Chapter 20
Generation-Recombination and Mobility

20.1 Introduction

The chapter illustrates the main contributions to the transitions of the inter-band type,
that give rise to the generation-recombination terms in the continuity equations for
electrons and holes, and to those of the intra-band type, that give rise to the electron
and hole mobilities in the current-density equations. The inter-band transitions that
are considered are the net thermal recombinations (of the direct and trap-assisted
type), Auger recombinations, impact-ionization generations, and net-optical recom-
binations. The model for each type of event is first given as a closed-form function
of the semiconductor-device model’s unknowns, like carrier concentrations, electric
field, or current densities. Such functions contain a number of coefficients, whose
derivation is successively worked out in the complements by means of a microscopic
analysis. Some discussion is devoted to the optical-generation and recombination
events, to show how the concepts of semiconductor laser, solar cell, and optical
sensor may be derived as particular cases of non-equilibrium interactions between
the material and an electromagnetic field. The intra-band transitions are treated in
a similar manner: two examples, the collisions with acoustic phonons and ionized
impurities, are worked out in some detail; the illustration then follows of how the
contributions from different scattering mechanisms are combined together in the
macroscopic mobility models. The material is supplemented with a brief discussion
about advanced modeling methods.

20.2 Net Thermal Recombinations

As anticipated in Sect. 19.5.5, it is customary to separate the net generation rates W,,,
W, into two contributions, namely, those deriving from the phonon collisions and
those of the other types (e.g., electron-electron collisions, electron-photon collisions,
and so on). The separate contributions are defined in (19.132); this section deals with
the net thermal recombination rates U,, U),.
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In the calculations carried out below, the non-equilibrium carrier concentrations
are derived by integrating over the bands’ energy. This is consistent with the general
definitions (19.31) and (19.109). In fact, considering the non-equilibrium electron
concentration n as defined in (19.31), one introduces the variable transformation
illustrated in Sect. B.5 and replaces the quantities appearing in it as follows:

(u,v,w) < (ki,kz,k3), 0 < (r,1), n < E, (20.1)

S <« n, s« f=0¢, b« g, § < P, (20.2)

where Q, g(E) are the densities of states in the phase space r, k and, respectively, in
energy, while @(r, Kk, 1), P(r, E, t) are the non-equilibrium occupation probabilities
in the phase space and, respectively, in energy; the integration in energy is carried out
over the range corresponding to the conduction band’s branch. The hole concentration
is treated in the same manner. In conclusion,

+00 Ecy
n(r,t) = /// Qddk = / g PdE, (20.3)
—00 Ec

+00 Ey
p(r,1) = // 0 — &) dk = / ¢(1— P)dE. (20.4)
—00 E

VL

20.2.1 Direct Thermal Recombinations

To begin, a graphic example of thermal transitions is shown in Fig. 20.1, where
the edges of the conduction and valence bands are indicated with the same symbols
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used in Sect. 18.2; the transition marked with a is a recombination event, in which
an electron belonging to an energy state of the conduction band transfers to an
empty state of the valence band. The energy difference between the initial and final
state is released to the lattice in the form of a phonon. The opposite transition,
where the electron’s energy increases due to phonon absorption, is an electron-hole
generation and is marked with b in the figure. The transitions of type a and b are
called direct thermal recombination and direct thermal generation, respectively. Let
r, be the number of direct thermal recombinations per unit volume and time, and r;
the analogue for the generations; considering the conduction band as a reference, the
difference r, — rj, provides the contribution to the net thermal recombination rate U,
due to the direct thermal transitions. When the valence band is considered instead,
the rates of electron transitions reverse; however, for the valence band the transitions
of holes must be considered: as consequence, the contribution to U, is againr, —r.
In conclusion,

Upr = Upry = Uprp =74 — 1, (20.5)

where D stands for “direct” and T for “thermal”. The expressions of r,, r, are
determined by a reasoning similar to that used in Sect. 19.3.1 to express the collision
term of the BTE; here, however, the analysis is carried out directly in the energy
space instead of the k space.! Let P(r, E, t) be the occupation probability of a state
at energy E; then, let C be the probability per unit time and volume (in r) of an
electron transition from a state of energy E to a state of energy E’ belonging to
a different band, induced by the interaction with a phonon.> Such a probability
depends on the phonon energy /i @ (Sect. 12.5), and also on the position in r if the
semiconductor is non uniform. Typically, the equilibrium distribution is assumed for
the phonons, which makes C independent of time; as the collisions are point-like
(Sect. 19.3.2), the spatial positions of the initial and final states coincide, whence
C=C(r,hw, E — E).

Indicating with g(E) the density of states of the band where the initial state
belongs, the product g dE P is the number of electrons within the elementary interval
dE around the initial state; such a product is multiplied by C to find the number of
unconditional E — E’ transitions. On the other hand, the transitions take place only
if the final states around E’ are empty; as the fraction of empty states in that interval
is g¢'dE’ (1 — P’), the number of actual transitions from dE to dE’ turns out to be
gdE P Cg dE (1 — P’). Now, to calculate the r, or r, rate it is necessary to add
up all transitions: for r, one lets E range over the conduction band and E’ over the
valence band; the converse is done to calculate r;,. As the calculation of the latter is

! A more detailed example of calculations is given below, with reference to collisions with ionized
impurities.

2 The units of C are [C] = m™> s~!. Remembering that the phonon energy equals the change in
energy of the electron due to the transition (Sect. 14.8.2),itis C = 0foriw < Ec — Ey = Eg
(refer also to Fig. 20.1).
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somewhat easier, it is shown first:

Ey Ecu
ry = / gdEP / CgdE'(1-P'). (20.6)
Eyr Ec

As in normal operating conditions the majority of the valence-band states are filled,
while the majority of the conduction-band states are empty, one lets P ~ 1 and
1 — P’ ~ 1, whence, using symbol G pr for r,

Ey Ecu
Gpr(r, hw) = / gdE / C g dE. (20.7)
E

EyvL c

Thus, the generation rate is independent of the carrier concentrations. To proceed,
one uses the relation g = Q y, with y the combined density of states in energy and
volume, given by (15.65), and the definition (20.4) of the hole concentration. Thus,
the recombination rate is found to be

Ecy Ey Ecu
ra:/ ngP/ Cg/dE/(l—P/)zp/ KgP dE, (20.8)
Ec Evp Ec

where K (r,% w, E), whose units are [K] = s~!, is the average of Q2 C over the
valence band, weighed by g’ (1 — P’):

Ey / _ / /
K= EVLE?Cg 1= Pde (20.9)
I g/ (1 — P)AE

Strictly speaking, K is a functional of P’; however, the presence of P’ in both
numerator and denominator of (20.9) makes such a dependence smoother, so that
one can approximate K using the equilibrium distribution instead of P’. By the same
token one uses the definition of the electron concentration (20.3) to find

[V QK g PdE

E
S g PAE

fa =dprnp, apr(r,hiw) = , (20.10)

where the integrals are approximated using the equilibrium probability. In conclu-
sion,

UDTZ(XDTVZ[)—GDT, (2011)

where o pr is the transition coefficient of the direct thermal transitions, with units
[apr] = m? s7!, and Gpy their generation rate ((Gpr] = m™ s7!). As in the
equilibrium case it is r, = rp, namely, Gpr = apr n® p®, it follows Upy =
apr (np — n®p®).
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Fig. 20.2 Different types of E
trap-assisted transitions U

20.2.2 Trap-Assisted Thermal Recombinations

An important contribution to the thermal generation and recombination phenomena
is due to the so-called trap-assisted transitions. As mentioned in Sect. 19.3, among
the possible collisions undergone by electrons or holes are those with lattice defects.
The latter may originate from lattice irregularities (e.g., dislocations of the mate-
rial’s atoms occurring during the fabrication process, Sect. 24.1), or from impurities
that were not eliminated during the semiconductor’s purification process, or were
inadvertently added during a fabrication step. Some defects may introduce energy
states localized in the gap; such states, called traps, may capture an electron from
the conduction band and release it towards the valence band, or vice versa. The
phenomena are illustrated in Fig. 20.2, where four traps located in the energy gap
are shown in order to distinguish among the different transition events, that are: a)
capture of a conduction-band electron by a trap, b) release of a trapped electron to-
wards the conduction band, ¢) release of a trapped electron towards the valence band
(more suitably described as the capture of a valence-band hole by the trap), and d)
capture of a valence-band electron from the valence band (more suitably described
as the release of a hole towards the valence band). Each transition is accompanied
by the absorption or emission of a phonon. Thus, transitions of type a and b con-
tribute to the net thermal recombination U,, of the conduction band, while those of
type ¢ and d contribute to the net thermal recombination U, of the valence band.
Also, a sequence of two transitions, one of type a involving a given trap, followed
by one of type ¢ involving the same trap, produces an electron-hole recombination
and is therefore called trap-assisted thermal recombination; similarly, a sequence
of two transitions, one of type d involving a given trap, followed by one of type b
involving the same trap, produces an electron-hole generation and is therefore called
trap-assisted thermal generation.

