Chapter 13
Other Examples of the Schrodinger Equation

13.1 Introduction

A number of properties of the one-dimensional, time-independent Schrodinger equa-
tion can be worked out without specifying the form of the coefficient. To this purpose
one examines the two fundamental solutions, which are real because the coefficient
is such. One finds that the fundamental solutions do not have multiple zeros and do
not vanish at the same point; more precisely, the zeros of the first and second funda-
mental solution separate each other. It is also demonstrated that the character of the
fundamental solutions within an interval is oscillatory or non oscillatory depending
on the sign of the equation’s coefficient in such an interval. After completing this
analysis, the chapter examines an important and elegant solution method, consisting
in factorizing the operator. The theory is worked out for the case of localized states,
corresponding to discrete eigenvalues. The procedure by which the eigenfunctions’
normalization is embedded into the solution scheme is also shown. The chapter con-
tinues with the analysis of the solution of a Schrodinger equation whose coefficient
is periodic; this issue finds important applications in the case of periodic structures
like, e.g., crystals. Finally, the solution of the Schrédinger equation for a particle
subjected to a central force is worked out; the equation is separated and the angular
part is solved first, followed by the radial part whose potential energy is specified
in the Coulomb case. The first complements deal with the operator associated to the
angular momentum and to the solution of the angular and radial equations by means
of the factorization method. The last complement generalizes the solution method for
the one-dimensional Schrodinger equation in which the potential energy is replaced
with a piecewise-constant function, leading to the concept of transmission matrix.

13.2 Properties of the One-Dimensional Schrodinger Equation

In the general expression (11.44) for the transmission coefficient, the fundamental
solutions u, v appear in the denominator. It is then necessary to investigate the zeros
of the solutions of (11.28). Due to the u(0) = 1 prescription, the possible zeros of u
belong to the interval 0 < x < s, while those of v belong to the interval 0 < x <.
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If one or more zero exist, they can not be multiple. In fact, if # had a multiple zero
at x,, it would be u(x,,) = 0, t/(x,,) = 0, hence u = 0 would be a solution of (11.28)
compatible with such conditions. In fact, because of the uniqueness of the solution,
u = 0 would be the only solution. Observing that u is continuous, this would contra-
dict the condition u(0) 7 0. Similarly, if v had a multiple zero it would vanish identi-
cally. Remembering that the derivative of the solution is continuous, this would con-
tradict the condition v'(0) = 1 of (11.40). Another property is that u and v cannot van-
ish atthe same point. This is apparent from the relation W(x) = uv'—u’ v = 1 demon-
strated in Sect. A.12. For the same reason, u’ and v cannot vanish at the same point.

If one of the solutions, say u, has more than one zero in 0 < x < s, then the
following property holds: between two consecutive zeros of u there is one and only
one zero of v. Let x, xg be two consecutive zeros of u, with 0 < x; < xg < s. The
property is demonstrated by showing, first, that a contradiction would arise if there
were no zeros of v between x; and xg (that is to say, at least one zero must exist
there) and, second, that if a zero of v exists between x; and xg, it must be unique
[102]. To proceed one considers the function u/v in the interval x; < x < xg. By
definition u/v vanishes at the boundaries of such an interval while, as shown above, v
cannot vanish at the boundaries. If one assumes that there are no zeros of v inside the
interval, then u/v exists everywhere in the interval, and is also everywhere continuous
with a continuous first derivative because u and v are solutions of the second-order
differential Eq. (11.28). As u/v vanishes at x; and xg, its derivative must vanish at
least once in the open interval x; < x < xg. However, this is impossible because
d(u/v)/dx = —W/v?> = —1/v* # 0. This shows that v must have at least one
zero between x; and xg. Such a zero is also unique because, if v had two zeros in
XL < X < Xg, then by the same reasoning u would have one zero between them, so
x;, and xg would not be consecutive. The property may be restated as the zeros of
two real linearly-independent solutions of a second-order linear differential equation
separate each other. The property does not hold for complex solutions.

So far the properties demonstrated in this section did not consider the sign of the
coefficient g(x) = 2m (E — V)/h? of (11.28). The coefficient separates the interval
0 < x < s into subintervals where ¢ is alternatively positive or negative. If g is
continuous the extrema of the subintervals are the zeros of g, otherwise they may
be discontinuity points of g. In either case the behavior of the solution u within
each subinterval depends on the sign of g there. To show this, consider the function
d(uu')/dx = (u')* — q u*, where the expression at the right hand side has been found
by means of (11.28). If ¢ < 0 in the subinterval, then d(uz «’)/dx is non negative.
It follows that u ' is a non-decreasing function in the subinterval, hence it has one
zero at most. Remembering that u and ' can not vanish at the same point, one of the
following holds: i) neither u nor «’ vanish in the subinterval, ii) either u or u’ vanishes
once in the subinterval. For a given interval a function is called non oscillatory if
its derivative vanishes at most once. It follows that the solution u is non oscillatory
in those subintervals where ¢ < 0. The case V = V, > E > 0 in the interval
0 < x < s, considered in Sect. 11.3.1, is of this type.
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13.3 Localized States—QOperator’s Factorization

It may happen that the form of the potential energy V in the interval 0 < x < s
is such that V has one or more negative minima (Fig. 13.1). In this case negative
eigenvalues of E may exist, giving rise to localized states. To treat this case one
must preliminarily observe that the eigenfunctions do not vanish identically outside
the interval 0 < x < s, because the minima of V are finite. As a consequence, it is
convenient to replace the above interval with x; < x < x,, where the two boundaries
may be brought (independently from each other) to —oo or 400, respectively. Letting

2m 2m
AzﬁE, rl(x)z—? v, (13.1)
the Schrodinger Eq. (11.28) becomes
w4+rnw+iw=0. (13.2)
The integer index [ = 0, 1, ... is attached to r(x) for convenience. In fact, in typical

applications the form of the potential energy in (13.1) may be prescribed by a previ-
ous separation procedure in which the index is involved. As will be shown after the
analysis of the solution procedure, index / may eventually be disposed of. For the
time being, the solutions of (13.2) must be considered as dependent on the eigenvalue
A and on the index /, namely, w = wy;(x). Also, for a given pair A, [ the eigenfunc-
tions are non degenerate due to the normalization condition. As a consequence, two
eigenfunctions belonging to the same pair differ by a multiplicative constant at most.

