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Bayesian Data Analysis and MCMC

20.1 Introduction

Bayesian statistics is based up a philosophy different from that of other
methods of statistical inference. In Bayesian statistics all unknowns, and in
particular unknown parameters, are considered to be random variables and
their probability distributions specify our beliefs about their likely values. Es-
timation, model selection, and uncertainty analysis are implemented by using
Bayes’s theorem to update our beliefs as new data are observed.

Non-Bayesians distinguish between two types of unknowns, parameters
and latent variables. To a non-Bayesian, parameters are fixed quantities with-
out probability distributions while latent variables are random unknowns with
probability distributions. For example, to a non-Bayesian, the mean pu, the
moving average coefficients 01, ...,60,, and the white noise variance o2 of an
MA (q) process are fixed parameters while the unobserved white noise process
itself consists of latent variables. In contrast, to a Bayesian, the parameters
and the white noise process are both unknown random quantities. Since this
chapter takes a Bayesian perspective, there is no need to distinguish between
the parameters and latent variables, since they can now be treated in the same
way. Instead, we will let @ denote the vector of all unknowns and call it the
“parameter vector.” In the context of time series forecasting, for example, 0
could include both the unobserved white noise and the future values of the
series being forecast.

A hallmark of Bayesian statistics is that one must start by specifying
prior beliefs about the values of the parameters. Many statisticians have been
reluctant to use Bayesian analysis since the need to start with prior beliefs
seems too subjective. Consequently, there have been heated debates between
Bayesian and non-Bayesian statisticians over the philosophical basis of statis-
tics. However, much of mainstream statistical thought now supports the more
pragmatic notion that we should use whatever works satisfactorily.
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If one has little prior knowledge about a parameter, this lack of knowledge
can be accommodated by using a so-called noninformative prior that provides
very little information about the parameter relative to the information sup-
plied by the data. In practice, Bayesian and non-Bayesian analyses of data
usually arrive at similar conclusions when the Bayesian analysis uses only weak
prior information so that knowledge of the parameters comes predominately
from the data.

Moreover, in finance and many other areas of application, analysts often
have substantial prior information and are willing to use it. In business and
finance, there is no imperative to strive for objectivity as there is in scientific
study. The need to specify a prior can be viewed as a strength, not a weakness,
of the Bayesian view of statistics, since it forces the analyst to think carefully
about how much and what kind of prior knowledge is available.

There has been a tremendous increase in the use of Bayesian statistics
over the past few decades, because the Bayesian philosophy is becoming more
widely accepted and because Bayesian estimators have become much easier
to compute. In fact, Bayesian techniques often are the most satisfactory way
to compute estimates for complex models. We have heard one researcher say
“I am not a Bayesian but I use Bayesian methods” and undoubtedly others
would agree.

For an overview of this chapter, assume we are interested in a parame-
ter vector 8. A Bayesian analysis starts with a prior probability distribution
for @ that summarizes all prior knowledge about 6; “prior” means before
the data are observed. The likelihood is defined in the same way in a non-
Bayesian analysis, but in Bayesian statistics the likelihood has a differ-
ent interpretation—the likelihood is the conditional distribution of the data
given 6. The key step in Bayesian inference is the use of Bayes’s theorem to
combine the prior knowledge about 8 with the information in the data. This
is done by computing the conditional distribution of @ given the data. This
distribution is called the posterior distribution. In many, if not most, practical
problems, it is impossible to compute the posterior analytically and numerical
methods are used instead. A very successful class of numerical Bayesian meth-
ods is Markov chain Monte Carlo (MCMC), which simulates a Markov chain
in such a way that the stationary distribution of the chain is the posterior
distribution of the parameters. The simulated data from the chain are used
to compute Bayes estimates and perform uncertainty analysis.

20.2 Bayes’s Theorem

Bayes’s theorem applies to both discrete events and to continuously dis-
tributed random variables. We will start with the case of discrete events.
The continuous case is covered in Sect. 20.3.
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Suppose that By, ..., By is a partition of the sample space S (the set of
all possible outcomes). By “partition” is meant that B; N B; = () if ¢ # j and
BiUByU---UBg =S8. For any set A, we have that

=(ANBy)U---U(ANBg),
and therefore, since By, ..., B are disjoint,
P(A)=P(ANB;)+---+ P(AN Bg). (20.1)
It follows from (20.1) and the definition of conditional probability that

P(A|B;)P(B;) _ P(A|B;)P(B;)

P(A)  ~ PUAIBIPBY) + -+ PABR)P(Br)
(20.2)

P(B,j|A) =

Equation (20.2) is called Bayes’s theorem, and is also known as Bayes’s rule or
Bayes’s law. Bayes’s theorem is a simple, almost trivial, mathematical result,
but its implications are profound. The importance of Bayes’s theorem comes
from its use for updating probabilities. Here is an example, one that is far too
simple to be realistic but that illustrates how Bayes’s theorem can be applied.

Ezxample 20.1. Bayes’s theorem in a discrete case

Suppose that our prior knowledge about a stock indicates that the prob-
ability 6 that the price will rise on any given day is either 0.4 or 0.6. Based
upon past data, say from similar stocks, we believe that 6 is equally likely to
be 0.4 or 0.6. Thus, we have the prior probabilities

P(=0.4) =05 and P(f =0.6) = 0.5.

We observe the stock for five consecutive days and its price rises on all five
days. Assume that the price changes are independent across days, so that the
probability that the price rises on each of five consecutive days is #°. Given this
information, we may suspect that 6 is 0.6, not 0.4. Therefore, the probability
that 6 is 0.6, given five consecutive price increases, should be greater than the
prior probability of 0.5, but how much greater? As notation, let A be the event
that the prices rises on five consecutive days. Then, using Bayes’s theorem,
we have

- - P(A|6 = 0.6)P( = 0.6)
P(#=06]4) = P(A|6 = 0.6)P(0 = 0.6) + P(A|d = 0.4)P(0 = 0.4)
B (0.6)°(0.5)
~ (0.6)5(0.5) + (0.4)5(0.5)
0.6)° 0.07776 08836

~ (0.6)5 + (0.4)5  0.07776 + 0.01024
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Thus, our probability that 6 is 0.6 was 0.5 before we observed five consecutive
price increases but is 0.8836 after observing this event. Probabilities before
observing data are called the prior probabilities and the probabilities con-
ditional on observed data are called the posterior probabilities, so the prior
probability that 6 equals 0.6 is 0.5 and the posterior probability is 0.8836. [

Bayes’s theorem is extremely important because it tells us exactly how to
update our beliefs in light of new information. Revising beliefs after receiving
additional information is something that humans do poorly without the help
of mathematics.! There is a human tendency to put either too little or too
much emphasis on new information, but this problem can be mitigated by
using Bayes’s theorem for guidance.

20.3 Prior and Posterior Distributions

We now assume that 0 is a continuously distributed parameter vector. The
prior distribution with density m(6) expresses our beliefs about 6 prior to
observing data. The likelihood function is interpreted as the conditional den-
sity of the data Y given 6 and written as f(y|@). Using Eq. (A.19), the joint
density of @ and Y is the product of the prior and the likelihood; that is,

f(y,0) =m(0)f(y|0). (20.3)

The marginal density of Y is found by integrating € out of the joint density
so that

fw) = [ =(6)s(wlo)de. (20.4)
and the conditional density of 8 given Y is

CxO)/(Y]0)  w(0)[(Y]0)
TOY) =TT T TR0 f(YIe)de (20.5)

Equation (20.5) is another form of Bayes’s theorem. The density on the left-
hand side of (20.5) is called the posterior density and gives the probability
distribution of @ after observing the data Y.

Notice our use of 7 to denote densities of 6, so that 7(@) is the prior
density and 7(0|Y") is the posterior density. In contrast, f is used to denote
densities of the data, so that f(y) is the marginal density of the data and
f(y|0) is the conditional density given 6.