To calculate the contribution of the trap-assisted transitions to U, and U, it is
necessary to distinguish between two kinds of traps: those of donor type, that are
electrically neutral when the electron is present in the trap and become positively
charged when the electron is released, and those of accepror type, that are electrically
neutral when the electron is absent from the trap and become negatively charged when
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the electron is captured. In this respect, the traps are similar to the dopants’ atoms.
Instead, a strong difference is made by the position of the traps’ energy within the gap.
Consider, for instance, traps localized near the gap’s midpoint (the latter is indicated
by the intrinsic Fermi level Ep; in Fig. 20.2); the phonon energy necessary for the
transition is about E /2 in all cases, to be compared with the value E necessary for a
direct transition. On the other hand, the equilibrium-phonon distribution (Sect. 16.6)
is the Bose—Einstein statistics (15.55); it follows that the number d Ny, of phonons
in the interval dw is
gph(w) dw

o = P T/ (s T~ 1 R

with /i w the energy and g, the density of states of the phonons. Due to (20.12),
dNph/dw rapidly decreases as the phonon energy increases, this making the probabil-
ity of an electron-phonon interaction much larger at lower energies. For this reason,
even in an electronic-grade semiconductor, where the concentration of defects is
very small (Sect. 19.3.2), the traps are able to act as a sort of “preferred path” in
energy for the inter-band transitions, to the extent that the contribution to U,, U,
of the trap-assisted transitions is largely dominant over that of the direct transitions.
Therefore, in the continuity Egs. (20.13) below, and in the subsequent derivation of
the trap-assisted, thermal-transition rates, symbols U,, U, refer only to the latter
transitions, not any more to the sum of the trap-assisted and direct ones.

The net thermal-recombination terms U,, U, appear in (19.129) and (19.130)
after replacing W,,, W, with (19.132); this yields

on 1 . ap 1 .
§+Un—5d1VJ,,—G,,, E+Up+ad1VJ,,—Gp. (20.13)

To introduce the trap-assisted transitions one formally duplicates (20.13) as if the
acceptor and donor traps formed two additional bands; as the acceptor traps are either
neutral or negatively charged, the charge and current densities of the band associated
to them are thought of as due to electrons; instead, the charge and current densities
of the band associated to the donor traps are thought of as due to holes. In summary,
the two additional equations read

ong, 1 . apy 1 .

B + Uny — 5 div],, = Gpas B +Upq + 5 divlpg = Gpe  (20.14)
with a and d standing for “acceptor” and “donor”, respectively. To ease the cal-
culation it is assumed that the non-thermal phenomena are absent, whence G, =
G, = Gyu = Gpg = 0. Combining (20.13) with (20.14), and observing that
J =1, +Jpa +Ju + Jua is the total current density of the semiconductor, yields

g (p+ pa —n—ny)l
ot

+divI =q WUy + Up) —q(Up + Upg).  (20.15)

As the net dopant concentration N is independent of time, it is d[g (p + ps — n —
ng)l/ot = dlg(p + pa —n —n, + N)]/0t = dp/0t; thus, the left hand side of
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(20.15) vanishes due to (4.23), and?
Ui+ U =U, +Upg. (20.16)

The two continuity Eqgs. (20.14) are now simplified by observing that in crystalline
semiconductors the current densities J 4, J,q of the traps are negligible. In fact, the
trap concentration is so low that inter-trap tunneling is precluded by the large distance
from a trap to another; the reasoning is the same as that used in Sect. 18.7.2 with
respect to the impurity levels.* Letting J ,4 = J,.. = 0 makes the two Egs. (20.14)
local:

on, 0pa

5 = U o = ~Una. (20.17)

In steady-state conditions the traps’ populations are constant, this yielding U,, =
Upa = 0 and, from (20.16), U, = U,,. In equilibrium all continuity equations reduce
to the identity 0 = 0, whence the net-recombination terms vanish independently,
Up' =Una = Uy = U5 =0.

20.2.3 Shockley-Read-Hall Theory

The Shockley-Read-Hall theory describes the trap-assisted, net thermal-recombina-
tion term in a crystalline semiconductor based upon the steady-state relation U, =
U,. In fact, the outcome of the theory is used also in dynamic conditions; this
approximation is acceptable because, due to the smallness of the traps’ concentration,
the contribution of the charge density stored within the traps is negligible with respect
to that of the band and dopant states; the contribution of the time variation of the
traps’ charge density is similarly negligible. The theory also assumes that only one
trap level is present, of energy E,; with reference to Fig. 20.2, the trap levels must
be thought of aligned with each other. If more than one trap level is present, the
contributions of the individual levels are added up at a later stage. In the theory it
is not important to distinguish between acceptor-type or donor-type traps; however,
one must account for the fact that a trap can accommodate one electron at most.
Still with reference to Fig. 20.2, let r, be the number of type-a transitions per
unit volume and time, and similarly for 7, r., r4. The derivation of these rates is

3 The result expressed by (20.16) is intuitive if one thinks that adding up all continuity equations
amounts to counting all transitions twice, the first time in the forward direction (e.g., using the
electrons), the second time in the backward direction (using the holes). The reasoning is similar to
that leading to the vanishing of the intra-band contribution in (19.63).

4 Tn a polycrystalline semiconductor the traps’ current densities are not negligible; in fact, the whole
system of equations (20.13) and (20.14) must be used to correcly model the material [16, 17, 18].
The conduction phenomenon associated to these current densities is called gap conduction.
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similar to that of the direct transitions and is shown in the complements; here the
expressions of the net thermal-recombination terms are given, that read

U, =r,—rp=a,nN,(1—P;,)—e, N, P, (20.18)

Uy=rc—rqg=a,pN, Pi—e,N(1—-P), (20.19)

where N, is the concentration of traps of energy E;, P; the trap-occupation proba-
bility, a,,, ), the electron- and hole-transition coefficients, respectively, and e, e,
the electron- and hole-emission coefficients, respectively.’ The ratios e, /a,, e p/0p
are assumed to vary little from the equilibrium to the non-equilibrium case. From
Uy = U, = 0 one derives

-1
e, eq 1 e, . 1

I -1, £ = p™ = — 1 . 20.20
On (Pzeq ) op b (qu ) ( )

The occupation probability at equilibrium is the modified Fermi-Dirac statistics
(compare with (18.21) or (18.36))

1 E, — Ep - 1 1 E,— Ep
P =|— ex l—) 1, — — 1= —ex (— ,
’ [d, P < Wt )T P 4 TP\ T

(20.21)

with d, the degeneracy coefficient of the trap. It follows, after introducing the short-
hand notation np = e,/a,, pp = e,/ap,

eq E, — E Er — E
np = — exp (tk—TF) pp = p*d, exp (%) - (20.22)
B B

Note that ng pp = n® p®l. Replacing (20.22) into (20.18), (20.19), and letting
U, = U, yields

tyn (1= P)—ayng Pr=cpp P —a,pg(l— P, (20.23)

whence

apn—+a, pp apnpt+oa,p

= , —P = )
a,(n+ng)+a,(p+ pg) ", (n+np)+a,(p+ ps)
(20.24)

Py

In this way one expresses the trap-occupation probability as a function of two of
the unknowns of the semiconductor-device model, namely, n and p, and of a few
parameters. Among the latter, n 3 and pp are known (given the trap’s energy) because

3 1

STtis [yl = m® 571, [e, ] = 571
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they are calculated in the equilibrium condition. In conclusion, replacing (20.24) into
(20.18) or (20.19) yields, for the common value Usgy = U, = U,

. np —n®p%
T (n+np)/(N,ay)+ (p+ pp)/(N, )’

Usru (20.25)

where the indices stand for “Shockley-Read-Hall”. Eventually, the only unknown
parameters turn out to be the products N, o, and N; o, which, as shown in Sect. 25.2,
can be obtained from measurements.