13.3.1 Factorization Method

A possible method for solving (13.2) is expanding w into a power series, replacing the
series into (13.2), collecting the terms of equal power, and letting their coefficients
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vanish. This provides a recurrence relation involving the coefficients of the series;
then, the latter is suitably truncated to obtain a square-integrable solution. Another
method for solving (13.2), that greatly reduces the calculation effort and brings about
a procedure of supreme elegance, is the operator’s factorization. The conditions that
make the factorization possible are illustrated in [52] and are briefly reported here. In
essence they amount to finding a function g;(x) and a parameter L; such that (13.2)
may be recast as

d d
g1+ — Vg1 — — ) wu=QA—Lip)wy, (13.3)
dx dx
d d
g——|Jlag+—)wu=G&—-L)wy. (13.4)
dx dx

Note that both (13.3) and (13.4) must be identical to (13.2). An additional constraint
is that, for a given integer n, it must be L, > L;4, I = 0,1,...,n — 1. To
proceed, the boundary conditions wy;(x;) = wy;(x2) = 0 will be assumed. If one or
both boundaries are at infinity, the condition f Wi |2 dx < oo will also be assumed.
Now, imposing that (13.3) is identical to (13.2) yields glzJrl +g + Ly =-n
whence, letting / < [ — 1,

g +8+Li=-r-. (13.5)
Similarly, imposing that (13.4) is identical to (13.2) leads to
gl — g +Li=-—n. (13.6)

Adding (13.6) to (13.5) and subtracting (13.6) from (13.5) yields, respectively,

1 1
g +L = ) (ri—1 + 1), g = ) (r—1 —rp). (13.7)

Differentiating the first relation of (13.7) with respect to x and replacing g; from the
second one provides

/ / / /
_lrl_1+rl L+

= — . 13.8
& 2 —2gl’ 2 r—1—rn ( )
Finally, replacing (13.8) into the first relation of (13.7),
1 1 (r  +r\°
Li=—s(ma+m—-- ——). (13.9)
2 4 ri—1—rn

In conclusion, the factorization is possible if L; given by (13.9) is independent of x.
In this case, g; is given by (13.8). As r; is real, both L; and g; are real as well.
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13.3.2  First-Order Operators

If the factorization (13.3, 13.4) succeeds, it is useful to define the first-order, real
operators

d d
Af = —, AT =g — —, 13.10
1 g+ dx ] 81 dx ( )
so that (13.3, 13.4) are rewritten as
A AL W = (A= Lig) wa, Ar Afwy = 0= L) wy. (13.11)

The two operators (13.10) are mutually adjoint. In fact, for any pair of functions fi,
/> fulfilling the same boundary conditions as w,; one finds

/ fFAf frdx = [fl* f2]2 +/ (A7 D) frdx, (13.12)

where the integrated part vanishes due to the boundary conditions. From the above
result one finds a property of the eigenvalue A. In fact, multiplying (13.11) by wj},
and integrating, one finds

X2 x
/ |AL waul?dx = (A — L) / lwu|* dx, (13.13)
X1 X

where (13.12) has been used after letting f; = wy;, fo = A;HW)J. From (13.13) it
follows that, if w;; is an eigenfunction, that is, if w;; does not vanish identically, then
the case A < L;; is impossible. In fact, the integral at the right hand side of (13.13)
is strictly positive, while that at the left hand side is non negative. There remain two
possibilities, namely:

1. A, wy does not vanish identically, whence both integrals of (13.13) are stricly
positive. It follows that A > L; ;. Also, as will be shown later, -Af+1 wj; 1s another
eigenfunction of (13.2). The opposite is also true, namely, A > L;,; implies that
A,_HWM does not vanish identically.

2. A;,ws vanishes identically, whence A = L; 1. The opposite is also true, namely,
A = Ly implies that A, ,w;; vanishes identically. In this case A, wj; is not
an eigenfunction of (13.2).

The discussion above allows one to identify the eigenvalue A. In fact, there must be
a value of the index [, say [ = n, such that the equality A = L, holds. It follows
that the eigenvalue is identified by the index n, A = A,,.

As mentioned before the condition L, > L;11,I =0,1,... ,n— 1holds. As a
consequence, the eigenfunction corresponding to the pair X,,, / may be indicated with
wy; instead of w;;. In particular, the eigenfunction corresponding to [ = n is wy,,. As
shown in case 2 above, such an eigenfunction corresponds to the equality A, = L, 1

which, in turn, implies the condition A, 1 Wan = 0. Remembering the second relation
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of (13.10), such a condition yields the first-order equation (g,+; — d/dx) w,, =0,
whose solution is real and reads

X 1 X2 x
Wpn = Cpn €XP |:/ gn+1(€:)dé:| > CT = / eXp |:/ 2gn+1(s)dgj| dxs

(13.14)

with ¢, = /2, > 0.

13.3.3 The Eigenfunctions Corresponding to | < n

The result given in (13.14) shows that, if the factorization is achieved, the eigenfunc-
tion corresponding to / = n is found by solving a first-order equation. It remains
to determine the eigenfunctions corresponding to/ = 0, 1,... ,n — 1. For this, left
multiplying the first relation in (13.11) by A;_,, letting [ < [ + 1 in the second
relation of (13.11), and remembering that > = L,,;, one finds

A A AL Wt = (Lt — List) Ap Wars (13.15)
-AI:AAIJ;LWUH = (Lpy1 — LisD) Wiy (13.16)

The above show that both w,;; and A,_Hw,,l are eigenfunctions of the opera-
tor .A,_Jrl.A,il belonging to the same eigenvalue. As the eigenfunctions are non
degenerate, it must be

AL (Wi = const X w41, (13.17)

where the constant may be determined by imposing the normalization condition. The
result shows that, if w,o is known, one may calculate a sequence of eigenfunctions
belonging to A, = L1 (apart from the normalization constant) by successive appli-
cations of first-order operators: A w,o = const X wyi, A, w,] = constxXw;,....
The process stops for [ = n because, as shown earlier, A, ,w,, = 0 is not an eigen-
function anymore, so any further application of the operator beyond / = n provides a
sequence of zeros. In a similar manner, left multiplying the second relationin (13.11)
by .A,’L and letting [ <— [ — 1 in the first relation of (13.11), one finds

A A Wit = (Lt — L) w1, (13.18)
A AT AW = (L — L) Afwa. (13.19)

From the above one finds that both w,;_; and A;‘w,; are eigenfunctions of the
operator .A,J”Al_ belonging to the same eigenvalue, whence

Afw, = const X wy_1. (13.20)
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The result shows that, if w,, is known, one may calculate a sequence of

eigenfunctions belonging to A, = L,4; (apart from the normalization constant)
by successive applications of first-order operators: Ajw,m = const X Wy,_1,
A:Llwn,n,l = const X Wy ,_2,.... The process stops for I = 0 which, by hy-

pothesis, is the minimum of /. The derivation also shows that, since w,, and the
operators are real, all the eigenfunctions found using the factorization method are
real as well.

