0. The standard deviation of the eigenvalues is zero in this case, because
the measurement ofA can only find the eigenvalueAm. As a second example consider
a continuous spectrum in one dimension, and let ψ(tA) = exp (i k x)/

√
2π , namely,

an eigenfunction of the momentum operator. In this case the wave function is not
square integrable, so one must calculate the expectation value as

〈A〉(tA) = lim
x0→∞

∫ +x0

−x0
ψ∗(tA) Aψ(tA) dx∫ +x0

−x0
ψ∗(tA)ψ(tA) dx

. (10.18)

If one lets A = p̂ = −i h̄ d/dx, the result is 〈p〉(tA) = h̄ k, �p(tA) = 0. In fact, like
in the previous example, the wave function coincides with one of the eigenfunctions
of the operator. If, however, one applies another operator to the same wave function,
its variance does not necessarily vanish. A remarkable outcome stems from applying
x̂ = x, that is, the operator associated to the dynamical variable canonically conjugate
to p: one finds 〈x〉(tA) = 0, �x(tA) = ∞.

In conclusion, the examples above show that the term “uncertainty” does not refer
to an insufficient precision of the measurements (which in principle can be made as
precise as we please), but to the range of eigenvalues that is covered by the form
of ψ(tA). In the last example above all positions x are equally probable because
|ψ(tA)|2 = const, whence the standard deviation of position diverges.

10.6 Heisenberg Uncertainty Relation

Consider the wave function ψ describing the dynamics of a particle, and let A and
B be Hermitean operators. A relation exists between the standard deviations of these
operators, calculated with the same wave function. Defining the complex functions
f = (A − 〈A〉)ψ and g = (B − 〈B〉)ψ yields

||f ||2 = (�A)2, ||g||2 = (�B)2, 〈f |g〉 − 〈g|f 〉 = i 〈C〉, (10.19)
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where the first two relations derive from (10.17) while 〈C〉 in the third one is the
expectation value of the commutator C = −i (AB − BA). Letting μ = i ν in (8.16),
with ν real, and using (10.19) provides

(�A)2 + ν2 (�B)2 − ν 〈C〉 ≥ 0, (10.20)

namely, a second-degree polynomial in the real parameter ν. In turn, the coefficients
of the polynomial are real because they derive from Hermitean operators. For the
polynomial to be non negative for all ν, the discriminant 〈C〉2 −4 (�A)2 (�B)2 must
be non positive. The relation between the standard deviations then reads

�A�B ≥ 1

2
|〈C〉|. (10.21)

The interpretation of this result follows from the discussion carried out at the end of
Sect. 10.5. If A and B commute, then their commutator is the null operator, whose
eigenvalue is zero. As a consequence it is �A�B ≥ 0, namely, the minimum of the
product is zero. Remembering the result of Sect. 10.4, when two operators commute
they have a common, complete set of eigenfunctions. If the wave function used for
calculating the variance (10.17) is an eigenfunction of A and B, then both standard
deviations�A and�B vanish and�A�B = 0, namely, the minimum can in fact be
attained. If, instead, A and B do not commute, the minimum of the product �A�B

must be calculated on a case-by-case basis. The most interesting outcome is found
when the two operators are associated to conjugate dynamical variables: A = qi and
B = −i h̄ ∂/∂qi . Remembering (8.72) one finds C = h̄ I, C = h̄, 〈C〉 = h̄, whence

�A�B ≥ h̄

2
. (10.22)

Inequality (10.22) is also called Heisenberg principle or uncertainty principle, be-
cause it was originally deduced by Heisenberg from heuristic arguments [48].5 The
more formal deduction leading to (10.21) was given shortly after in [61] and [116].

10.7 Time Derivative of the Expectation Value

The expectation value (10.11) of a Hermitean operator is a real function of time. In
Classical Mechanics, the generalized coordinates and momenta are also functions of
time, whose evolution is given by the Hamilton equations (1.42); the latter express the
time derivatives of coordinates and momenta in terms of the Hamiltonian function.
Then, for an arbitrary function ρ of the canonical coordinates, the total derivative
with respect of time is expressed through the Poisson bracket as in (1.53). A relation

5 Namely, (10.22) is a theorem rather than a principle. A similar comment applies to the Pauli
principle (Sect. 15.6). The English translation of [48] is in [117].
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of the same form as (1.53) is found in Quantum Mechanics by calculating the time
derivative of the expectation value (10.13). It is assumed that operator A depends on
time, but does not operate on it; as a consequence, the symbol ∂A/∂t indicates the
operator resulting from differentiating A with respect to its functional dependence
on t . With these premises one finds

d

dt

∫
�

ψ∗ Aψ d� =
∫
�

(
∂ψ∗

∂t
Aψ + ψ∗ ∂A

∂t
ψ + ψ∗ A∂ψ

∂t

)
d�. (10.23)

The time derivative of ψ is obtained from the time-dependent Schrödinger equa-
tion (9.9). Considering the case where H is real yields ∂ψ/∂t = −i Hψ/h̄ and
∂ψ∗/∂t = i Hψ∗/h̄, whence

d

dt
〈A〉 =

∫
�

ψ∗ ∂A
∂t

ψ d� + i

h̄

∫
�

ψ∗ (HA − AH) ψ d�, (10.24)

which has the same structure as (1.53). Other relations similar to those of Sect. 1.8
are also deduced from (10.24). For instance, letting A = H yields

d

dt
〈H 〉 =

〈
∂H
∂t

〉
, (10.25)

similar to (1.44). If 〈A〉 is a constant of motion, then∫
�

ψ∗ ∂A
∂t

ψ d� + i

h̄

∫
�

ψ∗ (HA − AH) ψ d� = 0, (10.26)

similar to (1.54) while, if A does not depend on time, (10.24) yields

d

dt
〈A〉 = i

h̄

∫
�

ψ∗ (HA − AH) ψ d�, (10.27)

similar to (1.55). Finally, if A does not depend on time and commutes with H, (10.24)
yields d〈A〉/dt = 0, namely, the expectation value 〈A〉 is a constant of motion.