The expression obtained so far, (20.25), has been derived considering a single
trap level E;. Before adding up over the levels it is convenient to consider how
sensitive Usgry is to variations of E;; in fact, one notes that the numerator of (20.25)
is independent of E;, whereas the denominator D has the form

E[_EF

1
= log u, 20.26
ip T + 5 logu ( )

D =c+2A coshn, n=

where

1 1 €4 peq 1 n®
C=_<l+£>, PR L /% (2027)
Ny \a, «a, N\ ap a, d; p¥/ay

The denominator has a minimum where n = 0; thus, Usgg has a maximum there.
Moreover, the maximum is rather sharp due to the form of the hyperbolic cosine. It
follows that the trap level E; ), that most efficiently induces the trap-assisted transi-
tions is found by letting n = 0. The other traps levels have a much smaller efficiency
and can be neglected; in conclusion, it is not necessary to add up over the trap levels.°
In conclusion, one finds

kB T 2 peq/an
Eiy = Ep + —>— log <d, i) (20.28)

An estimate of E;, is easily obtained by considering the non-degenerate condition,
whence n®d = N¢ exp [(Er — Ec)/(kp T)] and p*t = Ny exp [(Ey — EF)/(kp T)]
(compare with (18.28)). It follows

Ec+Ey  kgT » Nvay
Eoy ~ log (d . 20.29
M 2 T2 Og( " Nea, (2029)

Observing that the second term at the right hand side of (20.29) is small, this result
shows that the most efficient trap level is near the gap’s midpoint which, in turn, is
near the intrinsic Fermi level E ;. In fact, combining (20.29) with (18.16) yields

ks T
E.y ~ Ep: + BT log (df “-”) ~ Ep. (20.30)
o

n

6 This simplification is not applicable in a polycrystalline semiconductor.
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Defining the lifetimes
1 1

= > n0 — s 20.31
o N;«a P 0 N; ay ( )
gives (20.25) the standard form
_ pned ped
Usry = PR P (20.32)

To0 (n +np)+ o (p + pp)’

which is also called Shockley-Read-Hall recombination function. In equilibrium it is
U SCEH = 0; in anon-equilibrium condition, a positive value of Usgy, corresponding to
an excess of the n p product with respect to the equilibrium product n®? p®4, indicates
that recombinations prevail over generations, and vice versa. In a non-equilibrium
condition it may happen that Usgy = 0; this occurs at the boundary between a region
where recombinations prevail and another region where generations prevail.

In a non-degenerate semiconductor (20.22) become, letting E; = E;)y = EF;
and using (18.12),

n;

np = —, pp = d;n;, (20.33)
d;

whence ng pp = "12 This result is useful also in a degenerate semiconductor for
discussing possible simplifications in the form of Usgry.

20.2.3.1 Limiting Cases of the Shockley-Read-Hall Theory

The operating conditions of semiconductor devices are often such that the SRH
recombination function (20.32) can be reduced to simpler forms. The first case is the
so-called full-depletion condition, where both electron and hole concentrations are
negligibly small with respect to np and pp. Remembering that n®d p®d = np pp one
finds

N np DB _ /B PB __ B np
Usgn =~ — = — , Tg = /— Tpo + [ — Tno-
PB PB

Tpo B + Tuwo PB Tg

In a non-degenerate condition ng, pp take the simplified form (20.33), whence
/nepe =n; and 1, = T0/d; + 140 d;. In a full-depletion condition Usgy is always
negative, namely, generations prevail over recombinations; for this reason, z, is
called generation lifetime.

The second limiting case of interest is the so-called weak-injection condition. This
condition occurs when both inequalities below are fulfilled:

n —n®| « %, lp — p*9] « 4, (20.35)
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where ¢® is the equilibrium concentration of the majority carriers in the spatial
position under consideration. From the above definition it follows that the concept
of weak injection is applicable only after specifying which carriers are the majority
ones. Expanding the product n p to first order in n and p around the equilibrium
value yields n p >~ n® p® 4 n® (p — p®) + p® (n — n°). As a consequence, the
numerator of (20.32) becomes

np—n*p¥~n(p—p)+ p*n—n). (20.36)
To proceed, it is necessary to distinguish between the n-type and p-type regions.

Weak-Injection Condition, n-Type Semiconductor

The weak-injection condition (20.35) reads |[n — n®l| K n®, |p — p®| K n®4. As a
consequence, one lets n >~ n®! in the denominator of (20.32) and neglects n with
respect to n°4; in fact, in a non-degenerate condition it is ng >~ n; < n®l, and the
same inequality is also applicable in a degenerate condition. As the lifetimes are
similar to each other, the term 7,0 (p + pp) in the denominator is negligible with
respect to 7,0 n®4, because p is a concentration of minority carriers and pp is similar
to ng. In conclusion, the denominator of (20.32) simplifies to 7,0 n°l, whence

p—p™ n—n*

. (20.37)
Tp0 (neq/peq) Tp0

Usrn =~

The second term at the right hand side of (20.37) is negligible’ because n°4/ p®d > 1;
letting 7, = 7,0 finally yields

Usan ~ 2 , (20.38)

with 7, the minority-carrier lifetime in an n-doped region.

Weak-Injection Condition, p-Type Semiconductor
The weak-injection condition (20.35) reads |n — n®l| <« p®, |p — p®| K p®L. As a
consequence, one lets p >~ p® in the denominator of (20.32) and neglects pp with
respect to p°d; the other term in the denominator of (20.35) is neglected as above,
this simplifying the denominator to t,,9 p®. In conclusion,
p—p* n—n®
Usru > + . (20.39)
(pCCI/neq) Th0 Tn0

The first term at the right hand side of (20.39) is negligible because p®/n® > 1;
letting 7, = 1,0 finally yields

n —n®
Usgn =~ , (20.40)

n

with 1, the minority-carrier lifetime in a p-doped region.

7 Considering for instance the example given in Sect. 18.4.1, one has n®4 ~ 1015 cm™3, p®d ~ 10°
cm™3, whence n¢4/p®d ~ 100,
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The simplified expressions of Usgy found here are particularly useful; in fact,
in contrast to (20.32), the weak-injection limits (20.38) and (20.40) are linear with
respectto p or n. Moreover, as (20.38) and (20.40) depend on one unknown only, they
decouple the continuity equation of the minority carriers (the first one in (19.129)
or in (19.130)) from the other equations of the semiconductor’s model; thanks to
this it is possible to separate the system of equations. The simplification introduced
by the full-depletion condition is even stronger, because (20.34) is independent of
the model’s unknowns. On the other hand, all simplifications illustrated here are
applicable only in the regions where the approximations hold; once the simplified
model’s equations have been solved locally, it is necessary to match the solutions at
the boundaries between adjacent regions.