13.3.4 Normalization

The results of this section may be summarized as follows: (13.17) shows that the
application of the first-order operator A, | to an eigenfunction of indices n, [ provides
an eigenfunction of indices n, /4 1. Similarly, (13.20) shows that the application of the
first-order operator A" to an eigenfunction of indices n,! provides an eigenfunction
of indices n,I — 1. These results may be described as a process of going up or
down along a ladder characterized by an index n > 0, whose steps are numbered
by a second index / = 0, 1, ... ,n. It follows that by applying two suitably-chosen
operators one may go up and down (or down and up) one step in the ladder and return
to the same eigenfunction apart from a multiplicative constant. This is indeed true,
as shown by (13.11), that also indicate that the multiplicative constant to be used at
the end of the two steps starting from w,,; is L,+; — L; when the operators’ index is /.
It follows that the constants in (13.17, 13.20) must be chosen as /L, +| — L;+1 and
~/'Lny1 — Lj, respectively. This provides a method for achieving the normalization
of the eigenfunctions, starting from an eigenfunction w,,, normalized to unity as in
(13.14). For this one defines the auxiliary, mutually adjoint operators

At A
Bh=—t, B,=-—t—, (13.21)
VL — L VLns1 — Ly
so that (13.11) become
BBy Wat = Wais ByBiwa = wa. (13.22)

Thanks to the auxiliary operators the multiplicative constant at the end of the two
steps becomes unity. Remembering that the eigenfunctions and operators are real,
multiplying both of (13.22) by w,; and integrating yields

X2 X2 X2
/ By wa)* dx = / Bhwa)* = f w2, dx, (13.23)
X1 X1 X

1

On the other hand, replacing the constant in (13.17), (13.20) with /L,+1 — L;41,
~/Lu+1 — Ly, respectively, one derives

- +
Bn’]+1wnl = Wn,i+1, Bnlwnl = Wni-1- (1324)
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Comparing (13.24) with (13.23) shows that, if one of the eigenfunctions of the ladder
is normalized to unity, all the others have the same normalization. In particular,
if wy, is normalized to unity as in (13.14), then the whole ladder of normalized
eigenfunction is found by repeatedly applying the same procedure:

+ _ + _ + _
Bnnwnn = Wnn—-1, Bn,nflwn,n—l = Wnn-2, D) Bnlwnl = Wpo- (1325)

13.4 Schrodinger Equation with a Periodic Coefficient

An important case of (11.28) occurs when the coefficient g is periodic [37], with
a period that will be denoted with 2 w. The independent variable (not necessarily a
Cartesian one) will be denoted with z:

w”(2) + g(2) w(z) =0, gz +2w) = q(2), (13.26)

where primes indicate derivatives. Here the variable z is considered real; the theory,
however, can be extended to the case of a complex variable. Let u(z), v(z) be fun-
damental solutions (Sect. 11.4), with u(0) = 1, ’/(0) = 0, v(0) = 0, V'(0) = 1. As
(13.26) holds for any z, it holds in particular for z 4+ 2 @. From the periodicity of g
it follows

W (Zz+2w)+q@2)w(iEz+2w) =0, (13.27)

namely, w(z + 2 w) is also a solution. Similarly, u(z + 2 w), v(z + 2 w) are solutions.
As the equation has only two independent solutions it must be

uz+20) =anu@)+apnv@,  VEZ+20) =anuz)+anvi), (13.28)

with g;; suitable constants. The values of the latter are readily related to those of
u,v by letting z = 0 and using the initial conditions: u(2w) = a1, W Qw) =
ap, vQ2w) = az, V(2 w) = ax. As the Wronskian of u, v equals unity it follows
ajjax — appaz; = 1. One now seeks a constant s such that

u(z + 2 w) = su(z), v(z 4+ 2w) = sv(z). (13.29)

This is equivalent to diagonalizing (13.28), namely, s must fulfill for any z the
following relations:

(a1 —s)u(x) +anviz) =0, az u(z) + (azp — s)v(z) = 0. (13.30)

Equating to zero the determinant of the coefficients in (13.30) yields

2
s:aEO:I: [%0—1, ap = ap +axn. (13.31)
If ag = 2 the two solutions of (13.31) are real and take the common value s~ = s+ =

1. In this case, as shown by (13.29), the functions u, v are periodic with period 2 w.
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Similarly, if ag = —2 the two solutions of (13.31) are real and take the common value
s~ = s = —1. Inthis case, as shown by (13.29), the functions u, v are periodic with
period 4 w, whereas their moduli |u|, |v| are periodic with period 2 w. As the moduli
lul, |v| do not diverge as further and further periods are added to z, the case ag = £2
is stable. If @y > 2 the two solutions of (13.31) are real and range over the intervals
0 < s~ < 1 and, respectively, st > 1. In particular it is s~ — 0 for @y — oo. If
ap < —2 the two solutions of (13.31) are real and range over the intervals s* < —1
and, respectively, —1 < s~ < 0. In particular it is s~ — 0 for ap — —oo. From
the relations (13.29) it follows that the moduli of the solutions corresponding to s*
diverge: in fact one has u(z + n2 ) = (s7)" u(z) and v(z + n2 w) = (s7)" v(z), so
the case |ag| > 2 is unstable. When |ag| < 2 the two solutions are complex, namely,
s¥ =exp(%ip)withtan? u = 4/a8 — 1. As the modulus of the solutions is unity,
the case |ag| < 2 is stable.

The discussion about stability may seem incomplete because the possible cases
depend on the value of @y = ay; + a2 = u(2 w) + V(2 w), which depends on the
fundamental solutions that are yet to be found. On the other hand, the analysis of
stability must eventually reduce to considering only the properties of the coefficient
of (13.26). In fact, it can be shown that if ¢(z) is positive for all values of z and the
absolute value of 2 w fozw q(z) dzis not larger than 4, then |ag| < 2 [74]. Multiplying
both sides of the first relation in (13.29) by exp [—« (z+2 w)], with & an undetermined
constant, yields

wz+2w)=1s exp(—2wa)u(z), u(z) = exp (— o 2) u(z). (13.32)

A similar treatment is applied to v(z), to yield another auxiliary function v. Now one
exploits the undetermined constant to impose that the auxiliary functions be periodic
of period 2 w: for this one lets s exp ( — 2w ) = 1, whence

logs
o =

P (13.33)
The constant « defined by (13.33) is termed characteristic exponent or Floquet
exponent. Three of the cases listed in the discussion above about stability, namely,
sT =exp(£ip), s¥ =1,and s* = —1 lead now to the single expression a =
+ipu/Qw), with 0 < u < m, showing that « is purely imaginary. The cases 0 <
s7 < land s™ > 1 lead to real values of a (negative and positive, respectively)
and, finally, the cases st < —1 and —1 < s~ < 0 lead to complex values of «.
Considering the stable cases only, one transforms (13.26) by replacing w(z) with,

e.g., u(z) exp[ £ipz/(2w)] to find

2
i'(z) £ 2i L i'(z) + [q(z) - M—i| u(z) =0. (13.34)
2w 4 w?
The coefficients and the unknown function of (13.34) are periodic functions of period
2 w. As a consequence it suffices to solve the equation within the single period, say,
0 < z < 2w. An example is given in Sect. 17.8.4; a different approach leading to
the generalization to three dimensions is shown in Sect. 17.6.
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13.5 Schrodinger Equation for a Central Force