Bayesian estimation and uncertainty analysis are based upon the poste-
rior. The most common Bayes estimators are the mode and the mean of the

! See Edwards (1982) .
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posterior density. The mode is called the mazimum a posteriori estimator, or
MAP estimator. The mean of the posterior is

_ [6r(0)f(Y|0)d0

T7(0)/(¥]0)d0 (20.6)

E@0|Y) = /07r(0|Y)d0
and is also called the posterior expectation.

Ezxample 20.2. Updating the prior beliefs about the probability that a stock price
will increase

We continue Example 20.1 but change the simple, but unrealistic, prior
that said that 6 was either 0.4 or 0.6 to a more plausible prior where 6 could
be any value in the interval [0, 1], but with values near 1/2 more likely.
Specifically, we use a Beta(2,2) prior so that

m(0)=60(1—-0), 0<6<1.

Let Y be the number of times the stock price increases on five consecutive
days. Then Y is Binomial(n, ) and the density of Y is

fylo) = (2) 0Y(1—0)°>"Y, y=0,1,...,5.

Since we observed that Y = 5, f(Y|0) = f(5|#) = 6° and the posterior
density is .
66(1—0)0 6
m(0]5) = T60(1—0)05d0 =560°(1—9),
which is a Beta(7,2) density.

The prior and posterior densities are shown in Fig. 20.1. The posterior
density is shifted towards the right compared to the prior because five con-
secutive days saw increased prices. The 0.05 lower and upper quantiles of the
posterior distribution are 0.529 and 0.953, respectively, and are shown on the
plot. Thus, there is 90 % posterior probability that 6 is between 0.529 and
0.953. For this reason, the interval [0.529, 0.953] is called a 90 % posterior
interval and provides us with the set of likely values of 0. Posterior inter-
vals are Bayesian analogs of confidence intervals and are discussed further in
Sect. 20.6. Posterior intervals are also called credible intervals.

The posterior expectation is

1 1
56
/ 0 7(0]5)d0 = / 5607(1 — 0)do = — = 0.778. (20.7)
The MAP estimate is 6/7 = 0.857 and its location is shown by a dotted
vertical line in Fig. 20.1.
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Fig. 20.1. Prior and posterior densities in FExample 20.2. The dashed vertical lines
are at the lower and upper 0.05-quantiles of the posterior, so they mark off a 90 %
equal-tailed posterior interval. The dotted vertical line shows the location of the pos-
terior mode at 0 = 6/7 = 0.857.

The posterior CDF is

6 6
/ﬂ(x\5)dx:/ 56:1:6(1:1:)dx56<>, 0<0<1.

20.4 Conjugate Priors

In Example 20.2, the prior and the posterior were both beta distributions.
This is an example of a family of conjugate priors. A family of distributions
is called a conjugate prior family for a statistical model (or, equivalently, for
the likelihood) if the posterior is in this family whenever the prior is in the
family. Conjugate families are convenient because they make calculation of
the posterior straightforward. All one needs to do is to update the parameters
in the prior. To see how this is done, we will generalize Example 20.2.

Ezxample 20.3. Computing the posterior density of the probability that a stock
price will increase—general case of a conjugate prior

Suppose now that the prior for 0 is Beta(q, ) so that the prior density is

m(0) = K107 11— 9)P~1, (20.8)
where K is a constant. As we will see, knowing the exact value of K is not
important, but from (A.14) we know that K; = LlatB)  he parameters in

F(a)'(B)”
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a prior density must be known, so here o and /3 are chosen by the data analyst
in accordance with the prior knowledge about the value of 8. The choice of
these parameters will be discussed later.

Suppose that the stock price is observed on n days and increases on Y
days (and does not increase on n — Y days). Then the likelihood is

f(Y]0) = Ko0¥ (1 —0)"Y, (20.9)

where Ko = (n

Y) is another constant. The joint density of 6 and Y is

m(0)f(Y]0) = Kz0* 1 (1 —0) Y1 (20.10)

where K3 = K7 Ks. Then, the posterior density is

_ m(0)f(Y]0) _ a+y—1 B4+n—Y—1
T0Y) = —————— = K40 1-06 . 20.11
O) = 22 oo = K= 0) (20.11)
where

Ky ! (20.12)

- fol gotY=1(1 — §)B+n-Y 149

The posterior distribution is Beta(a +Y,8+n —Y).

We did not need to keep track of the values of Ki,..., Ky. Since (20.11)
is proportional to a Beta(a + Y, 8 + n —Y') density and since all densities
integrate to 1, we can deduce that the constant of proportionality is 1 and the
posterior is Beta(a + Y, 8+ n —Y). It follows from (A.14) that

I'la+p+n)

K= VTG rn—v)

It is worth noticing how easily the posterior can be found. One simply
updates the prior parameters  and 8 to a+Y and 8+ n — Y, respectively.

Using the results in Appendix A.9.7 about the mean and variance of beta
distributions, the mean of the posterior is

a+Y

and the posterior variance is
. (a4+Y)(B+n-Y)
var(9Y) = (a+B8+n)2(a+8+n+1)
_ BOY){1- B@Y)) 01

(a+B+n+1)

For values of « and § that are small relative to Y and n, E(0|Y) is ap-
proximately equal to the MLE, which is Y/n. If we had little prior knowledge



588 20 Bayesian Data Analysis and MCMC

beta densities
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Fig. 20.2. Ezamples of beta probability densities with o = .

of 6, we might take both « and [ close to 0. However, since 6 is the prob-
ability of a positive daily return on a stock, we might be reasonably certain
that 6 is close to 1/2. In that case, choosing oo = 8 and both fairly large (so
that the prior precision is large) makes sense. One could plot several beta
densities with @ = 8 and decide which seem reasonable choices of the prior.
For example, Fig. 20.2 contains plots of beta densities with a« = 5 = 3, 20,
and 500. When 500 is the common value of a and 3, then the prior is quite
concentrated about 1/2. This prior could be used by someone who is rather
sure that € is close to 1/2. Someone with less certainty might instead prefer to
use o = = 20, which has almost all of the prior probability between 0.3 and
0.6. The choice @ = 8 = 3 leads to a very diffuse prior and would be chosen
if one had very little prior knowledge of # and wanted to “let the data speak
for themselves.”

The posterior mean in (20.13) has an interesting interpretation. Suppose
that we had prior information from a previous sample of size o+ 8 and in that
sample the stock price increased a times. If we combined the two samples,
then the total sample size would be a+ 3+ n, the number of days with a price
increase would be a+ Y, and the MLE of 6 would be («+Y)/(a+ S +n), the
posterior mean given by (20.13). We can think of the prior as having as much
information as would be given by a prior sample of size a + 5 and a/(« + 3)
can be interpreted as the MLE of 6 from that sample. Therefore, the three
priors in Fig. 20.2 can be viewed as having as much information as samples
of sizes 6, 40, and 1000. For a fixed value of E(6]Y), we see from (20.14) that
the posterior variance of # becomes smaller as «, 3, or n increases; this makes
sense since n is the sample size and a+ 8 quantifies the amount of information
in the prior.
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Since it is not necessary to keep track of constants, we could have omitted
them from the previous calculations and, for example, written (20.8) as

7(6) o< 62711 — )P L. (20.15)
In the following examples, we will omit constants in this manner. O

Ezxample 20.4. Posterior distribution when estimating the mean of a normal
population with known variance

Suppose Yi,...,Y,, are ii.d. N(u,0?) and o2 is known. The unrealistic
assumption that o2 is known is made so that we can start simple and will be
removed later.