20.3 Auger Recombination and Impact Ionization

An important, non-thermal recombination mechanism is Auger recombination. The
phenomenon is due to the electron-electron or hole-hole collision, and is illustrated
in Fig. 20.3. With reference to case a, two electrons whose initial state is in the
conduction band collide and exchange energy. The outcome of the collision is that
one of the electrons suffers an energy loss equal or larger than the energy gap and
makes a transition to an empty state of the valence band; the other electron absorbs
the same amount of energy and makes a transition to a higher-energy state of the
conduction band. The phenomenon is also indicated as an Auger recombination
initiated by electrons. The analogue for holes is shown in case ¢ of Fig. 20.3: two holes
whose initial state is in the valence band collide and exchange energy. Remembering
that hole energy increases in the opposite direction with respect to that of electrons
(Sect. 19.2.3), the hole that suffers an energy loss equal or larger than the energy gap
makes a transition to a filled state of the conduction band; the other hole absorbs the
same amount of energy and makes a transition to a higher-energy state of the valence
band. The phenomenon is indicated as an Auger recombination initiated by holes.
The phenomenon dual to Auger recombination is illustrated in Fig. 20.4 and is
called impact ionization. With reference to case b, an electron whose initial state is in
the conduction band at high energy collides and exchanges energy with an electron
whose initial state is in the valence band. The initial energy E of the electron in the
conduction band is such that E — E is equal or larger than the energy gap, whereas
the initial energy of the electron in the valence band is near Ey. The outcome of
the collision is that, although the high-energy electron suffers an energy loss equal
or larger than the energy gap, its final state is still in the conduction band; the other
electron absorbs the same amount of energy and makes a transition to the conduction
band. The phenomenon is in fact an electron-hole pair generation and is also indicated
as an impact-ionization event initiated by electrons. The analogue for holes is shown
in case d of Fig. 20.4: a hole whose initial state is in the valence band at high energy
collides and exchanges energy with a hole whose initial state is in the conduction
band. The initial energy E of the hole in the valence band is such that |E — Ey|



20.3 Auger Recombination and Impact Ionization 463

Fig. 20.3 Auger

recombinations initiated by E
electrons (a) and holes (c) CcU
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Fig. 20.4 Impact-ionization b d
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is equal or larger than the energy gap, whereas the initial energy of the hole in the
conduction band is near E¢. The outcome of the collision is that, although the high-
energy hole suffers an energy loss equal or larger than the energy gap, its final state
is still in the valence band; the other hole absorbs the same amount of energy and
makes a transition to the valence band. The phenomenon is in fact an electron-hole
pair generation and is also indicated as an impact-ionization event initiated by holes.

The derivation of the Auger and impact-ionization rates is shown in the com-
plements; here the expressions of the net recombinations due to the Auger and
impact-ionization events are given, that read

UM =r,—ry=cyn’p—1I,n, UM =rc—rq=cpyp°n—1I,p, (2041)
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where U refers to the electron-initiated transitions and U, to the hole-initiated
ones. As usual, r, indicates the number of transitions of type a per unit time and
volume; the same holds for ry, r., and ry. In (20.41), ¢,, I, are the transition
coefficients for the Auger recombination and impact ionization initiated by electrons,
and c,, I, the analogue for holes; c¢,, ¢, are also called Auger coeﬁ‘icients.8 In
equilibrium it is UA! = U[‘j” = 0, whence I, = ¢, n® p, I, = ¢, n® p*. The
above hold also in a non-equilibrium case as long as the operating conditions are not
too far from equilibrium; with these premises it follows

UM =c,n (np—npy, UMt =cpp (np —n* p™), (20.42)

When the operating condition departs strongly from equilibrium, the simplification
leading to (20.42) is no longer applicable and the general expressions (20.41) must
be used. Referring to all recombinations as due to transitions of electrons, their rate is
easily found to be r, +r.; similarly, the total generation rate is r;, +r,. In conclusion,
the net recombination rate due to the Auger and impact-ionization phenomena is
given by

U = UM + U (20.43)

For Auger recombination to occur it is necessary that an electron collides with another
electron, or a hole collides with another hole. The probability of such an event is
relatively small because in normal operating conditions and at room temperature
there is a high probability that a carrier collides with a phonon; as a consequence, for
the collisionless motion of an electron to be interrupted by a collision with another
electron it is necessary that the electron concentration be very high. This situation
occurs only in a heavily-doped, n-type region; similarly, an Auger recombination
initiated by holes can be significant only in a heavily-doped, p-type region.’

Considering now the case of impact-ionization, for this phenomenon to occur it is
necessary that an electron, or a hole, acquires a kinetic energy larger than the energy
gap. This is a rare event as well,'” because in general the carrier undergoes a phonon
collision when its kinetic energy is still significantly lower than the energy gap. The
impact-ionization event occurs only if the carrier acquires a substantial energy over
a distance much shorter than the average collisionless path, which happens only in
presence of a strong electric field.!!

The qualitative reasoning outlined above explains why the conditions for a
strong Auger recombination are incompatible with those that make impact-ionization

8 The units are [¢,,,] = cm® s~ and [, ,] =s~.

° In fact, Auger recombination becomes significant in the source and drain regions of MOSFETs
and in the emitter regions of BJTs, where the dopant concentration is the highest.

19 In principle, high-energy electrons or hole exist also in the equilibrium condition; however, their
number is negligible because of the exponentially-vanishing tail of the Fermi-Dirac statistics.

1 The high-field conditions able to produce a significant impact ionization typically occur in the
reverse-biased p-n juctions like, e.g., the drain junction in MOSFETS and the collector junction in
BJTs.
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dominant; in fact, a large charge density, like that imposed by a heavy dopant con-
centration, prevents the electric field from becoming strong. Vice versa, a strong
electric field prevents a large carrier concentration from building up. It is therefore
sensible to investigate situations where only one term dominates within Uy, .

20.3.1 Strong Impact Ionization

As indicated in Sect. 20.3, far from equilibrium the approximations I, = ¢, n® p®4,
I, = ¢, n® p® are not valid, and the general expressions (20.41) must be used.
Here the situation where impact ionization dominates over the other generation-
recombination mechanisms is considered, using the steady-state case. If impact
ionization is dominant, itis U, — G, = U, — G, = Uy; =~ —I,n — I, p. The
continuity equations (the first ones in (19.129) and (19.130)) then become

divl,=—qgl,n—ql,p, divl,=qLin+ql,p. (20.44)

As outlined in Sect. 20.3, impact-ionization dominates if the electric field is high.
For this reason, the transport equations in (19.129) and (19.130) are simplified by
keeping the ohmic term only, to yield J, ~ qu,nE and J, ~ gu, pE. As a
consequence, the electron and hole current densities are parallel to the electric field.
Let e(r) be the unit vector of the electric field, oriented in the direction of increasing
field, E = |E|e; it follows J, = J,eand J, = J, e, with J, and J, strictly positive.
Extracting n, p from the above and replacing them into (20.44) yields

—div, = ko Ty +kp Ty divI, =k Jy 4+ Kkp T, (20.45)

where the ratios

I I,
k, = s k,=——,
" |E| Py |E|

(20.46)

whose units are [k, ,] = m~!, are the impact-ionization coefficients for electrons

and holes, respectively. Equations (20.45) form a system of differential equations of
the first order, whose solution in the one-dimensional case is relatively simple if the
dependence of the coefficients on position is given (Sect. 21.5).

20.4 Optical Transitions

The description of the optical transitions is similar to that of the direct thermal
transitions given in Sect. 20.2.1; still with reference to Fig. 20.1, the transition marked
with a can be thought of as an optical-recombination event if the energy difference
between the initial and final state is released to the environment in the form of a
photon. The opposite transition (b), where the electron’s energy increases due to
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photon absorption from the environment, is an optical electron-hole generation. The
expression of the net optical-recombination rate is similar to (20.11) and reads

Up=apnp—_Goy, (20.47)

whose coefficients are derived in the same manner as those of Upy (Sect. 20.2.1).