In the investigation about the properties of atoms it is important to analyze the
dynamics of particle subjected to a central force in the case where the motion is
limited. The treatment based on the concepts of Classical Mechanics is given in
Sects. 3.4 (where the general properties are illustrated), 3.7 (for the two-particle
interaction), 3.8 (for a Coulomb field in the repulsive case), and 3.13.6 (for a Coulomb
field in the attractive case). To proceed one considers a particle of mass' m acted
upon by a force deriving from a potential energy of the central type, V = V(r), and
expresses the time-independent Schrodinger equation —#% /(2 mg) V2w + V(r)w =
E w in spherical coordinates r, ¢, ¢ (Sect. B.1). Remembering the transformation
(B.25) of the V2 operator one obtains

1 3%(rw) 1 4 2my
T T TawE o [E-VIOlw=0, (13.35)

where operator €2 is defined as

A 1 ) 0 i d 92
Q=——F—|sind —|sind — |+ -—]|- (13.36)
sin” ¢ a0 v D2

The r coordinate is separated by letting w = o(r) Y (&, ¢) in (13.35) and dividing
both sides by w/r?:

1 d? 2 1.
2 [5 ;:zg) +% (E — v)] =——Qv. (13.37)

Y

Each side of (13.37) must equal the same dimensionless constant, say, ¢, whence the
original Schrodinger equation separates into the pair

ch?
2mor?’
(13.38)

N d
QY =—cY, |:———+Ve(r)i| ro=FEro, V,=V+
r

The first equation in (13.38), called angular equation, does not depend on any
parameter specific to the problem in hand. As a consequence, its eigenvalues ¢ and
eigenfunctions Y can be calculated once and for all. Being the equation’s domain
two dimensional, the eigenfunctions Y are expected to depend onto two indices,
say, [, m. After the angular equation is solved, inserting each eigenvalue ¢ into the
second equation of (13.38), called radial equation, provides the eigenvalues and
eigenfunctions of the latter. For the radial equation, the solution depends on the form

! To avoid confusion with the azimuthal quantum number m, the particle’s mass is indicated with
my in the sections dealing with the angular momentum in the quantum case.
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of V(r). Itis also worth noting the similarity of V, with its classical counterpart (3.5),
that reads

2

M 2
Vo=V 4+ —, M* = const. (13.39)
2mgr?
To tackle the solution of the angular equation QY = —c Y one associates an opera-

tor Ly, Ly, L. to each component of the classical angular momentum M = r A p,
and another operator £ to its square modulus M?>. The procedure, illustrated in
Sect. 13.6.1, shows that the three operators L., £,, £, do not commute with each
other, whereas £2 commutes with each of them. Also, it is found that £2 is propor-
tional to €, specifically, £> = —h> €. In conclusion, the Schrodinger equation in
the case of a central force reads

n* 92 L2

_— — + V(). 13.40
2mr 3r2r+2m0r2+ ) ( )

Hw =Ew, H=—
As the r coordinate does not appear in L2, the latter commutes with 7{; moreover,
L£? does not depend on time. As a consequence, its expectation value is a constant of
motion (Sect. 10.7). Similarly, £, commutes with £2 and does not contain r or ¢, so
it commutes with H as well and its expectation value is also a constant of motion. As
H, £, and £, commute with each other, they have a common set of eigenfunctions.

13.5.1 Angular Part of the Equation

The conservation of the expectation values of £2 and £, is the counterpart of the clas-
sical result of the conservation of M2 and M, (Sect. 2.8). In contrast, the expectation
values of £, and L, are not constants of motion. To determine the eigenfunctions w
of H, £* and L, it is convenient to solve the eigenvalue equation for £, first:

0
Lw=L,w, —ih B_W =L,w, w=v(r, ) exp(iL,p/h), (13.41)
2

with v yet undetermined. For an arbitrary value of L_, the exponential part of w is a
multi-valued function of ¢. This is not acceptable because w should not vary when ¢
is changed by integer multiples of 27r. A single-valued function is achieved by letting
L,/h = m, with m an integer. In conclusion, the eigenvalues and eigenfunctions of
L, are

L, =mh#h, w=v(r,0) exp(im @). (13.42)
Combining (13.42) with (13.36) provides

N exp (i
O — XP.(zmw) [
sin” ¢

B ]
sin® — ([ sin® — ) — m? | v(r, ). (13.43)
a0 EEs
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Table. 13.1 The lf)west—order y" Form of the function
spherical harmonics
v 1/var
v, V3/@m) sin® exp(—ig)
YP —J/3/@) cos ¥
Yll —/3/@m) sin® exp (ip)

This result shows that in (13.40) the factor exp (i m ¢) cancels out, so that Q actually
involves the angular coordinate @ only. This suggests to seek the function v(r, ) by
separation. Remembering that w was originally separated as w = o(r) Y (¢, ¢) one
finds

v(r, ) = o) P(9), Y(@,9) = P(®) exp(im ). (13.44)

As the separation transforms QY = —cYinto QP = —cP, the equation to be solved
for a given integer m reduces to

1 |: . d /. d 2
—— [sin? — (smz? —) —m :| P = —cP. (13.45)
sin” ¢ do do

From £2 = —h? Q, it follows that the eigenvalue of £2 is A = A2 c. The eigenvalues
c of (13.45) are found by the factorization method described in Sect. 13.3.1; they
have the form ¢ = [ (I + 1), with [ a non-negative integer, called orbital (or total)
angular momentum quantum number. For a given [, the allowed values of m, called
azimuthal (or magnetic) quantum number, are the 21 + 1 integers —/,... ,0,... L.
The details of the eigenvalue calculation are given in Sect. 13.6.2.

The factorization method provides also the eigenfunctions of £2 and L., that are
called spherical harmonics and, as expected, depend on the two indices I/, m. The
details of the calculation of the eigenfunctions Y;" are given in Sect. 13.6.3. The
lowest-order spherical harmonics are shown in Table 13.1. As the eigenfunctions
fulfill the equations

LY =r* 1A+ DY, LY"=hmY", (13.46)

the only possible results of a measurement of M 2 are K21 (I+1),withl =0,1,2,...
and, for a given /, the only possible results of a measurement of M, are /i m, withm =
—1,...,—1,0,1,... 1. It follows that the only possible results of a measurement
of M are i /T(I +1). Forany ! > Oitismax (|M,|) = Al < h/IT+1) = M;
as a consequence, for / > 0 the angular momentum M lies on a cone centered on
the z axis. The half amplitude o = arccos [m/+/I(I + 1)] of such a cone is strictly
positive, showing that the other two components M,, M, can not vanish together
when M # 0. A geometrical construction describing the relation between M and
M is given in Fig. 13.2. The groups of states corresponding to the orbital quantum
numbers ! = 0, 1,2,3 are denoted with special symbols and names, that originate
from spectroscopy [7, Chap. 15] and are listed in Table 13.2. For [ > 4 the symbols
continue in alphabetical order (“g”, “h”, ... ), while no special names are used.
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Fig. 13.2 Geometrical
construction showing the
relation between M and M.
The [ = 3 is case considered,
whence one finds
m=-3,...,0,...,3and
VI +1)>~3.46

Table 13.2 Symbols and

names for the states 1 |m Symbol | Name
corresponding to/ =0, 1,2,3

0 1|0 S Sharp

1 |-1,0,1 p Principal

2 |-2,-1,0,1,2 d Diffuse

3 1-3,-2,-1,0,1,2,3 f Fundamental

13.5.2 Radial Part of the Equation in the Coulomb Case

To solve the radial part of the Schrodinger equation (second and third relation in
(13.38)) one uses the eigenvalue ¢ = (I + 1) to find

AL+ 1)

n d?
- + Ve(r)| ro(r) = Ero(r), Ve=V+
2mqr?