The conjugate prior for p is the family of normal distributions. To show
this, assume that the prior on p is N(pg,03) for known values of py and o3.
We learned in Example 20.3 that it is not necessary to keep track of quantities
that do not depend on the unknown parameters (but could depend on the data
or known parameters), so we will keep track only of terms that depend on p.

Simple algebra shows that the likelihood is

i Yol = T [ exp {02

i=1

1 _
X exp {—%‘2 (—2nY p+ n/ﬁ)} ) (20.16)

The prior density is

1 1 ) 1 )
m(p) = Nz exp{ 207 (1t — po) } o exp{ 203( 2pp0 + )}~
(20.17)

A precision is the reciprocal of a variance, and we let 7 = 1/0% denote the
population precision. Multiplying (20.16) and (20.17), we can see that the
posterior density is

nY  po n 1 2
ﬂ(u|Y1,~--,Yn)O<eXP{<02+gg>“ <202+%8)u

— 1
= eXp{(TYY—l—To/,Lo)/,L— 2(TY+7’0)/,62} . (20.18)

where 7 = nT = n/o? and 79 = 1/03, so that 74 is the precision of ¥ and
To is the precision of the prior distribution.

One can see that log{m(pu|Y1,...,Y,)} is a quadratic function of u, so
m(p|Y1,...,Y,) is a normal density. Therefore, to find the posterior distribu-
tion we need only compute the posterior mean and variance. The posterior
mean is the value of p that maximizes the posterior density, that is, the pos-
terior mode, so to calculate the posterior mean, we solve
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0
0= Tlog{ﬁ(M\Yl,...,Yn)} (20.19)
o

and find that the mean is

_ nY | Mo

7Y + Tolo T—i_?
E(ulY1,...,Y,) = X— =—2p0 (20.20)

Ty + 7o *24‘*(2)

We can see from (A.10) that the precision of a normal density f(y) is —2
times the coefficient of y? in log{f(y)}. Therefore, the posterior precision is
—2 times the coefficient of y? in (20.18). Consequently, the posterior precision
is 7+ 70 = n/o? + 1/03, and the posterior variance is

1
Var(plYy...,Y,) = —. (20.21)

L+L

o2

In summary, the posterior distribution is

Y 1
- N (TY + ko, ) . (20.22)
Ty + 7o Ty + 7o

nY Ho
nr 4 Ko
o2 o

1
N £+L’£+L
o2 o2 o2 ol

We can see that the posterior precision (734 79) is the sum of the precision of
Y and the precision of the prior; this makes sense since the posterior combines
the information in the data with the information in the prior.

Notice that as m — oo, the posterior precision 74 converges to co and the
posterior distribution is approximately

N(Y,0%/n). (20.23)

What this result tells us is that as the amount of data increases, the effect of
the prior becomes negligible. The posterior density also converges to (20.23)
as 09 — oo with n fixed, that is, as the prior becomes negligible because the
prior precision decreases to zero.

A common Bayes estimator is the posterior mean given by the right-hand
side of (20.20). Many statisticians are neither committed Bayesians nor com-
mitted non-Bayesians and like to look at estimators from both perspectives.
A non-Bayesian would analyze the posterior mean by examining its bias, vari-
ance, and mean-squared error. We will see that, in general, the Bayes estima-
tor is biased but is less variable than Y, and the tradeoff between bias and
variance is controlled by the choice of the prior.

To simplify notation, let ji denote the posterior mean. Then

fi=208Y + (1 —6)uo, (20.24)

where § = /(7 + 70), and E(fi|p) = 6p + (1 — §)po, so the bias of [i is
{E(m|p) — p} = (6 — 1)(u — po) and f is biased unless 6 = 1 or pg = p.
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We will have § = 1 only in the limit as the prior precision 7y converges to 0

and pp = p means that the prior mean is exactly equal to the true parameter,

but of course this beneficial situation cannot be arranged since p is not known.
The variance of i is

5202

Var(ii|p) = n

which is less than Var(Y) = 02/n, except in the extreme case where § = 1.
We see that smaller values of § lead to more bias but smaller variance. The
best bias—variance tradeoff minimizes the mean square error of zi, which is

2 2
MSE(7) = BIAS®(7) + Var(3) = (6 — 1)?(u — po)? + 22

(20.25)

It is best, of course, to have ug = p, but this is not possible since p is unknown.
What is known is 6 = 75/ (75+70) and § can be controlled by the choice of 7.

Figure 20.3 shows the MSE as a function of § € (0,1) for three values of
1 — o, which is called the “prior bias” since it is the difference between the
true value of the parameter and the prior mean. In this figure o2?/n = 1/2.
For each of the two larger values of the prior bias, there is a range of values of
§ where the Bayes estimator has a smaller MSE than Y, but if § is below this
range, then the Bayes estimator has a larger MSE than Y and the range of
“good” d-values decreases as the prior bias increases. If the prior bias is large
and J is too small, then the MSE of the Bayes estimator can be quite large
since it converges to the squared prior bias as & — 0; see (20.25) or Fig. 20.3.
This result shows the need either to have a good prior guess of p or to keep the
prior precision small so that ¢ is large. However, when 0 is large, then the Bayes
estimator cannot improve much over Y and, in fact, converges to Y as § — 1.

In summary, it can be challenging to choose a prior that offers a substan-
tial improvement over Y. One way to do this is to combine several related

— prior bias = 1.5
o | — = prior bias = 1
ol -+« prior bias = 1/2
v
L
(7]
= < |
0
S - —
o | e
© T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 20.3. MSE versus § for three values of “prior bias” = u— po when o /n :l/2.
The horizontal line represents the MSE of the mazimum likelihood estimator (Y ).
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estimation problems using a hierarchical prior; see Sect. 20.8. When it is not
possible to combine related problems and there is no other way to get in-
formation about pu, then the prudent data analyst will forgo the attempt to
improve upon the MLE and instead will choose a small value for the prior
precision . O

Ezample 20.5. Posterior distribution when estimating a normal precision

Now suppose that Yi,...,Y, are i.i.d. with a known mean g and an un-
known variance o2 and precision 7 = 1/02. We will show that the conjugate
priors for 7 are the gamma distributions and we will find the posterior distri-
bution of 7. Define s* =n~* Y"1 | (Y; — p)?, which is the MLE of o2

Simple algebra shows that the likelihood is

1
f(Y1,...,Y,|7) < exp <2n7'52> ™2, (20.26)

Let the prior distribution be the gamma distribution with shape parameter «
and scale parameter b which has density

a—1
(1) = ﬁ exp(—7/b) o< T* L exp(—7/b). (20.27)
Multiplying (20.26) and (20.27), we see that the posterior density for 7 is
m(7|Y1, ..., Yy) o< 720 Lexp{—(ns? /2 + b~ )1}, (20.28)

which shows that the posterior distribution is gamma with shape parameter
n/2 + « and scale parameter (ns?/2 + b_l)_l; that is,

7(r|Y1,...,Y,) = Gamma {n/2 +a, (ns?/2 + b—l)*l} i (20.29)

We have shown that gamma distributions are conjugate for a normal precision
parameter.

The expected value of a gamma distribution is the product of the shape
and scale parameters, so the posterior mean of 7 is

24+
E’(T|)/17 [N ,Yn) = ”35771
ftb
Notice that E(7|Y1,...,Y,) converges to s~2 as n — oo, which is not surpris-
ing since the MLE of o2 is s2, so that the MLE of 7 is s72. O

20.5 Central Limit Theorem for the Posterior

For large sample sizes, the posterior distribution obeys a central limit theorem
that can be roughly stated as follows:
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Result 20.6. Under suitable assumptions and for large enough sample sizes,
the posterior distribution of @ is approximately normal with mean equal to the
true value of @ and with variance equal to the inverse of the Fisher information
matriz.

This result is also known as the Bernstein—von Mises Theorem. See Sect. 20.14
for references to a precise statement of the theorem.