In normal operating conditions the similarity between the direct-thermal and op-
tical generation-recombination events extends also to the external agent that induces
the transitions. In fact, the distribution of the phonon energies is typically the equilib-
rium one, given by the Bose—FEinstein statistics (15.55) at the lattice temperature; as
for the photons, the environment radiation in which the semiconductor is immersed
can also be assimilated to the equilibrium one, again given by the Bose-FEinstein statis-
tics at the same temperature. The conditions of the optical generation-recombination
events drastically change if the device is kept far from equilibrium. Consider for
instance the case where the electron concentration of the conduction band is artifi-
cially increased with respect to the equilibrium value at the expense of the electron
population of the valence band, so that both n and p in (20.47) increase. This brings
about an excess of recombinations; if the probability of radiative-type generation-
recombination events is high,'? the emission of a large number of photons follows.
The angular frequencies of the emitted photons are close to (E¢c — E)/h, because the
majority of the electrons in the conduction band concentrate near E¢, and the final
states of the radiative transitions concentrate near Ey . In this way, the energy spent
to keep the artificially-high concentration of electron-hole pairs is transformed into
that of a nearly-monochromatic optical emission. In essence, this is the description of
the operating principle of a laser.'*> Another method for keeping the device far from
equilibrium is that of artificially decreasing both the concentration of electrons of the
conduction band and the concentration of holes of the valence band. The outcome is
opposite with respect to that described earlier: the decrease of both n and p in (20.47)
brings about an excess of generations, which in turn corresponds to the absorption
of photons from the environment. The absorption may be exploited to accumulate
energy (this leading to the concept of solar cell), or to provide an electrical signal
whose amplitude depends on the number of absorbed photons (this leading to the
concept of optical sensor).

In a non-equilibrium condition the amount of energy exchanged between the
semiconductor and the electromagnetic field is not necessarily uniform in space.
Consider, by way of example, the case of an optical sensor on which an external
radiation impinges; as the non-equilibrium conditions are such that the absorption
events prevail, the radiation intensity within the material progressively decreases at
increasing distances from the sensor’s surface. Therefore, it is important to determine
the radiation intensity as a function of position.

12 As indicated in Sect. 17.6.6, among semiconductors this is typical of the direct-gap ones.
13 In fact, LASER is the acronym of Light Amplification by Stimulated Emission of Radiation.
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It is acceptable to assume that the absorption events are uncorrelated from each
other. Thus, one can limit the analysis to a monochromatic radiation; the effect of
the whole spectrum is recovered at a later stage by adding up over the frequencies.
When absorption prevails, (20.47) simplifies to Up ~ —G o, where G is a function
of the radiation’s frequency v and possibly of position. If the radiation’s intensity
varies with time, G depends on time as well.'* When the radiation interacts with
the external surface of the material, part of the energy is reflected; moreover, the
radiation is refracted at the boundary, so that the propagation direction outside the
material differs in general from that inside. Letting £ be the propagation direction
inside the material, consider an elementary volume with a side d¢ aligned with &
and a cross-section dA normal to it (Fig. 20.5). The monochromatic radiation can be
described as a flux of photons of equal energy % v, with & the Planck constant, and a
momentum’s direction parallel to £. Let @ () be the flux density of photons entering
the volume from the face corresponding to &, and @ (£ + d&) the flux density leaving
it at £ 4- d&; the following holds, @ = K uy, where K (£) is the concentration of the
photons and u, their constant phase velocity. Then,

¢ 9K 0K

v __or _9r (20.48)
9E 3 up) ot

The derivatives in (20.48) are negative because the photon concentration decreases
in time due to absorption; as the loss of each photon corresponds to the loss of an
energy quantum # v, the loss of electromagnetic energy per unit volume and time is
—h v (d®/3&). By asimilar token one finds!? that the energy absorbed by the optical-
generation events per unit time and volume is 2 v G . The latter is not necessarily
equal to —h v (09 /0£); in fact, some photons crossing the elementary volume may
be lost due to collisions with nuclei (this, however, is a rare event), or with electrons
that are already in the conduction band, so that no electron-hole pair generation

14 In principle, a time-dependence of the intensity is incompatible with the hypothesis that the
radiation is monochromatic. However, the frequency with which the intensity may vary is extremely
small with respect to the optical frequencies.

15 Tt is implied that v > E¢ — Ey, and that the two-particle collisions only are to be considered.
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occurs. To account for these events one lets

G i 0 20.49

o=-n 9 g >V, ( . )

with 0 < 1 < 1 the quantum efficiency. In moderately-doped semiconductors 7 is

close to unity because the concentration of the conduction-band electrons is small;

instead, the efficiency degrades in degenerate semiconductors. The spatial depen-

dence of the generation term can be derived from (20.49) if that of the photon flux
is known. To proceed, one defines the absorption coefficient as

k=—— " >0, (20.50)

with [k] = m~ . In general itis k = k(®, &, v); however, as the absorption effects are
uncorrelated, the flux density lost per unit path d& is proportional to the flux density
available at £. Then, k is independent of @; neglecting momentarily the dependence
on & as well, one finds

P(§) = Pp exp[ — k(v)&], (20.51)

with @3 = ®(§ = 07) on account of the fact that, due to the reflection at the
interface, the flux density on the inside edge of the boundary is different from that
on the outside edge. When k is independent of position, its inverse 1/k is called
average penetration length of the radiation. When k depends on position, (20.50) is
still separable and yields

1 &
D6 = Oy ep(—ky 6. ki =3 / k(E'v) e (20.52)
0

Combining (20.52) with (20.49), the optical-generation term is found to be

§
Go =nPpk(§,v) exp |:—/ k', v) dS’:| . (20.53)
0

20.5 Macroscopic Mobility Models

It has been shown in Sect. 19.5.2 that the carrier mobilities are defined in terms of the
momentum-relaxation times. Specifically, in the parabolic-band approximation it is,
for the electrons of the conduction band, @, = (u; + 2 u;)/3, with u; = q t,/my,
¢ = q T,/m,, where 1, is the electron momentum-relaxation time (19.87); similarly,
for the holes of the valence band the carrier mobility is given by inserting (19.118)
into the second relation of (19.121), namely, a linear combination of the heavy-hole
and light-hole momentum-relaxation times. As, in turn, the inverse momentum-
relaxation time is a suitable average of the inverse intra-band relaxation time, the
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Matthiessen rule follows (Sect. 19.6.5); in conclusion, the electron and hole mobili-
ties are calculated by combining the effects of the different types of collisions (e.g.,
phonons, impurities, and so on) suffered by the carrier.'® In the case of electrons, the
application of the Matthiessen rule is straightforward, leading to

Lom (L 1 (20.54)
Hn q r,I,’h r,i,mp ) .

where the index refers to the type of collision, and 1/m, = (1/m; + 2/m;)/3. For
holes a little more algebra is necessary, which can be avoided if the approximation
Tph = Tp is applicable.

In the typical operating conditions of semiconductor devices the most impor-
tant types of collisions are those with phonons and ionized impurities. For devices
like surface-channel MOSFETs, where the flow lines of the current density are
near the interface between semiconductor and gate insulator, a third type is also
very important, namely, the collisions with the interface. The macroscopic mo-
bility models are closed-form expressions in which mobility is related to a set of
macroscopic parameters (e.g., temperature) and to some of the unknowns of the
semiconductor-device model; the concept is similar to that leading to the expressions
of the generation-recombination terms shown in earlier sections.