— 13.47
2m0 dr2 ( )

As anticipated above, the solution of (13.47) depends on the form of V(r). Of
particular interest is the Coulomb potential (3.31), that is considered here in the
attractive case

VA q2
47 Eor ’

V(r)=— (13.48)
with gy the vacuum permittivity, ¢ > 0O the elementary electric charge, and Z ¢ the
charge whence the central force originates. This form of the potential energy is typical
of the case of an electron belonging to a hydrogen or hydrogen-like atom. As usual,
the arbitrary constant inherent in the definition of the potential energy is such that
lim,_» V = 0. As a consequence, the electron is bound if £ < 0 (in other terms,
according to the definition given in Sect. 3.13.6, the classical motion is limited).

The eigenvalues E of (13.47, 13.48) are found by the factorization method
described in Sect. 13.3.1; they have the form

E—p, —_ M (24 1 (13.49)
T 2R \dmey) n? ’
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where 7 is an integer, called principal quantum number, fulfilling the relation n >
I + 1. The details of the eigenvalue calculation are given in Sect. 13.6.4. As [ > 0,
the minimum value of n is 1. For a given n the possible values of the orbital quantum
number are/ =0, 1,... ,n — 1; also, as found earlier, for each / the possible values
of the azimuthal quantum number are m = —I[,...,0,...,[. It follows that, for a
given n the number of different pairs [, m is

n—1
2(21 +1)=n?, (13.50)
=0

namely, each eigenvalue E, of the energy corresponds to n* possible combinations?
of the eigenvalues of M and M,. As for the radial part of the equation, the factor-
ization method provides also the eigenfunctions of (13.47); the details are given in
Sect. 13.6.5.

13.6 Complements

13.6.1 Operators Associated to Angular Momentum
Consider the classical angular momentum M = r A p (Sect. 2.6), whose components
in rectangular coordinates are given by (2.38), namely,
M, =y p.—zpy, My =zpy—xp; M, =xpy—ypsx. (13.51)
The operators corresponding to (13.51) are
Ly =—ih(yd/dz—2z0/3y)

Ly =—ih(zd/0x —x3/32) (13.52)
L, =—ikh(xd/dy — yd/dx)

It is easily found that £, £, £, are Hermitean and fulfill the relations
LiLy—LyLy=ihL,
LyL,—L Ly, =ihL, (13.53)
L. L,—L. L, =ihL,

namely, L., L,, £, do not commute with each other. Left multiplying the third
relation in (13.53) by £, and the second one by £, provides, respectively,

LiLo=LL Lo—ihLiLy,  LyL=LyL Ly+ihLyL,. (1354

2 The actual degree of degeneracy of E,, is 2 n?, where factor 2 is due to spin (Sect. 15.5.1).
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Similarly, right multiplying the third relation in (13.53) by £, and the second one
by Ly,

L L=Lo L Lo+ihLlyLy, L LY=LyLL,—ihLiLy.  (13.55)
The operator associated to M? = M? + M§ +M2is L7 = L2+ Ei + L2 whence,
using (13.54, 13.55),

LPL,— L L= (L4 L)L — L (L + L3)=0. (13.56)
Similarly,
LPL,—L,L2=0, L*L,—L,L*=0. (13.57)

In conclusion, the components L., £, £, do not commute with each other, while
the square modulus of the angular momentum commutes with any single component
of it. To check whether £2 or any of the components L., £,, £, commute with the
Hamiltonian operator of a central force, it is necessary to express all operators in
spherical coordinates. To this purpose, using £, by way of example, one finds

L, 0

d 0 d
— =X——y— =rsintcosg — —r sin?d sing —. (13.58)
ih ay ox ay ax

The partial derivatives 9/dx and d/dy in terms of the spherical coordinates are
extracted from (B.4); in particular, the first one reads d/dx = sin® cos d/9r +
(1/r) cos® cosgpa/dv — (1/r)(sing/sinv) d/d¢, while the expression of d/dy
is obtained from that of 9/dx by replacing cos ¢ with sin ¢ and sin ¢ with — cos ¢.
When such expressions of the partial derivatives are used within (13.58), several
terms cancel out to finally yield the relation

L,=—ih Ka (13.59)
d¢

which, consistently with the classical one, M, = p, (Sect. 2.8), shows that the
operator associated to the z component of the angular momentum is conjugate to the
generalized coordinate ¢. The quantum relation can thus be derived directly from
the classical one by letting £, = p, = —i/% 9/d¢. As already noted in Sect. 2.8, the
remaining components of M, M, are not conjugate momenta. The expression of L,
in spherical coordinates reads

0 cos ¥ d
L, =1h (sing — — |, 13.60
1 (sm(paﬁ—l—sinﬁcosgpa(p) ( )
while that of L, is obtained from (13.60) by replacing cos ¢ with sin¢ and sin ¢
with — cos ¢. Combining the above finding, one calculates the expression of £? =
L3 + L3 + L2, that turns out to be

2 92 .
L2 =—— [sinf} — <sim9 —) + a_qﬂ] =—n*Q. (13.61)
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13.6.2 Eigenvalues of the Angular Equation

The solution of the angular equation is found by the factorization method described
in Sect. 13.3.1. Remembering that £, and £> commute, the whole eigenfunction
Y = P(¥) exp (im @), introduced in Sect. 13.5 and common to both operators, will
be used here. The following hold:

LY =L,Y, L£2Y =1Y, (13.62)

with L, = m /i, m an integer. Applying the operator £, i L, to the first equation
in (13.62) yields (Ex + iﬁy) LY =mh (Lx + iﬁy) Y, where the upper (lower)
signs hold together. Due to the commutation rules (13.53) the left hand side of the
above transforms into

(LLe—ihLy)Y £i (LLy+Ih L)Y =L (Lo £iLy)Y Fh (L £iLy)Y,
whence the first eigenvalue equation in (13.62) becomes
L, (ﬁx + iﬁy) Y=m<xh (ﬁx + iﬁy) Y. (13.63)

Iterating the above reasoning shows that, if Y is an eigenfunction of £, belonging to
the eigenvalue m 7, then (£, +1L,)Y, (L, + iﬁy)zY, ... are also eigenfunctions
of £, which belong, respectively, to (m + 1) fi, (im + 2) A, . . ., and so on. Similarly,
(Ly—i1 L)Y, (Li—1Ly)*Y,... arealsoeigenfunctions of £, belonging, respectively,
to(m — 1)k, (im —2)h, ..., and so on. At the same time, due to the commutativity
of £? with £, and Ly, itis