This theorem is an important result for several reasons. First, a comparison
with Result 5.1 shows that the Bayes estimator and the MLE have the same
large-sample distributions. In particular, we see that for large sample sizes, the
effect of the prior becomes negligible, because the asymptotic distribution does
not depend on the prior. Moreover, the theorem shows a connection between
confidence and posterior intervals that is discussed in the next section.

One of the assumptions of this theorem is that the prior remains fixed
as the sample size increases, so that eventually nearly all of the information
comes from the data. The more informative the prior, the larger the sample
size needed for the posterior distribution to approach its asymptotic limit.

20.6 Posterior Intervals

Bayesian posterior intervals were mentioned in Example 20.2 and will now be
discussed in more depth.

Posterior intervals have a different probabilistic interpretation than confi-
dence intervals. The theory of confidence intervals views the parameter as fixed
and the interval as random because it is based on a random sample. Thus,
when we say “the probability that the confidence interval will include the
true parameter is ...,” it is the probability distribution of the interval, not
the parameter, that is being considered. Moreover, the probability expresses
the likelihood before the data are collected about what will happen after the
data are collected. For example, if we use 95 % confidence, then the probabil-
ity is 0.95 that we will obtain a sample whose interval covers the parameter.
After the data have been collected and the interval is known, a non-Bayesian
will say that either the interval covers the parameter or it does not, so the
probability that the interval covers the parameter is either 1 or 0, though, of
course, we do not know which value is the actual probability.

In the Bayesian theory of posterior intervals, the opposite is true. The
sample is considered fixed since we use posterior probabilities, that is, proba-
bilities conditional on the data. Therefore, the posterior interval is considered
a fixed quantity. But in Bayesian statistics, parameters are treated as random.
Therefore, when a Bayesian says “the probability that the posterior interval
will include the true parameter is ...,” the probability distribution being con-
sidered is the posterior distribution of the parameter. The random quantity is
the parameter, the interval is fixed, and the probability is after the data have
been collected.
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Despite these substantial philosophical differences between confidence and
posterior intervals, in many examples where both a confidence interval and
a posterior interval have been constructed, one finds that they are nearly
equal. This is especially common when the prior is relatively noninformative
compared to the data, for example, in Example 20.3 if a + S is much smaller
than n.

There are solid theoretical reasons based on central limit theorems why
confidence and posterior intervals are nearly equal for large sample sizes. By
Result 20.6 (the central limit theorem for the posterior), a large-sample pos-
terior interval for the ith component of @ is

E(0:]Y) £ 2421/ var(0;]Y). (20.30)

By Results 5.1 and 7.6 (the univariate and multivariate central limit theorems
for the MLE), the large-sample confidence interval (5.20) based on the MLE
and the large-sample posterior interval (20.30) will approach each other as
the sample size increases. Therefore, practically-minded non-Bayesian data
analysts are often happy to use a posterior interval and interpret it as a large-
sample approximation to a confidence interval. Except in simple problems, all
confidence intervals are based on large-sample approximations. This is true
for confidence intervals that use profile likelihood, the central limit theorem
for the MLE and Fisher information, or the bootstrap, in other words, for all
of the major methods for constructing confidence intervals.

There are two major types of posterior intervals, highest probability and
equal-tails. Let 1 = 1(0) be a scalar function of the parameter vector 8 and
let 7(¢)|Y") be the posterior density of 1. A highest-probability interval is of
the form {¢ : 7(¥|Y") > k} for some constant k. As k increases from 0 to
00, the posterior probability of this interval decreases from 1 to 0, and k is
chosen so that the probability is 1 — «. If w(1|Y") has multiple modes, then
the set {¢ : m(¥|Y') > k} might not be an interval and in that case it should
be called a posterior set or posterior region rather than a posterior interval.
In any case, this region has the interpretation of being the smallest set with
1 — « posterior probability. When the highest-posterior region is an interval, it
can be found by computing all intervals that range from the «a;-lower quantile
of m(¢|Y’) to the as-upper quantile of w(¢|Y), where a1 + a2 = «, and the
using the shortest of these intervals.

The equal-tails posterior interval has lower and upper limits equal to the
lower and upper «/2-quantiles of 7(¢|Y"). The two types of intervals coincide
when 7(¢|Y") is symmetric and unimodal, which will be at least approximately
true for large samples by the central limit theorem for the posterior.

Posterior intervals of either type are easy to compute when using Monte
Carlo methods; see Sect. 20.7.3.

Ezxample 20.7. Posterior interval for a normal mean when the variance is
known
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This example continues Example 20.4. By (20.20) and (20.21), a (1 — )
100 % posterior interval for y is

=Y 1
vt ok a2y | =1 (20.31)
Ty + To *:2 + o2

where z,/; is the a/2-upper quantile of the standard normal distribution.

If either n — oo or o9 — oo, then the information in the prior becomes
negligible relative to the information in the data because 7v/79 — 0o, and
the posterior interval converges to

— o
Y £ Za/2%»

which is the usual non-Bayesian confidence interval. (Il

20.7 Markov Chain Monte Carlo

Although the Bayesian calculations in the simple examples of the last few sec-
tions were straightforward, this is generally not true for problems of practical
interest. Frequently, the integral in the denominator of posterior density (20.5)
is impossible to calculate analytically. The same is true of the integral in the
numerator of the posterior mean given by (20.6). Because of computational
difficulties, until approximately 1990 Bayesian data analysis was much less
widely used than now. Fortunately, Monte Carlo simulation methods for ap-
proximating posterior densities and expectations have been developed. They
have been a tremendous advance and not only have they made Bayesian meth-
ods practical, but also they have led to the solution of applied problems that
heretofore could not be tackled.

The most widely applicable Monte Carlo method for Bayesian analy-
sis simulates a Markov chain whose stationary distribution is the posterior.
The sample from this chain is used for Bayesian inference. This technique is
called Markov chain Monte Carlo, or MCMC. The BUGS language implements
MCMC. There are three widely used versions of BUGS, OpenBUGS, WinBUGS,
and JAGS. Most BUGS programs will run on all three versions, but there are
exceptions. JAGS is in one way the most versatile of the three versions since
it is the only one that will run under MacOS.?

This section is an introduction to MCMC and BUGS. First, we discuss Gibbs
sampling, the simplest type of MCMC. Gibbs sampling works well when it
is applicable, but it is applicable only to limited set of problems. Next, the
Metropolis—Hastings algorithm is discussed. Metropolis—Hastings is applicable
to nearly every type of Bayesian analysis. BUGS is a sophisticated program that
is able to select an MCMC algorithm that is suitable for a particular model.

2 OpenBUGS will run on a Mac under WINE.
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20.7.1 Gibbs Sampling

Gibbs sampling is the simplest MCMC method. Suppose that the parameter
vector 6 can be partitioned into M subvectors so that

01

0= :
0

Let [8;]Y, 0,k # j] be the conditional distribution of 6; given the data Y
and the values of the other subvectors; [0;|Y, 01,k # j] is called the full
conditional distribution of @;. Gibbs sampling is feasible if one can sample
from each of the full conditionals.

Gibbs sampling creates a Markov chain that repeatedly samples the sub-
vectors 61,...,0,; in the following manner. The chain starts with an arbi-
trary starting value 6% for the parameter vector 6. Then the subvector 0%1)
is sampled from the full conditional [01|Y", 8, k # 1] with each of the remain-

ing subvectors O,k # 1, set at its current value which is 920)' Next 051) is
sampled from [05]Y, Oy, k # 2] with Oy, k # 2, set at its current value, which
is 0,(:) for k =1 and 0,(60) for £ > 2. One continues it this way until each of
01,...,0); has been updated and one has o) = (0&1), ce 05&})?