20.5.1 Example of Phonon Collision

By way of example, a simplified analysis of the contribution to mobility of the
electron-phonon collision is outlined below, starting from the definition of the ith
component of the momentum-relaxation tensor 7,; given by (19.87); the simplifica-
tions are such that the first-order expansion f — 1 >~ (d f/dA)® A is not used here.
Starting from the perturbative form (19.47) one considers the steady-state, uniform
case and lets B =0, t = 1, to find
— feq
%E corad, = L= (20.55)

v

Replacing f with £ at the left hand side of (20.55), and using the definition (17.52)
of the group velocity, yields grad, f*4 = (df°1/dH)hu, with H the Hamiltonian
function defined in Sect. 19.2.2. Inserting into (19.87) yields

+00 +oo
Tpi/// u,-E~u(dfeq/dH)d3k=/// w E-u(df/dH) 1, k. (20.56)

o0

As the derivative d f°1/d H is even with respect to K, the integrals involving velocity
components different from u; vanish because the corresponding integrand is odd;

16 As mentioned in Sect. 19.6.5, it is assumed that the different types of collisions are incorrelated.
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as a consequence, only the ith component of the electric field remains, and cancels
out. A further simplification is obtained by replacing the Fermi-Dirac statistics with
the Maxwell-Boltzmann distribution law, f*4 ~ Qexp[(— E. + g9 — Ec +
EF)/(kB T)], to find

+00 too
Tpi /j‘/ ulZ €Xp [_ Ee/(kB T)] d3k = /ﬂ ”‘,2 exp [_ Eg/(kB T)] 7 d3k

(20.57)

To proceed it is necessary to make an assumption about 7,. Remembering the def-
inition of the relaxation time given by the first relation in (19.43), it is reasonable
to assume that the scattering probability Sy increases with the kinetic energy E, of
the electron, so that the relaxation time decreases; a somewhat stronger hypothesis
is that the relaxation time depends on E, only, namely, the collision is isotropic.'”

In this case, (20.57) is readily manipulated by a Herring-Vogt transformation.
Following the same procedure as in Sect. 19.6.4, one finds that all numerical factors
cancel out; as a consequence, one may replace the auxiliary coordinate TI,-2 with
n?/3 = E,/3, this showing that t,; = 7, is isotropic as well. One eventually finds

+00 3/2
Jo o t(E.) E.” exp[— E./(kp T)IdE,

. . (20.58)
! Jo B expl— Eo/(kg T)dE,

A simple approximation for the relaxation time is 7, = t,9 (E./Eo)™%, where t,0,
Ey, and « are positive parameters independent of E,. From (C.88) it follows

I'G/2—a) [ Ey \*
I'(/2) (kBT>.

T, =Ty (20.59)

When the electron-phonon interaction is considered, 7,0 = rvp(? is found to be in-
versely proportional to k5 T and to the concentration Ny of semiconductor’s atoms;
moreover, for acoustic phonons'® it is o« = 1/2 [62, Sects. 61, 62], whence

4 Eo \'? _ _
T2 = 1,0(Nse, T) W ( » T) . PN (kg TYT, (20.60)
where “ap” stands for “acoustic phonon”. More elaborate derivations, including also
the contribution of optical phonons, still show that carrier-phonon collisions make
mobility to decrease when temperature increases.

17 The first-principle derivation of the scattering probabilities is carried out by applying Fermi’s
Golden Rule (Sect. 14.8.3) to each type of perturbation, using the Bloch functions for the unperturbed
states [57]. An example is given later in the case of ionized-impurity scattering.

18 Acoustic phonons are those whose momentum and energy belong to the acoustic branch
of the lattice-dispersion relation (Sect. 17.8.5); a similar definition applies to optical phonons
(Sect. 17.8.6).



20.5 Macroscopic Mobility Models 471

20.5.2 Example of Ionized-Impurity Collision

As a second example one considers the collisions with ionized impurities. The inter-
action with a single ionized impurity is a perturbation of the Coulomb type; due to the
presence of the crystal, the more suitable approach is the screened Coulomb perturba-
tion, an example of which is shown in Sect. 14.7, leading to the perturbation-matrix
element (14.34):

(0)_A/(27T)3 KZez

EEACLU - . 20.61
gt g’ £ @oeb

In (20.61), e > O is the elementary electric charge, Z a positive integer, &y the
vacuum permittivity, g. > O the inverse screening length,'” ¢ = |q| = |k — g| and,
finally, « = 1( — 1) in the repulsive (attractive) case. The wave vectors k and g
correspond to the initial and final state of the transition, respectively. In principle,
(20.61) should not be used as is because it holds in vacuo; in fact, the eigenfunctions
of the unperturbed Hamiltonian operator used to derive (20.61) are plane waves.
Inside a crystal, instead, one should define the perturbation matrix /g (#) using the
Bloch functions wi = uyx exp (ik - r) in an integral of the form (14.24). However, it
can be shown that the contribution of the periodic part ux can suitably be averaged
and extracted from the integral, in the form of a dimensionless coefficient, whose
square modulus G is called overlap factor. For this reason, the collisions with ionized
impurities is treated starting from the definition (20.61) to calculate the perturbation
matrix, with the provision that the result is to be multiplied by G and the permittivity
&sc of the semiconductor replaces g in the second relation of (20.61).

Like in Sect. 14.6, a Gaussian wave packet (14.27) centered on some wave vector
b # g is used as initial condition. In this case the perturbation is independent of
time, hpg = hg;) = const # 0; as a consequence, the infinitesimal probability d P,
that such a perturbation induces a transition, from the initial condition (14.27), to a
final state whose energy belongs to the range dEg, is given by (14.32). In turn, the
integral (14.32) providing HIEO)(Eg) is calculated in Problem 14.1. Assuming that the
duration ¢p of the interaction is large enough to make Fermi’s Golden Rule (14.44)
applicable, and inserting the overlap factor, one finally obtains

2 3/2 87 tp S(Ep — E,) A2
”m) 7 ip 3(Ep — Ey) VEg dE,.  (20.62)

dP, ~ G
b < e W hQ27) g2 (g2 + 8m Eg/h?)

where the relation Eq = 1> g2 /(2 m) has been used. Integrating over E, and dividing
by tp provides the probability per unit time of a transition from the initial energy E},
to any final energy; letting E. = /i’ g2/(2m), one finds

| JAE,/E, I GAY2Zmm

P(Ep) = T_vc T+ 4EE Ey/E. T_vc = SR OZENR (20.63)

19 An example of derivation of the screening length is given in Sect. 20.6.4.
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The above expression provides the contribution to the intra-band relaxation time of
the scattering due to a single impurity. One notes that, since A is squared, the effect
onto (20.63) of a positive impurity is the same as that of a negative one. If the effect
of each impurity is uncorrelated with that of the others,?° the probabilities add up;
letting N; = N, 4+ N, be the total concentration of ionized impurities, the product
N; d*r is the total number ionized impurities in the elementary volume d*r; it follows
that the probability per unit time and volume is given by P(Ey) N; d*r. Considering
that N; depends on position only, mobility inherits the inverse proportionality with
Ny; letting “ii” indicate “ionized impurity”, one finds uii oc 1/N;.

The derivation of the dependence on N; shown above is in fact oversimplified,
and the resulting model does not reproduce the experimental results with sufficient
precision. One of the reasons for this discrepancy is that the inverse screening length
q. depends on the dopant concentration as well. In order to improve the model, while
still keeping an analytical form, the model is modified by letting 1/ull oc N¥, with

n
o a dimensionless parameter to be extracted from the comparison with experiments.

One then lets

1 1 N \“

_ S (-’) , (20.64)
Un(Np)  py(Ng) \ Ng

with Ny a reference concentration.