10.8 Ehrenfest Theorem

An important application of (10.27) is found by replacing A with either a position
operator or a momentum operator. The calculation is shown here with reference to
the Hamiltonian operator H = −h̄2/(2m)∇2 + V , where the potential energy V is
independent of time. Letting first A = x yields

(H x − x H) ψ = h̄2

2m

(
x
∂2ψ

∂x2
− ∂2x ψ

∂x2

)
= h̄2

2m

(
−2

∂ψ

∂x

)
(10.28)

whence, using p̂x = −i h̄ ∂/∂x, it follows

d

dt
〈x〉 = i

h̄

∫
�

ψ∗ h̄2

2m

(
−2

∂ψ

∂x

)
d� = 1

m
〈ψ |p̂x |ψ〉 = 〈px〉

m
. (10.29)
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In conclusion, the relation d〈x〉/dt = 〈px〉/m holds, similar to the one found in
a classical case when the Hamiltonian function has the form H = p2/(2m) + V

(compare with the second relation in (1.33)). Still with H = −h̄2/(2m)∇2 + V ,
consider as a second example A = p̂x = −i h̄ ∂/∂x, to find

(
H p̂x − p̂x H

)
ψ = −i h̄

(
V
∂ψ

∂x
− ∂(V ψ)

∂x

)
= i h̄ ψ

∂V

∂x
. (10.30)

From this, letting Fx = −∂V/∂x be the component of the force along x, it follows

d

dt
〈px〉 = i

h̄

∫
�

ψ∗ i h̄ ψ
∂V

∂x
d� = 〈Fx〉, (10.31)

also in this case similar to the classical one. Combining (10.29) and (10.31) shows
that the expectation values fulfill a relation similar to Newton’s law,

m
d2

dt2
〈x〉 = 〈Fx〉. (10.32)

This result is called Ehrenfest theorem. If the dependence of Fx on position is weak
in the region where ψ is significant, the normalization of the wave function yields

d

dt
〈px〉 � Fx

∫
�

ψ∗ ψ d� = Fx. (10.33)

In this case, called Ehrenfest approximation, the expectation value of position fulfills
Newton’s law exactly. If, on the contrary, Fx depends strongly on position in the
region where ψ is significant (as happens, e.g., when the potential energy has the
form of a step or a barrier), then the outcome of the quantum calculation is expected
to be different from the classical one (see, e.g., Sects. 11.2 and 11.3).

10.9 Complements

10.9.1 Minimum-Uncertainty Wave Function

It has been shown in Sect. 10.6 that when the two operators are associated to conjugate
dynamical variables, A = q and B = −i h̄ d/dq, the relation between their standard
deviations is given by (10.22). It is interesting to seek a form of the wave function
such that the equality �A�B = h̄/2 holds. If it exists, such a form is called
minimum-uncertainty wave function. To proceed one notes that the equality yields
the value νm = (|〈C〉|/2)/(�B)2 corresponding to the minimum of the polynomial
(10.20); moreover, such a minimum is zero. On the other hand, imposing the equality
in (8.16) after letting μ = i νm yields the more compact form ||f + i νm g||2 = 0,
equivalent to f + i νm g = 0. Remembering the definitions given in Sect. 10.6, it is
f = (A − 〈A〉)ψ , g = (B − 〈B〉)ψ . Now, letting q0 = 〈A〉, p0 = h̄ k0 = 〈B〉,
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from the relation f + i νm g = 0 one obtains the first-order differential equation
νm h̄ dψ/dq = [i νm p0 − (q − q0)]ψ , whose solution is

ψ(q) = ψ0 exp
[
i k0 q − (q − q0)2/(2 νm h̄)

]
. (10.34)

The normalization condition 〈ψ |ψ〉 = 1 yields ψ0 = (π νm h̄)−1/4. Using 〈C〉 = h̄

and combining the expression of νm with the equality �A�B = h̄/2 provides
νm = 2 (�A)2/h̄ whence, letting �q = �A,

ψ(q) = 1
4
√

2π
√
�q

exp

[
i k0 q − (q − q0)2

(2�q)2

]
. (10.35)

The minimum-uncertainty wave function turns out to be proportional to a Gaussian
function centered at q0. The factor exp (i k0 q) disappears from |ψ |2, whose peak
value and width are determined by�q. Note that this calculation leaves the individual
values of �q and �p = �B unspecified.

Problems

10.1 Starting from the wave packet (9.5) describing a free particle, determine the
time evolution of its position without resorting to the approximation used in
Sect. 9.6.

10.2 Using the results of Prob. 10.1, determine the time evolution of the standard
deviation of position.

10.3 Starting from the wave packet (9.5) describing a free particle, determine the
time evolution of its momentum without resorting to the approximation used
in Sect. 9.6.

10.4 Using the results of Prob. 10.3, determine the time evolution of the standard
deviation of momentum.

10.5 Consider a one-dimensional wave function that at some instant of time is given
by a minimum-uncertainty packet (10.35) whose polar form is

α = 1
4
√

2π
√
σ

exp

[
− (x − x0)2

4 σ 2

]
, β = k0 x. (10.36)

The wave packet is normalized to 1. Using the concepts introduced in Sect. 9.7.3, find
the “convective” and “thermal” parts of the expectation value of the kinetic energy.
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