Then 6 is found starting at 60 in the same way that 0 was obtained
starting at 0. Continuing in this way, we obtain the sequence 9(1), cee o)
that is a Markov chain with the remarkable property that its stationary distri-
bution is the posterior distribution of 8. Moreover, regardless of the starting
value 0(0), the chain will converge to the stationary distribution. After conver-
gence to the stationary distribution, the Markov chain samples the posterior
distribution and the MCMC sample is used to compute posterior expectations,
quantiles, and other characteristics of the posterior distribution.

Since the Gibbs sample does not start in the stationary distribution, the
first Vg iterations are discarded as a burn-in period for an appropriately cho-
sen value of Ny. We will assume that this has been done and 9(1), cee 0™ is
the sample from the chain after the burn-in period. In Sect. 20.7.5, methods
for choosing Ny are discussed.

Ezample 20.8. Gibbs sampling for a normal mean and precision

In Example 20.7, we found the posterior for a normal mean when the pre-
cision is known, and in Example 20.5, we found the posterior for a normal
precision when the mean is known. These two results specify the two full con-
ditionals and allow one to apply Gibbs sampling to the problem of estimating
a normal mean and precision when both are unknown. The idea is simple. A
starting value 7(%) for 7 is selected. The starting value might be the MLE, for
example. However, there are advantages to using multiple chains with random
starting values that are overdispersed, meaning that their probability distri-
bution is more scattered than that posterior distribution; see Sect. 20.7.5.
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Then, treating 7 as known and equal to 7(®), 4! is drawn randomly from
its Gaussian full conditional posterior distribution given in (20.22). Note: the
starting value 7(9) for the population precision 7 should not be confused with
the precision 7y in the prior for u; 7(%) is used only once, to start the Gibbs
sampling algorithm; after burn-in, the Gibbs sample will not depend on the
actual value of 7(%). In contrast, 7y is fixed and is part of the posterior so the
Gibbs sample should and will depend on 7.

After 4 has been sampled, y is treated as known and equal to u(*) and
7(1) is drawn from the full conditional (20.29). Gibbs sampling continues in

this way, alternatively between sampling p and 7 from their full condition-
als. O

20.7.2 Other Markov Chain Monte Carlo Samplers

It is often difficult or impossible to sample directly from the full condi-
tionals of the posterior and then Gibbs sampling is infeasible. Fortunately,
there is a large variety of other sampling algorithms that can be used when
Gibbs sampling cannot be used. Programming Monte Carlo algorithms “from
scratch” is beyond the scope of this book but is explained in the references in
Sect. 20.14. The BUGS language discussed in Sect. 20.7.4 allows analysts to use
MCMC without the time-consuming and error-prone process of programming
the details.

20.7.3 Analysis of MCMC Output

The analysis of MCMC output typically examines scalar-valued functions of
the parameter vector 8. The analysis should be performed on each scalar
quantity of interest. Let 1) = ¢)(0) be one such function. Suppose 01, ...,0y
is an MCMC sample from the posterior distribution of 0, either from a single
Markov chain or from combining multiple chains, and define ¥; = ¥ (6;). We
will assume that the burn-in period and the chain lengths are sufficient so
that 11,...,9¥nN is a representative sample from the posterior distribution of
1. Methods for diagnosing convergence and adequacy of the Monte Carlo
sample size are explained in Sect. 20.7.5.

The MCMC sample mean ¢ = N~! Zf\il ; estimates the posterior ex-
pectation E(¥|Y), which is the most common Bayes estimator. The MCMC

o N1/2
sample standard deviation sy, = {(N - 1)1 Zfil(wi — w)z} estimates
the posterior standard deviation of ¢ and will be called the Bayesian stan-
dard error. If the sample size of the data is sufficiently large, then the posterior

distribution will be approximately normal by Result 20.6 and an approximate
(1 — ) posterior interval for 4 is

)+ 209 Sy (20.32)
Interval (20.32) is an MCMC approximation to (20.30).
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However, one need not use this normal approximation to find posterior
intervals. If L(ay) is the ay-lower sample quantile and U(az) is the az-upper
sample quantile of ¥4, ..., ¥y, then [L(a1),U(az)] is a 1 — (a1 + ag) posterior
interval. For an equal-tailed posterior interval, one uses a; = as = /2. For a
highest-posterior density interval, one chooses a; and as on a fine grid such
that a1 +as = o and U(az) — L(a1) is minimized. One should check that the
posterior density of 1 is unimodal using a kernel density estimate. If there
are several modes and sufficiently deep troughs between them, then highest-
posterior density posterior region could be a union of intervals, not a single
interval. However, even in this somewhat unusual case, [L(a1), U(az)] might
still be used as the shortest 1 — « posterior interval.

Kernel density estimates can be used to visualize the shapes of the poste-
rior densities. As an example, see Fig. 20.4 discussed in Example 20.9 ahead.
Most automatic bandwidth selectors for kernel density estimation are based
on the assumption of an independent sample. When applied to MCMC out-
put, they might undersmooth. If the density() function in R is used, one
might correct this undersmoothing by using a value of the adjust parameter
greater than the default value of 1. However, Fig. 20.4 uses the default value
and the amount of smoothing seems adequate; this could be due to the large
Monte Carlo sample size, N = 10,000.

20.7.4 JAGS

JAGS is a implementation of the BUGS (Bayesian analysis Using Gibbs Sam-
pling) program that can be run from Windows, Mac OS, or Linux. JAGS can
be used as a standalone program or it can be called from within R using the
rjags package.

Example 20.9. Using JAGS to fit a t-distribution to returns

In this example, a t-distribution will be fit to S&P 500 returns using JAGS
called from R. The BUGS program below is in the file univt.bug. The program
will run under any of OpenBUGS, WinBUGS, or JAGS. In this example, JAGS will
be used.

model{
for(i in 1:N)

{
}

mu ~ dnorm(0.0, 1.0E-6)

tau ~ dgamma(0.1, 0.01)

k 7 dunif(2, 50)

sigma2 <- (k / (k - 2)) / tau
sigma <- sqrt(sigma2)

}

r[i] ~ dt(mu, tau, k)

© N o ;A W N e

[
S}

-
-
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In BUGS, dnorm(mu, tau) is the normal distribution with mean equal to mu
and precision equal to tau. Also, dt (mu, tau, k) is the t-distribution with
mean equal to mu, degrees of freedom equal to k, and inverse scale parameter
equal to the square root of tau (so tau is proportional to, rather than equal
to, the precision and the constant of proportionality is y/(k — 2)/k). In the
BUGS program, the “for loop” (lines 3-5) specifies the likelihood and lines 6-8
specify the priors for mu, tau, and k. Line 9 computes the variance from tau
and line 10 computes the standard deviation.