20.5.3 Bulk and Surface Mobilities

Combining the phonon and ionized-impurity contributions using the Matthiessen
rule yields 1//1,§(T, Np) = l/uﬂh(T) + l/uini(NI), namely,

ph
BT Ny) = R 20.65
N = Ty (N N (206

with ¢(T) = Mﬁh(T)/ ME(N r). In practical cases the doping concentration ranges
over many orders of magnitude; for this reason, (20.65) is usually represented in a
semilogarithmic scale: letting r = log,, (N;/Ng), b = alog, 10, and by = log, c,
(20.65) becomes

' (T)

Br,Ny)y=—""""2 20.66
P n 1 + exp (br + by) ( )

The curves corresponding to b = 1, 1.5, 3 and by = 0 are drawn in Fig. 20.6, using
r as independent variable at a fixed 7. Index “B” in the mobility defined in (20.65)

20 In silicon, this assumption is fulfilled for values of the concentration up to about 10'° cm~3 [64,
84].
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or (20.66) stands for “bulk”. More generally, the term bulk mobility is ascribed to
the combination of all contributions to mobility different from surface collisions.
As mentioned at the beginning of this section, in surface-channel devices the
degradation of mobility produced by the interaction of the carriers with the interface
between channel and gate insulator is also very important. The macroscopic models
of this effect are built up by considering that the carrier-surface interaction is more
likely to occur if the flow lines of the current density are closer to the interface itself;
such a closeness is in turn controlled by the intensity of the electric field’s component
normal to the interface, E | . In conclusion, the model describes the contribution to
mobility due to surface scattering as a decreasing function of E |, e.g., for electrons,

1 1 <1;1)'S
_ =) (20.67)
uy(Er)  us(ER) \ ER

with Ep a reference field and B a dimensionless parameter to be extracted from
experiments. Combining the bulk and surface contributions using the Matthiessen
rule ylelds I/MH(T, Nl, EL) = I/IJ/E(T’ N]) + I/IJL:,(EL)’ namely’

wB(r, Ny
1+d(T,N))(EL/ER)F’

(T, N, E1) = (20.68)

with d(T, N;) = uB(T, Np)/us(ER).

20.5.4 Beyond Analytical Modeling of Mobility

In general the analytical approaches outlined above do not attain the precision nec-
essary for applications to realistic devices. For this reason, one must often resort
to numerical-simulation methods; in this way, the main scattering mechanisms are
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incorporated into the analysis (e.g., for silicon: acoustic phonons, optical phonons,
ionized impurities, and impact ionization), along with the full-band structure of the
semiconductor, which is included in the simulation through the density of states and
group velocity defined in the energy space. The latter, in turn, are obtained directly
from the corresponding functions in the momentum space by integrating the full-
band system over the angles. The energy range considered to date allows for the
description of carrier dynamics up to 5 eV.

As mentioned above, the ionized-impurity collisions can be treated as interaction
between the carrier and a single impurity as long as the impurity concentration is
below some limit. When the limit is exceeded, impurity clustering becomes relevant
and must be accounted for [64]. In fact, at high doping densities the carrier scatters
with a cluster of K ions, where K is a function of the impurity concentration. Finally,
different outcomes are found for majority- or minority-mobility calculations: e.g.,
minority-hole mobility is found to be about a factor 2 higher than the majority-hole
mobility for identical doping levels.

Figures 20.7 and 20.8 show the outcome of electron- and hole-mobility calcu-
lations for bulk silicon, obtained from the spherical-harmonics method illustrated
in [112]. The method incorporates the models for the scattering mechanisms listed
above. The electron and hole mobility have been calculated as a function of the total
ionized-dopant concentration N;, using the lattice temperature 7 as a parameter; in
the figures, they are compared with measurements taken from the literature.

To include the surface effects in the analysis it is necessary to account for the
fact that in modern devices the thickness of the charge layer at the interface with
the gate insulator is so small that quantum confinement and formation of subbands
must be considered. The typical collisions mechanisms to be accounted for at the
semiconductor-insulator interface are surface roughness, scattering with ionized im-
purities trapped at the interface, and surface phonons. Figures 20.9 and 20.10 show
the outcome of electron and hole surface-mobility calculations in silicon, also ob-
tained from the spherical-harmonics method [84]. The electron and hole mobility
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Fig. 20.8 Hole mobility in 1500
silicon calculated with the

spherical-harmonics

expansion method (HARM)

as a function of the total

E T=200K 4

ionized-dopant concentration g 1000+~ - HARM b
Ny, using the lattice > e Lombardi
temperature T as parameter. o r Klaassen -
The calculations are E < Arora

compared with measurements o 500+
by Lombardi [73], Klaassen
[64], and Arora [1] (courtesy
of S. Reggiani)

u

oLt 1 > 1 1
10?10 10° 10 10"
3
N, (em ")

Fig. 209 Elf:c.tron surface 1000 | |
mobility in silicon calculated =
with the spherical-harmonics 3
expansion method (HARM) —

a N, =3910" cm”

method at room temperature,
using the acceptor
concentration N4 as
parameter. The calculations
are compared with
measurements by Takagi
[106] (courtesy of S.

Reggiani)

<« N,=2010" em”

3

100|= N,=7.210"" em” .

* N,=3010" cm”

> N,=7710" em”

o N,=2410" cm”

— HARM
2

Effective electron mobility (cm V

|
-1
10 10
-1
Effective electric field (MV cm)

—_
o

0

—_
=

have been calculated as functions of the dopant concentration (N4 and Np, respec-
tively), at room temperature; in the figures, they are compared with measurements
taken from the literature.

20.6 Complements

20.6.1 Transition Rates in the SRH Recombination Function

The expressions of the transition rates r,, rp, I, 4 to be used in the calculation of
the Shockley-Read-Hall recombination function (20.32) are determined by the same
reasoning as that used in Sect. 20.2.1 for the direct thermal transitions. Let P(r, E, t)
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Fig. 20.10 Hole surface 1000
mobility in silicon calculated
with the spherical-harmonics
expansion method (HARM)
at room temperature, using
the donor concentration Np
as parameter. The calculations
are compared with
measurements by Takagi
[106] (courtesy of S.
Reggiani)
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be the occupation probability of a state at energy E, and C(E — E’) the probability
per unit time and volume (in r) of a transition from a filled state of energy E to an
empty state of energy E’. Such a probability is independent of time; it depends on the
energy of the phonon involved in the transition, and possibly on position. Then, define
P = P(r,E = E',t), P, = P(r,E = E,,t), where E, is the energy of the trap.
Finally, let y (E) be the combined density of states in energy and volume of the bands,
and y,(r, E) the same quantity for the traps (the latter depends on position if the traps’
distribution is non uniform). The number of transitions per unit volume and time, from
states in the interval dE belonging to a band, to states in the interval dE’ belonging
to the trap distribution, is obtained as the product of the number Q y(E) dE P of
filled states in the interval d E, times the transition probability per unit volume and
time C, times the number Q y,(r, E’) dE’ (1 — P’) of empty states in the interval
dE’. Thus, letting A E; be an energy interval belonging to the gap and containing the
traps, the transition rate from the conduction band to the traps is given by

Ecu
o = / / Qy(E)dE PC(E — E)Qy(r,E') dE'(1 — P).  (20.69)
E, AE;

(o

By the same token, the transition rate from the valence band to the traps is
Ey
rg = / f Qy(E)dE PC(E — EQy,(r, E') dE' (1 — P)).  (20.70)
Evp JAE;

In turn, the number of transitions per unit volume and time, from states in the interval
dE’ belonging the trap distribution, to states in the interval d £ belonging to a band,
is obtained as the product of the number Q y,(r, E’) dE’ P’ of filled states in the
interval dE’, times C(r, E’ — E), times the number Q y(E) dE (1 — P) of empty
states in the interval dE. Thus, the transition rates from the traps to conduction or
valence band are respectively given by

Ecy
ry = / / Qy,(r,E') dE' P' C(r,E' — E)Qy(E) dE(1 — P), (20.71)
E AE;

C
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Ey
re = / / Qy,(r,E"YdE' P'C(r,E' — E)Qy(E)dE(1 — P). (20.72)
Eyp JAE;

The combined density of states of the traps is treated in the same manner as that of
the dopant atoms (compare with (18.20) and (18.35)) by letting

¥i(r, E') = N,(r)8(E’ — E)), (20.73)

where N,(r) is the trap concentration. Thanks to this, the integrals over AE, are
easily evaluated, to yield

Ecu
o = N, (1 — P)Q2 / y PC(t,E — E,)dE = N, (1 — P)a,n, (20.74)
Ec
Ey
re =N, P, 2? / y (1= P)C(r,E, — E) dE = N, P, a,, p, (20.75)
Evr

where the definitions (20.3), (20.4) of the electron and hole concentrations are used,
and the transition coefficients for electrons and holes are defined as the weighed
averages