(Ly£iLy) LY = L7 (Lo £iLy)Y =4 (L £iLy)Y, (13.64)

showing that (£, & iL£,)Y is also an eigenfunction of £?, belonging to the same
eigenvalue as Y. By induction, (£, + iEy)ZY ,... are also eigenfunctions of L2,
belonging to the same eigenvalue as Y. To summarize, if Y = P(¥) exp(im ¢)
is an eigenfunction common to operators £, and £2, belonging to the eigenvalues
L, = m h and A, respectively, then,

1. (L; +iL,)Y is another eigenfunction of £ still belonging to A, and is also
an eigenfunction of £, belonging to (m + 1) A. Similarly, (£, +1.L,)*Y is still
another eigenfunction of £? belonging to A, and is also an eigenfunction of £,
belonging to (m + 2) /i, and so on.

2. (L, —iL,)Y is another eigenfunction of £ still belonging to A, and is also
an eigenfunction of £, belonging to (m — 1) A. Similarly, (£, —iL,)*Y is still
another eigenfunction of £? belonging to A, and is also an eigenfunction of £,
belonging to (m — 2) A, and so on.

By this reasoning, starting from a given pair A, Y it seems possible to construct
as many degenerate eigenfunctions of £> as we please. This, however, leads to



13.6 Complements 243

unbounded eigenvalues of £, which are not admissible as shown below. As a con-
sequence, the procedure depicted here can be applied only a finite number of times.
To demonstrate that the eigenvalues of £, are bounded one starts from the relation
L* = L2 + L2 + £? and from a given pair A, Y. As Y is also an eigenfunction
of £, belonging to, say, m f, an application of £> to Y followed by a left scalar
multiplication by Y* yields, thanks to (13.62),

(LY L)+ (L,YIL,Y)

A —m2h’ = > 0, (13.65)

(YNy)
where the hermiticity of £,, £, has been exploited. Inequality (13.65) provides the
upper bound for |m|. To find the acceptable values of m one defines m™ = max(m),

and lets Y * be an eigenfunction of £? and £, belonging to A and m™ #, respectively.
From (13.63) one obtains £, (L, +i1L,)Y" = (m* + 1) (L, +1L,)Y™" but, as the
eigenvalue (m™ + 1)7 is not acceptable, it must be (L, +iL,)Y" = 0. Similarly,
letting m~ = min(m), and letting Y~ be an eigenfunction of £? and L. belonging
to A and m™~ A, respectively, it must be (£, —iL,)Y~ = 0. Due to the commutation
rules itis (£, —iLy) (L, +iLy) = L2+ E% — h L,, whence

L2= (L, —iLy)(Ly+iLy) +h L, + L2 (13.66)

Application of (13.66) to YT and Y~ yields

LY =(L24RL) Y = mT (mT+1) YT

(13.67)
LY =(L2—hL)Y =hm (m —1) Y~

By construction, Y+ and Y~ belong to the same eigenvalue of £2; as a consequence

itmustbe m* (m* +1) =m~ (m~ — 1). A possible integer solution of the above

is m~ = m™ + 1 which, however, is not acceptable because m* = max(m). The

only acceptable solution left is m~ = —m™. In conclusion, letting [ = m™ (so that

m~ = —I) and using (13.67), the eigenvalues of £ take the form
r=h*11+1), (13.68)

with [ a non-negative integer. For a given /, the allowed values of m are the 27 + 1
integers —1,...,0,...,[.

13.6.3 Eigenfunctions of the Angular Equation

Due to the findings illustrated in Sect. 13.6.2, the eigenfunctions of €2, whose form is
Y@, ¢) = P(¥) exp (im ¢), depend on the two indices /, m and, for this reason, will
be indicated with Y;". In particular, the eigenfunction Y * introduced in Sect. 13.6.2,
which belongs to / = max(m) and fulfills the equation (£, +iL,)Y = 0, will be
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indicated with Yll . Similarly, as P depends on / and may depend on m as well, it
will be indicated with P/". The eigenfunction Yll is readily found by solving the
first-order equation (£, + iﬁy)Yll = 0, where operator L, is expressed in terms of
@, ¥ through (13.60), and L, is obtained from (13.60) by replacing cos ¢ with sin ¢
and sin ¢ with — cos ¢. After eliminating the factor # exp[i(Il + 1) ¢] one finds a
differential equation for Pll , that reads

dp/ cos ¢ 1 dP! I dsin®
—1—pP =0, — L= (13.69)
dy sin ¥ P, dov sind do
In conclusion it is found, with @ an arbitrary constant,
Pl =a (sin®)', Y/ =aexp(ily) (sind) . (13.70)

Then, remembering the discussion of Sect. 13.6.2, the remaining 2/ eigenfunctions
Yll_l, AU Y,O, e, Yl_l are found by successive applications of

d cosz? d
o sinz? dp

Ly—iLy=—hexp(—ip) ( (13.71)

with the help of the auxiliary relations —idY//d¢ =1 Y/ and

( d cosﬁ) vl A[(sin ) Yll]/aﬁ _exp(ily) i

- l — —
+ ! (sin ). @ (sinoy dv

in)?. (13.72
00 sin ¥ (sin &) ( )

In fact, combining L, [(ﬁx - iﬂy) Y]m] = (m — Dh [(LX - iL’y) Y™ | with

L Y" = mhY" provides the recursive relation ¥"~' = (Ly —iLy) Y". In
particular, lettingm =[,m =1 —1,... yields
YTt =(Co—iLy) Y, ¥/ TP=(co—iL) Y/, L (13.73)

where YII is given by (13.70) while

L &XP -1l —h _( in9)2 . (13.74)

L.—iLl,)Y =Y =
(Lx —iLy) Y] =] (sin®)-1  sing do

The denominator (sin )’ in the above has been split into two parts for the sake of
convenience. The next functions are found from

1 —h cos I—s
W= lsin) exp(up)[ T ]Yl -
_ exp(—ig) —h [(smﬁ)l Ty, (13.75)

T (sin®)=s1 sin® FE

where the product (sin )/~ Y, ll_‘v is taken from the previously-calculated expression
of YII*S. Iterating the procedure yields

i(l — —h d —h d
explil —s)pl —h d L (sin?. (13.76)
(sin®)=s sin® do sind do®

s times

l—s __
Y7 =
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As Y/_s is a solution of the linear, homogeneous equations £.Y = LY and L?*Y =