The R program is:

library(rjags)
library("Ecdat")
data(SP500)
r = SP500$r500
N = length(r)
data = list(r = r, N = N)
inits = function(){list(mu = rnorm(1, mean = mean(r),
sd = 2 * sd(r)), tau = runif(1, 0.2/var(r), 2/var(r)),
k = runif(1, 2.5, 10))}
10 tl = proc.time()
11 univt.mcmc <- jags.model("univt.bug", data = data, inits = inits,
12 n.chains = 3, n.adapt = 1000, quiet = FALSE)
13 nthin = 20
14 univt.coda = coda.samples(univt.mcmc, c("mu", "k", "sigma"),
15 100*nthin, thin = nthin)
16 summary(univt.coda, digits = 2)
17 t2 = proc.time()
18 (£2 - t1) / 60
19 pdf ("basic_plot.pdf", width = 4, height = 7) ## Figure 20.4
20 par(mfrow = c(4, 2))
21 plot(univt.coda, auto.layout = F) ## Figure 20.4
22 graphics.off ()
23 gelman.diag(univt.coda)
24 effectiveSize(univt.coda)
25 pdf ("gelman_plot.pdf", width = 6, height = 6) ## Figure 20.6
26 gelman.plot(univt.coda)
27 graphics.off()
28 dic.samples(univt.mcmc, 100*nthin, thin = nthin, type = "pD:)

© ® N O ;oA W N e

Line 6 creates a data list that is given to JAGS and lines 7-9 creates a
function inits() that generates starting values for each chain. The func-
tion jags.model() at lines 11-12 creates an object univt.mcmc of class
jags containing a graphical model description of the model specified in the
file univt.bug. This object is one of the arguments of coda.samples() at
lines 14-15. The function coda.samples() produces an object univt.coda
of class mcmc.list containing MCMC output. Objects of this class can be
used as input to functions in the coda package such as gelman.diag(),
effectiveSize(), gelman.plot(), and summary(). Line 18 prints the
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computation time in minutes. The computation time for this example was
about 6 minutes, but this number is, of course, hardware dependent.
The output from line 16 is:

> summary(univt.coda, digits = 2)

Iterations = 3020:5000
Thinning interval = 20
Number of chains = 3

Sample size per chain = 100

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

Mean SD Naive SE Time-series SE
k 6.0451630 0.5443919 3.143e-02 3.137e-02
mu 0.0005129 0.0001850 1.068e-05 1.071e-05
sigma 0.0103017 0.0002078 1.200e-05 1.146e-05

2. Quantiles for each variable:

2.5% 25% 50% 75% 97.5%
k 5.1407126 5.6780998 6.0380664 6.4039149 7.1849194
mu 0.0001289 0.0003821 0.0005046 0.0006191 0.0008763
sigma 0.0099304 0.0101560 0.0102910 0.0104427 0.0107435

Figure 20.4 produced at line 21 contains trace plots and kernel density esti-
mates for mu, k, and sigma arranged alphabetically. The trace plots are simply
time series plots of the three chains. The interpretation of trace plots is dis-
cussed in Sect. 20.7.5. The Gelman plot produced by line 26 is shown later as
Fig. 20.6.

The diagnostics from lines 23-28 will discuss briefly here and described in
more detail later. The Gelman diagnostics produced by line 23 are:

> gelman.diag(univt.coda)
Potential scale reduction factors:

Point est. Upper C.I.

k 1.00 1.01
mu 1.00 1.01
sigma 1.02 1.06

Multivariate psrf
1.02

The effective sample sizes calculated at line 24 are:
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Fig. 20.4. Trace plots and kernel density estimates in Example 20.9.

> effectiveSize(univt.coda)
k mu sigma
366.8874 300.0000 300.0000

Gelman diagnostics and effective sample sizes are discussed soon in Sect. 20.7.5.
DIC and pp, which are discussed in Sect. 20.7.6 and produced at line 28, are
DIC = —18,062 and pp = 2.664:

> dic.samples(univt.mcmc, 100*nthin, thin = nthin, type = "pD")
| sk sk sk sk ok ok ok ok ok ok ok ok ok ok sk ook ok ok ok ok ok ok Kok ok sk ok ok ok kokkokk | 1007,

Mean deviance: -18065

penalty 2.664

Penalized deviance: -18062
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20.7.5 Monitoring MCMC Convergence and Mixing

The length Ny of the burn-in period must be sufficiently large that the Markov
chain has converged to the stationary distribution by the end of burn-in. The
length N of the chain after burn-in must be large enough that moments,
quantiles, and other quantities computed from the MCMC sample are accurate
estimates of the corresponding characteristics of posterior. Markov chains are
dependent sequences and the chains used in MCMC typically have positive
autocorrelation. Because of the autocorrelation, to achieve accurate estimates
Markov chain samples must be larger, often far larger, than would be necessary
with independent sampling. A chain that moves about the posterior slowly is
said to mix poorly. The slower the mixing of the chain, the larger the sample
size needed for accurate estimation.

In principle, one long Markov chain is all that is needed to sample the
posterior. However, if several chains are generated, then one can compare them
to decide if the burn-in period Ny and chain length N are sufficiently large. If
the amount of between-chain variation in the chain means is large relative to
the within-chain variation, then the chains are mixing poorly. Consequently,
diagnostics for convergence and mixing can be based on between- and within-
chain variation.

Between-chain variability will be artificially low if the chains have similar
starting values. For this reason, it is recommended that the starting values
be randomly sampled from a distribution with greater dispersion than the
posterior. For example, one might use a Gaussian or t-distribution with mean
equal to the MLE and covariance matrix equal to k times the inverse Fisher
information for some k£ > 1, e.g., k = 1.5 or 2.

Example 20.10. Good mizing and poor mixing

Excellent and poor mixing are contrasted in Fig. 20.5. The model is linear
regression with two predictor variables and i.i.d. Gaussian noise. There are two
simulated data sets. In the first data set the predictors are highly correlated
(sample correlation = 0.996). Trace plots for this data set are in the top row.
In the second data set the predictors are independent and the trace plots are
in the middle row. Except for this difference in the amount of collinearity,
the two data sets have the same distributions. In both of these cases, there
are three chains and for each chain there is a burn-in period of Ny = 100
iterations and then 1000 iterations that are retained. In each row, trace plots,
are shown for the three regression coefficients (intercept and two slopes) and
for the residual precision (inverse variance).

In each case the three chains were started at randomly chosen initial values.
The probability distribution was centered at the least-squares and “overdis-
persed” relative to the posterior distribution. Specifically, the regression coeffi-
cients have a Gaussian starting value distribution centered at the least-squares
estimate and with covariance matrix 1.5 times the covariance matrix of the
least-squares estimator. The noise variance had a starting distribution that
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was uniformly distributed between 0.25 and 4 times the least-squares estimate
[e.g., 72 in (9.16)] of the noise variance. By using overdispersed starting values,
one can discover how quickly the chains move from their starting values to the
stationary distribution. The chains for the regression coefficients move very
quickly in the middle row but slowly in the top row. The residual precision is
unaffected by collinearity and moves quickly even in the high collinearity case.
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Fig. 20.5. MCMC analysis of a linear regression model with two predictor variables.
Simulated data. Trace plots of the regression coefficients and residual precision for
three chains. The burn-in period was 100 and the chain lengths are 1000. The trace
plots contain the MCMC output after the burn-in period. The intercept is beta[1] and
the slopes are beta[2] and beta[3]. Top row: The two predictors are highly correlated
and the strong collinearity is causing poor mixing of the regression coefficients. Notice
that the chains have not converged to the stationary distribution by the start of
the sampling period and that the between-chain variation is large. Middle row:
The burn-in period was 100 and the chain lengths are 1000 as in the top row. The
two predictors are independent and there is very good mixing because there is no
collinearity. Notice that the chains have converged to the stationary distribution by
the start of the sampling period and there is little between-chain variation. Bottom
row: Same data set as the top row but with a burn-in period of 5000 and chain
lengths of 30,000. The chains have been thinned so that only every 10th iteration is
retained.
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One solution to poor mixing is to increase the burn-in period and the
chain lengths. The bottom row uses the same data set as in the top row but
with a longer burn-in (5000 iterations) and longer chains (30,000 iterations).
The chains have been thinned so that only every 10th iteration is retained.
Thinning can speed the analysis of the MCMC output by reducing the Monte
Carlo sample size and can improve the appearance of trace plots—a trace plot
of 3 chains of 30,000 iterations each would be almost completely filled in. The
chains appear to have converged to the stationary distribution by the end
of the burn-in and to mix reasonably well over 30,000 iterations (3000 after
thinning).