Ey

Ecu
o'y PCdE gy, V(1= P)CdE

o, = Q° e a, =Q* o . (20.76)
fEC y P dE gy ¥ (1= P)dE

Like in the case of (20.10), the integrals in (20.76) are approximated using the
equilibrium probability. The remaining transition rates 7, r; are determined in a
similar manner, using also the approximation 1 — P ~ 1 in (20.71) and P ~ 1
in (20.70). Like in Sect. 20.2.1, the approximation is justified by the fact that in
normal operating conditions the majority of the valence-band states are filled, while
the majority of the conduction-band states are empty. In conclusion,

Ecy
r, = N, P, Q2 / y (1 —P)C(r,E; - E)dE ~ N, P, e,, (20.77)
Ec
Ey
rqg = N, (1 — P,)Q? / y PC(r,E — E,) dE ~ N,(1 — P)e,, (20.78)
Evp

with the emission coefficients defined by

Ecy Ey
e, = Q? / y C dE, e, =Q* f y C dE. (20.79)
E E

c VL
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20.6.2 Coefficients of the Auger and Impact-lonization Events

The expression of the coefficients ¢,, ¢, and I,, I, to be used in the calculation of the
net recombination rates (20.41) due to the Auger and impact-ionization phenomena,
are found in the same way as the transition rates of the SRH recombination function
(Sect. 20.6.1) or the direct thermal recombinations (Sect. 20.2.1). Let P(r, E,t) be
the occupation probability of a state of energy E, and C,(E, E; — Ej, E)) the
combined probability per unit time and volume (in r) of an electron transition from
a filled state of energy E; in the conduction band to an empty state of energy E/ in
the conduction band, and of another electron from a filled state of energy E, to an
empty state of energy E), where E, and E’ belong to different bands.

Auger Coefficients
In an Auger recombination it is E{ > Ej; also, E; belongs to the conduction band
while E’, belongs to the valence band. Due to energy conservation it is?!

Cy = Cuo S [(E1 — E}) + (E; — Eb)], (20.80)

where E; — E, > Eg;itfollows E| >~ E| + Eg. Then, define P; = P(r, E = E; 1),
P/ = P(r,E = E|,1), withi = 1,2, and let y (E) be the combined density of states
in energy and volume for the bands; in particular, let g; = Q y(E;)and g = Q y(E)).
From the above definitions one finds, for the rate r, of the Auger recombinations
initiated by electrons,

where f indicates a fourfold integral that extends thrice over the conduction band
and once over the valence band. Observing that P{ < 1 and integrating over E| with
C, = Cywd(E| + Eg — E) yields

Ecy Ecu Ey

Ya =/ g1 dEy Py Cuo 86 / 2 dEx Py / g, dES (1 — Py, (20.82)
Ec Ec Eyr

where g = g(E1 + E¢) and [Co g1 = s~' m>. Thanks to (20.3) and (20.4), the

second integral in (20.82) equals 2 n and the third one equals 2 p. Letting

f,fcw Cuo g6 &1 P1 dE,

3
Cn =Q
ffCCU g1 P dE;

(20.83)

finally yields r, = ¢, n> p. The derivation of r. = ¢ P p?n is similar.

21 The units of C, are [Cyo = J s~ m™3].
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Impact Ionization’s Transition Coefficients

Using the same symbols introduced at the beginning of Sect. 20.6.2, for an impact-
ionization event initiated by an electron it is E; > E|; in turn, E belongs to the
valence band and E) belongs to the conduction band. It follows

where the fourfold integral extends thrice over the conduction band and once over
the valence band. From the energy-conservation relation E; + E, = E| + E} and
from E), — E; >~ Eg it follows E| >~ E; — Eg. Observing that P, >~ 1, P{ < 1,
P; < 1, and integrating over E{ with C, = C,,0 §(E; — Eg — E}) yields

Ecy Ey Ecu
ry = / Cno g g1 P1 dE; f g dE / g, dE), (20.85)
E E

c EvL c

where g = g(E| — Eg), and the product of the second and third integral is a di-
mensionless quantity that depends only on the semiconductor’s structure. Indicating
such a quantity with v,, and letting

J55" Cuo 86 g1 Py AE
ffccu g1 P dE;

(20.86)

I, =v,

finally yields r, = I, n. The derivation of r; = I, p is similar.

20.6.3 Total Recombination-Generation Rate

The expressions for the most important generation-recombination terms have been
worked out in this chapter. Only one of them, the SRH recombination function
Usry, involves energy states different from those of the conduction and valence
bands; in principle, such states would require additional continuity equations to be
added to the semiconductor-device model. However, as discussed in Sect. 20.2.3,
this is not necessary in crystalline semiconductors. The other mechanisms (direct
thermal recombination-generation Up7, Auger recombination and impact ionization
Uy;, and optical recombination-generation Ugp) do not involve intermediate states.
As a consequence, with reference to (20.13) the generation-recombination terms
of the electron-continuity equation are equal to those of the hole continuity equa-
tion. Finally, assuming that the different generation-recombination phenomena are
uncorrelated, and neglecting Upy with respect to Usgy (Sect. 20.2.2), yields

Un—GnZUP—GI,ZUSRH+UA]+UD0. (20.87)
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20.6.4 Screened Coulomb Potential

In the context of physics, the general meaning of screening is the attenuation in the
electric field intensity due to the presence of mobile charges; the effect is treated
here using the Debye-Hiickel theory [29], which is applicable to a non-degenerate
semiconductor where the dopants are completely ionized. For a medium of permit-
tivity e, with charge density p, the electric potential in the equilibrium condition is
found by solving Poisson’s equation

—e V%9 = p. (20.88)

One starts by considering a locally-neutral material, to which a perturbation is added
due, for instance, to the introduction of a fixed charge Z. e, placed in the origin; this,
in turn, induces a variation in p. The corresponding perturbation of ¢ is calculated
to first order by replacing ¢ with ¢ + 8¢ and p with p 4 (dp/d¢) ¢, where the
derivative is calculated at §¢ = 0; the perturbed form of Poisson’s equation reads:

5
eV — e V20 = p + £ 5¢. (20.89)

As the unperturbed terms cancel out due to (20.88), a Poisson equation in the
perturbation is obtained,
ap/d¢p

Vo =q’8p, ¢’ =-— — (20.90)

where 1/q. is the screening length or Debye length. The definition implies that
dp/d¢ < 0; this is in fact true, as shown below with reference to a non-degenerate
semiconductor with completely-ionized dopants. Letting N;, = Np, N; = Ny
in (19.125), and using the non-degenerate expressions (18.60), (18.61) of the
equilibrium concentrations, one finds that N = Np — N4 is left unaffected by the per-
turbation, while the electron concentration?? n transforms into n expledo/(kp T)]
and the hole concentration p transforms into p exp[ — ed¢/(kg T)]. From p =
e (p —n + N) one obtains, to first order,

8_p=_e2 (n+p) q2=M
8<p kBT ’ ¢ SkBT

> 0. (20.91)

The left hand side of the Poisson equation in (20.90) is conveniently recast using a set
of spherical coordinates r, 6, ¢ whose origin coincides with the center of symmetry
of the perturbation; using (B.25) one finds

1 9? r2 9 a8y r2 9%8¢
V28p = ——(ré — (sing — . 20.92
¢ =TT Y 5 (Sm 90 >+ Sin20 g2 (20.92)

22 The electron charge is indicated here with e to avoid confusion with ¢.
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Considering a perturbation with a spherical symmetry, only the first term at the right
hand side of (20.92) is left, whence (20.90) becomes an equation in the unknown
rde:

d2
(o0 = q*(r 8¢). (20.93)

The general solution of (20.93) is r ¢ = A; exp( — ¢q.7) + A, exp(q.r), where
it must be set A, = 0 to prevent the solution from diverging as r becomes large. In
conclusion,

A
S = =L exp(—qor). (20.94)
r
The remaining constant is found by observing that for very small r the pure Coulomb

case §¢ ~ A;/r is recovered, whence A; = Z.e.e/(4 m ¢). This makes (20.94) to
coincide with (14.33).
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