A Y, the constanta /i* that builds up in the derivation can be dropped. Lettingm = [—s

one finds

exp(ime) —1 d -1 d
(sin®)" sin® d9 " sin®d do

I-m times

Y" = Cim (sin ), (13.77)

where the coefficient ¢;,, has been added for normalization purposes. One may recast
(13.77) in a more compact form by letting { = cos ¢, whence —1 < ¢ < 1 and
d¢ = —sin ¥ dv. As a consequence,

exp(ime) d="
(1 _ €-2)m/2 d{l—m

Y" = cim (1—¢*. (13.78)
The eigenfunctions Y;" are square integrable and mutually orthogonal [78, App.
B.10]. To examine some of their properties it is convenient to introduce some special
functions; to begin with, the associate Legendre functions are defined in the interval
—l=<¢<1by

Py =S gy ﬂ(cz —1 (13.79)
l 21 dgl+m > )
withl = 0,1,... and, foreachl, m = —I,...,—1,0,1,...,[. As (1 — ;2)’"/2

and (¢ — 1) are even functions of ¢, P/" is even (odd) if [ + m is even (odd):
P"(—¢) = (— D™ P(¢). Furthermore, it is
+m! _
P")y=(-1D)"———pP". 13.80
PO = (=0 R (13.80)
Replacing m with —m in (13.79) shows that ¥;" is proportional to P, which, in
turn, is proportional to P/" due to (13.80). In conclusion, using { = cos ¥,

Y" (P, ¢) = ¢ exp(im @) P/"(cos D), (13.81)
with0 < ¥ < mand 0 < ¢ < 2m. As for the indices itis/ = 0,1,... and m =
—I,...,—1,0,1,... 1. The functions ¥;" defined by (13.81) are called spherical

harmonics. Combining the definition of Y;" with the properties of P/" shown above
yields ¥, = (—1)" (Y/")*. Note that ¥, and Y,”™ are linearly independent, whereas
P/ and P, are not. Letting

_ 1/2
- [w} , (13.82)

47 +m)!

the set made of the spherical harmonics is orthonormal, namely,

2m pm 1, x=landpu=m
f / (v v dv dp = H (13.83)
0 0 0, otherwise
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and complete (Sect. 8.4.3), namely,

o) l 2 T
F(®,¢) = Z Z am Y9, @), im =f / (Y")" Fdode, (13.84)
0 0

=0 m=-I

where F is a sufficiently regular function of the angles. The inner sum of (13.84),

!
Yi(@,9) = Y am Y["(?,9) (13.85)

m=—I

is also called general spherical harmonic of order I, whereas the special case m = 0
of the associate Legendre function,

dl

5T d_gl(gz -1, (13.86)

PX¢) =

is a polynomial of degree [ called Legendre polynomial.

13.6.4 Eigenvalues of the Radial Equation—Coulomb Case

Thecase E < 0Ooftheradial Eq.(13.47)is considered here, corresponding to a limited
motion. As a consequence, the eigenvectors are expected to depend on a discrete
index, and the eigenfunctions are expected to be square integrable. Calculating the
derivative and multiplying both sides of (13.47) by —2m/(h* r) yields

+____vgg+hﬂEQ:0. (13.87)

To proceed one scales the independent variable by multiplying both sides of (13.87)
by a?, where a is a length. The term involving V, becomes

, 2myg |: 2moZqg’a l(l—i—l)]g

G e R ) rjaR

(13.88)

where both fractions in brackets are dimensionless. As a may be chosen arbitrarily,
it is convenient to select for it a value that makes the first fraction equal to 2/(r/a),
namely,

_ 47 g B?

= . 13.89
o Z 2 ( )

As a consequence, the term involving E becomes

, 2mg 4o\ 202
a ?EQZKQ, A= —E. (13.90)
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Adopting the dimensionless variable x = r/a and using the relations a* d?p/dr? =
d%o0/dx?, (2a?/r)de/dr = (2/x)dp/dx yields the radial equation in scaled form,

d’0 2de 2 1A+
— 4+ —— - — ro =0. 13.91
dx?  x dx * |:x x? ]Q tie ( )

The range of the independent variable is 0 < x < 00, so the equation has a double
pole in the origin: it is necessary to select solutions that vanish in the origin in such
a way as to absorb the pole (more on this in Sect. 13.6.5). The replacement p = o/x
gives (13.91) the simpler form

2o T2 1d+1)
dx2

> ]a—i—ka:O, (13.92)
X X

which is identical to (13.2). The factorization of (13.92) is then accomplished follow-
ing the scheme shown in Sect. 13.3, and is based upon the function g; =1/x — 1/1;
in this case operators (13.10) and parameter (13.9) read, respectively,

I 1 d I 1 d
Af =— =>4+ —, Al =—— - — —, L =—1/1% 13.93
! X l + dx ! X [ dx ! / ( )
The latter depends only on/ and fulfills the relation L,y > L;41,1 =0,1,... ,n—1.

As a consequence, remembering the second relation in (13.90), the eigenvalues?
A=A, = L,y of (13.92) and those of (13.87) are, respectively,

B 1 o _ (24 ® mo/(2h2)
T+ )Y " \drmey) (4127

=0,1,.... (13.94)

13.6.5 Eigenfunctions of the Radial Equation—Coulomb Case

The eigenfunction corresponding to I = n is found by applying (13.14). As the
eigenfunction is indicated here with o,,, one must solve A +1%mm = 0, namely,
using (13.93), [(n + 1)/x — 1/(n + 1) — d/dx] 0, = 0, whose solution is

o = Can " exp [ = — n=0,1 (13.95)
nn nn n + 1 s R0 POPEE .
which vanishes both in the origin and at infinity, this fulfilling the requirements stated
in Sect. 13.6.4. The eigenfunction (13.95) is also square integrable with, from (C.88,
C.90),

1 o0 2 1 2n+3
1 =/0 X2 exp (—ﬁ) dx = 2n +2)! (";L ) . (13.96)

3 In (13.49) a more convenient notation is used, obtained from (13.94) through the replacements
n+1<«n «<n,withn' =1,2,....
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Combining the first definition in (13.21) with the third relation in (13.93), the
auxiliary operator B}, reads

B+ _ l(n + 1) +

e Sl =Dn+1+D

(13.97)

Then, from the second of (13.24), the normalized eigenfunctions corresponding to
I < n are found recursively from

— Rt — Rt
Onn—1 = Bnnanm Onn—2 = Bn,n_lo—n,nfla o (]398)

The last eigenfunction found by the recursive procedure is 0,0 = B;rl on1 as expected.
In fact, a further iteration would not yield an eigenfunction because B, = 0.

The eigenfunction of (13.87) corresponding to the lowest total energy Ei, =
E(n = 0) is found by combining (13.95, 13.96) with 0 = o/x and x = r/a, this
yielding o(r) = (1/2) exp (—r/a). There is only one spherical harmonic compatible
with this energy eigenvalue, specifically, Yg = 1/+/4x (Table 13.1). Thus, the
product w(Emin) = (c/2) exp( — r/a)/~/4x, with ¢ a normalization constant, is
the eigenfunction of the Schrodinger Eq. (13.35) corresponding to the lowest total
energy. The normalization constant is necessary because g is obtained from scaling
another function o, originally normalized to unity. Taking the Jacobian determinant
J = r? sin ¥ from (B.3) one finds

2 3
62 16”/ // exp(—7r>rsmz9drdz9d<p——6, (13.99)

whence w(E i) = exp ( —r/a)/~7 a’.