The BUGS code for this model is:

1 model{

2 for(i in 1:N){

3 y[il ~ dnorm(mul[i],tau)

4 mul[i] <- x[i,1]*betal[1] + x[i,2]*betal[2] + =x[i,3]*betal3]
s}

6 for(i in 1:3)betal[i] ~ dnorm(0,.00001)

7 tau ~ dgamma(0.01,0.01)

s }
The R code is:

1 library(rjags)

2 library(coda)

3 library(mvtnorm)
4+ set.seed(90201)

5 N = 50

6 betal =1

7 beta2 = 2

g alpha =1

o x1 = rnorm(N, mean = 3, sd = 2)

10 x2 = x1 + rnorm(N, mean = 3, sd = 0.2)
11 x = cbind(rep(1l, N), x1, x2)

12 y = alpha + betal * x1 + beta2 * x2 + rnorm(N, mean = 0, sd = 0.2)
13 data = list(y =y, x = x, N =0N)

14 summ = summary(lm(y ~ x1 + x2))

15 betahat = as.numeric(summ$coeff) [1:3]

16 covbetahat = summ$sigma~2 * solve(t(x) %*J} x)

17 inits = function(){list(beta = as.numeric(rmvnorm(n = 1,

18 mean = betahat, sigma=1.5 * covbetahat)),

19 tau=runif (1, 1/(4 * summ$sigma~2), 4 / summ$sigma~2))}

20 regr <- jags.model("lin_reg_vect.bug", data = data, inits = inits,
21 n.chains = 3, n.adapt = 1000, quiet = FALSE)

22 regr.coda = coda.samples(regr, c("beta", "tau"), 1000, thin
23 regr.coda.largeN = coda.samples(regr, c("beta", "tau"),

24 50000, thin = 100)

25 #####  no collinearity #####

26 set.seed(90201)

1)
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rnorm(N, mean = 3, sd = 2)

28 x2 = rnorm(N,mean = 3, sd = 2) + rnorm(N, mean = 3, sd = 0.2)
20 x = cbind(rep(1, N), x1, x2)

30 y = alpha + betal * x1 + beta2 * x2 + rnorm(N, mean = 0, sd = 0.2)
31 data = list(y =y, x = x, N =N)

32 summ = summary(lm(y ~ x1 + x2))

33 betahat = as.numeric( summ$coeff ) [1:3]

34 covbetahat = summ$sigma”2 * solve(t(x) %*% x)

35 inits=function(){list(beta = as.numeric(rmvnorm(n = 1,

36 mean = betahat, sigma = 1.5 * covbetahat)) ,

37 tau=runif (1, 1 / (4 * summ$sigma~2), 4 / summ$sigma~2))}
3s regr.noco <- jags.model("lin_reg_vect.bug", data = data,

39 inits = inits, n.chains = 3, n.adapt = 1000, quiet = FALSE)
40 regr.coda.noco = coda.samples(regr.noco, c("beta", "tau"),

41 1000, thin = 1)

42 pdf ("1inRegMCMC.pdf", width = 7, height = 6)

43 par(mfrow=c(3,4))

44 traceplot(regr.coda)

45 traceplot(regr.coda.noco)

46 traceplot(regr.coda.largeN)

47 graphics.off()

27 x1

O

We now introduce two widely used diagnostics, Rhat and n.eff. Suppose
one samples M chains, each of length IV after burn-in. Let 6; ; be the ith iter-
ate from the jth chain and let ; ; = 1(0; ;) for some scalar-valued function
1. For example, to extract the kth parameter, one would use ¥ (x) = xy, or
1 might compute the standard deviation or the variance from the precision.
We also use ¢ to denote the estimand (8).

Let

N
¢ ;=N""1 Z Vi j (20.33)
i1

be the mean of the jth chain and let
M
P=MTY 4 (20.34)
j=1

@ is the average of the chain means and is the Monte Carlo approximation
to E(¢|Y’). Then define

M

N — — .2
B=ar— (0,-0.) (20.35)

j=1

B/N is the sample variance of the chain means. Define
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N 2
SS=(N=D)TY (Wi —vy) (20.36)

i=1

the variance of the jth chain, and define
M
W=M"1Y"s (20.37)
j=1

W is the pooled within-chain variance. The two variances, B and W, are

combined into

_ N-—1 1
vart (¢|Y) = — W+5B (20.38)

where, as before, Y is the data.
To assess convergence, one can use

S vart(v]Y)
R= — (20.39)

R is called the “potential scale reduction factor” in output produced by the
function gelman.diag(); see the output in Example 20.9. R is also called the
“shrink factor” or sometime the “Gelman shrink factor.”

When the chains have not yet reached the stationary distribution, the
numerator var (1Y) inside the radical is an upward-biased estimate of
var(¢|Y’) and the denominator W is a downward-biased estimator of this
quantity. Both biases converge to 0 as the burn-in period and Monte Carlo
sample size increase. Therefore, larger values of R indicate nonconvergence. If
R is approximately equal to 1, say at most 1.1, then the chains are considered
to have converged to the stationary distribution and var ™ (¢/|Y’) can be used
as an estimate of var(¢|Y"). A larger value of R is an indication that a longer
burn-in period is needed. A small value of R is evidence that the burn-in pe-
riod is adequate, but we need another diagnostic, the effective sample size, to
know if the sampling period was long enough.

The effective sample size of the chain is

—~ +
Nog = My WY) (20.40)
B

The interpretation of N.g is that the Markov chain can estimate the posterior
expectation of ¢ with approximately the same precision as would be obtained
from an independent sample from the posterior of size Neg. (Of course, it is
usually impossible to actually obtain an independent sample, which is why

MCMC is used.)
Neg is derived by comparing the variance of @ from Markov chain sam-

pling with the variance of @ under hypothetical independent sampling. Since
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@ is the average of the means of M independent chains and since B/N is
the sample variance of these M chain means,

B
M= 20.41
5 (2041)

estimates the Monte Carlo variance of @ Suppose instead of sampling M
chains, each of length N, one could take an independent sample of size N*
from the posterior. The Monte Carlo variance of the mean of this sample

would be
var(y]Y)

N*

which can be estimated by
var " (y]Y)

N*
By definition Neg is the value of N* that makes (20.41) equal to (20.42)
and therefore N* is given by (20.40). Because B/N is the sample variance of
M chains and because M is typically quite small, often between 2 and 5, B
has considerable Monte Carlo variability. Therefore, Nog is at best a crude
estimate of the effective sample size.

R and Ngg are computed by the functions gelman.diag() and effective-
Size () in the coda package. The function gelman.plot () in the coda package
plots the R evaluated at various times along the simulation. The documen-
tation for this function notes that “A potential problem with gelman.diag is
that it may mis-diagnose convergence if the shrink factor happens to be close
to 1 by chance. By calculating the shrink factor at several points in time,
gelman.plot shows if the shrink factor has really converged, or whether it is
still fluctuating.” Figure 20.6 shows the Gelman plot from Example 20.9. The
dashed red line is an upper 97.5 % confidence limit. Although R varies during
the simulations, it appears to have converged to values close to 1 by the end
of the simulations.

How large should Neg be? Of course, larger means better Monte Carlo
accuracy, but larger values of Neg require more or longer chains, so we do not
want Neg to be unnecessarily large. The effect of Neg on estimation error can
be seen by decomposing the estimation error ¢ — @ into two parts, which
will be called F; and FEs:

b=t ={v-E@Y)} +{EQ|Y) - ¢. .} = E1 + E». (20.43)

(20.42)

If E{¢|Y} could be computed exactly so that it, not @, would be the es-
timator of v, then E; would be the only error. Fsy is the error due to the
Monte Carlo approximation of E{¢|Y} by E The two errors Fy and Ey are
uncorrelated, so

var{(¢y — . )|[Y} = var(E1|Y) + var(E,|Y)
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Y
= var(¢|Y) + 7\]&32;2 )

= var(¥|Y) (1 + lef)

by the definitions of var(i)|Y) and N.g and using the approximation var
(¥|Y) =~ var(¢|Y). Using the Taylor series approximation v/1+0 ~ 1+ 4/2
for small values of §, we see that

Vvar{( — G )Y} & Vvar(@fY) <1 + 2N1ff> . (20.44)

Recall that \/var{(ip — 1. )|Y} is the “Bayesian standard error.” If Neg > 50,

then we see from (20.44) that the standard error is inflated by Monte Carlo
error by at most 1 %. Thus, one might use the rule-of-thumb that Ng should
be at least 50. Remember, however, that N.g is estimated only crudely because
the number of chains is small. Thus, we might want to have Neg at least 100
to provide some leeway for error in the estimation of Neg.