13.6.6 Transmission Matrix

The one-dimensional, time-independent Schrodinger Eq. (11.28) is solvable ana-
Iytically in a limited number of cases, some of which have been illustrated in the
sections above. When the analytical solution is not known one must resort to ap-
proximate methods; an example is given here, with reference to a finite domain
0 < x < s. The latter is tessellated by selecting N points x; < x; < ... < Xy,
internal to the domain, called nodes. The boundaries of the domain are indicated with
0 =x9 < x; and s = xy41 > xy. The segment bounded by x; and x;; is indicated
with /; 41 and is called element. The same symbol indicates the length of the element,
hi+1 = x;+1 —x;. Finally, a subdomain €2;, called cell, is associated to each node. For
the internal nodes x1, ... , xy the cell is bounded by x; — k; /2 and x; + h;11/2. The
same symbol is used to indicate also the cell length, 2; = (h; + h;41)/2 (Fig. 13.3).
The left boundary x is associated to the cell €2y of length £, /2 placed on the right
of x¢, while the right boundary xy; is associated to the cell Qx| of length /1y /2
placed on the left of xy .
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Fig. 13.3 Illustration of the Q.
concepts of node, element, !

and cell (Sect. 13.6.6) Xi-1 m X1

The approximation methods that are applicable to a given tessellation are numer-
ous. The method depicted in this section replaces the coefficient g (x) of (11.28) over
each element i; with an approximating function ¢; (x) such that the solution w;(x) to
(11.28) over h; can be found analytically. The approximating functions ¢; may differ
from an element to another, this yielding different analytical solutions. Then, the
continuity of the analytical solutions and their derivatives is imposed at each node;
finally, the same continuity is imposed at the boundaries 0 and s, where the form of
the wave function is supposed to be known.

To proceed, consider an internal node i = 1,2,..., N and the two elements #;,
h;4+1 adjacent to it. The solutions w;, w;11 over the two elements is expressed in
terms of the fundamental solutions u, v (compare with Sect. 11.4):

wix) = alw () + alvix),  winn () = @i (0) + aly i (), (13.100)

witha}', a!, a' ‘A undetermined constants. The fundamental solutions fulfill the

boundary conditions

uip1(x;) =1, U, (x;) =0, vie1(x) =0, Vi (xp) =1, (13.101)

i =1,2,...,N, where primes indicate derivatives. Imposing the continuity of w, w’
at x; yields
afy; = ajui(x;) +ajvi(xp),  ai = au;(x;) + ajvi(x;). (13.102)
Letting
a' ui(x;) vi(x;
a=|"']|, N; = Gae) - vilor) , (13.103)
a w(xi) Vi)

the relations (13.102) take the form
a1 = N,’ a;. (]3]04)

Matrix N; is known by construction, and provides the link between the unknown
vectors a; and a;,1. Vector a; belongs to element /; only, whereas matrix N; belongs
to element /; (due to u;, v;) and also to node x; (because u;, v; are calculated at x;).
Iterating (13.104) yields

a4 = N,al, N[ = NNNN,1 .. .N2N1. (13105)
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Remembering the discussion in Sect. A.12 one finds detN; = W = 1, whence
detN; = detNy...detN; = 1. Now it is necessary to link the solution over
hy with that over x < 0, which is given by (11.30). Although the two functions
exp (£iky x) in the latter are not fundamental solutions, it is convenient to keep the
form (11.30) because a;/a; provides the information about the reflection coefficient
directly. Letting

a 1 1
a, = .,  Np= , (13.106)
a2 lkL _lkL

the continuity of w and w’ at x = 0 yields a; = N a;. Similarly, it is necessary to
link the solution over Ay, with that over x > s, which is given by (11.31). Again,
the two functions exp (%1 kg x) in the latter are not fundamental solutions, however,
they are kept here because as/a; provides the information about the transmission
coefficient directly. Letting

a exp(ikgs exp(—1ikgs
ae— || Ne=| p( .R ) | p( R. ) 13.107)
ag ikgr exp(kgs) —ikgexp(—ikgs)

the continuity of w and w’ at x = s yields Ng ag = Ny ayy1, with detNy, | = 1,
detN;, = —2ik;, detNg = —21ikg. Combining the relations found so far,

ag =Nay, N =N ' Ny N/ N, (13.108)
where
exp(—1ik 2 exp(—1ik 21k 1
Nyl = p( RS)/ p( R 8)/( R)’ detN-l = — L
exp (ikg 5)/2 iexp(ikgs)/2kg) 2ikg
(13.109)

whence detN = detN;' detNy detN; detN;, = ki /kg. Matrix N (also called
transmission matrix in [15]) provides the link between a; and ag. Splitting the first
relation of (13.108) into its components gives

as = Nyja; + Npa, asg = Naya; + Ny as. (13.110)
If the particle is launched, e.g., from —oo one lets ag = 0, whence

@ _ Ny as _ detN _ kp/kg

a Na a Noy Noy

(13.111)

Combining (13.111) with (11.35) yields* [Ny |? + k; /kg = |Na|?.

4 Within a numerical solution of the Schrodinger equation, the relation | Ny |> + kz /kg = | Ny |?
may be exploited as a check for the quality of the approximation.
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Fig. 13.4 Example of a 7
potential energy V (x) V(x)
replaced with a
piecewise-constant function
Vi (Sect. 13.6.6) V;
/
7N E

i

n; —t

The derivation of the transmission matrix has been carried out here without spec-
ifying the form of the fundamental solutions u;, v; over the corresponding element
h;. In the practical cases, to easily find an analytical solution over each element one
approximates the coefficient ¢ (x) of (11.28) with a constant, g; = const in A;; this is
equivalent to replacing the potential energy V (x) with a piecewise-constant function
V; (Fig. 13.4). Depending on the sign of ¢; = 2m (E — V;)/h” the possible cases for
u;, v; are:

g =—0f <0  wu =coshla; (x —x;_1)] v =sinh[o; (x — xi_)]/
g =k >0 u; = cos [k; (x — x;_1)] vi = sin[k; (x — x;-1)]/k;
qi =0 u; =1 Vi =X —X;_|
(13.112)

with «;, k; real. As the potential energy is replaced with a piecewise-constant function,
the accuracy of the approximation is not very high.

Problems

13.1 Letting Z = 1 in (13.49) one finds the expression of the energy levels of
the hydrogen atom in a bound state, consistently with that obtained from the
Bohr hypothesis (Sect. 7.4.4). Use the same equation to calculate the minimum
energy that must be given to the electron to extract it from the hydrogen atom
(ionization energy).

13.2 With reference to the hydrogen atom, calculate the expectation value of the
radius r corresponding to the eigenfunction w(E,) = exp( — r/a)/~m a3
found in Sect. 13.6.5.
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