The value of Neg can vary between different choices of . Recall that the
values of Nog from Example 20.9 were:

> effectiveSize(univt.coda)
k mu sigma
366.8874 300.0000 300.0000

In this example, Nqg is 300 for mu and sigma and only slightly larger for k.
(In more complex models, much greater variation in Neg is common.) In this
example, 300 is the Monte Carlo sample size since there are three chains, each
of length 100 after burn-in and thinning.® Therefore, in this simple example,
MCMC sampling is as effective as independent sampling; this is not a typical
case. R

For convenience, R values in Example 20.9 are listed again:

> gelman.diag(univt.coda)
Potential scale reduction factors:

Point est. Upper C.I.

k 1.00 1.01
mu 1.00 1.01
sigma 1.02 1.06

Multivariate psrf

1.02

3 The effective sample size can be larger than the actual sample size if there is
negative correlation, but negative correlation is unlikely. It is more likely that
some of the effective sample sizes exceed the actual sample sizes due to random
variation, i.e., estimation error.
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One can see that R is at most 1.02 for all of the parameters that were
monitored, which is another indication that the amount of MCMC sampling
was sufficient. Even the 95 % upper confidence limits are satisfactory, at most
1.06.

k mu
2| _.---777 —— median . —— median
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Fig. 20.6. Gelman plot in Example 20.9.

20.7.6 DIC and pp for Model Comparisons

In this section, we introduce two widely used statistics, DIC and pp. DIC is
used to compare several models for the same data set and is a Bayesian analog
of AIC. pp is a Bayesian analog to the number of parameters in the model.

Recall from Sect. 5.12 that the deviance, denoted now by D(Y', 8), is minus
twice the log-likelihood, and AIC defined by (5.29) is

where @y, is the MLE and p is the dimension of 8. A Bayesian analog of the
MLE is the posterior mean, the usual Bayes estimator, which can be estimated
by MCMC.
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We need a Bayesian analog of p, the number of parameters. It may seem
strange at first that we do not simply use p itself as in a non-Bayesian analysis.
After all, the number of parameters has not changed just because we now have
a prior and are using Bayesian estimation. However, the prior information
used in a Bayesian analysis somewhat constrains the estimated parameters,
which makes the effective number of parameters less than p. To appreciate
why this is true, consider an example where there are d returns on equities
that are believed to be similar. Assume the returns have a multivariate normal
distribution. Let’s focus on the d expected returns, call them uq, ..., uq. To a
non-Bayesian, there are two ways to model pq, ..., ug. The first is to assume
that they are all equal, say to u, and then there is only one parameter to model
the means. The other possibility is to assume that the expected returns are
not equal so that there are d parameters.

A Bayesian can achieve a compromise between these two extreme by spec-
ifying a prior such that uq, ..., pugq are similar but not identical. For example,
we could assume that they are i.i.d. N(u,07), and o7 would specify the degree
of similarity. It is important to appreciate that Uu can be estimated from the
data, that is, there is no need to specify in advance the degree of similarity
between the means. The result of using such prior information is that the
effective number of parameters to specify u1, ..., uq is greater than 1 but less
than d.

The effective number of parameters is defined as

pp = Davg — D(Y, ), (20.46)

where

M N
M)TIY D 6

j=11i=1

is the average of the MCMC sample of 8; ; and estimates the posterior expec-

tation of 6, and
R M N
Davg = (NM)™' Y "3 " D(Y, 6, ;)

j=1i=1
is an MCMC estimate of

D, = E{D(Y,0)|Y}. (20.47)
In analogy with (20.45), DIC is defined as

DIC = D(Y,8) + 2pp.
By (20.46), we have as well that

DIC = Dayg + pp-
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The function dic.samples() in the rjags package reports ﬁavg as the “mean
deviance,” pp as the “penalty,” and DIC as the “penalized deviance.” See the
output in Example 20.9.

As the following example illustrates, pp is primarily a measure of the
posterior variability of @, which increases as p increases or the amount of
prior information about 8 decreases relative to the information in the sample.

Ezample 20.11. pp when estimating a normal mean with known precision

Suppose that Y = (Y1,...,Y,) areii.d. N(u, 1), so @ = p in this example.
Then the log-likelihood is

log {L(1)} = %Z(Y u)? — 2 log(2r)
;{Z_: +n(Y—u)2} - glog(%),
and so
D(Y, p) = zn:(n ~Y) 2 +n(Y — p)? + nlog(2n). (20.48)

=1

When pp is computed, quantities not depending on p cancel with the sub-
traction in (20.46). Therefore, for the purpose of computing pp, we can use

D(Y,u) =n(Y — p)?. (20.49)

Then
D{Y,E(u|Y)} ={Y — E(u|Y)}?, (20.50)

and
Dave = n E{(Y — p)*[Y'}
=n({¥ = B(uY)} + E{E@Y) - u}*|Y])
= n[{V = B(uY)}? + Var(u[Y)]
=D{Y,E(u|Y)} +nVar(u|Y), (20.51)

because {Y — E(u|Y)} and {E(u|Y") — i} are conditionally uncorrelated given
Y . Therefore,

Pp = Bavg - D{Yv E(M|Y)}
< Dyg — DAY E(ulY)} = nVar(u]Y) =

20.52
—— ()
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where the last equality uses (20.21) and 7¢ is the prior precision for . The
approximation (“~”) in (20.52) becomes equality as the Monte Carlo sample
size N increases to oco.

As 19 — 0, the amount of prior information becomes negligible and the
right-hand side of (20.52) converges to p = 1. Conversely, as 19 — oo, the
amount of prior information increases without bound and the right-hand side
of (20.52) converges to 0. This is an example of a general phenomenon—more
prior information means less effective parameters. O

Generally, pp ~ p when p is small and there is little prior information. In
other cases, such as when d means are modeled as coming from a common
normal distribution, pp could be considerably less than p—see Example 20.12.

When comparing models using DIC, smaller is better, though, like AIC and
BIC, DIC should never be used blindly. Often subject-matter considerations
or model simplicity will lead an analyst to select a model other than the one
minimizing DIC.

The function dic.sample() returns both DIC and pp, as can be seen in
the output from Example 20.9 which was:

> dic.samples(univt.mcmc, 100*nthin, thin = nthin, type = "pD")
| sk sk ke sk sk sk sk ok ok ko ok e sk sk sk sk sk sk ksk ok sk ks ks ks sk sk sokkskokakok | 1007,

Mean deviance: -18065

penalty 2.664

Penalized deviance: -18062

20.8 Hierarchical Priors

A common situation is having a number of parameters that are believed to
have similar, but not identical, values. For example, the expected returns on
several equities might be thought similar. In such cases, it can be useful to
pool information about the parameters to improve the specification of the
prior, because the use of good prior information will improve the accuracy
of the estimation. A effective method for pooling information is a Bayesian
analysis with a so-called “hierarchical prior” that allows one to shrink the
estimates toward each other or toward some other target. An example of the
latter would be shrinking the sample covariance matrix of returns toward an
estimate from the CAPM or another factor model. This type of shrinkage
would achieve a tradeoff between the high variability of the sample covariance
matrix and the potential bias of the covariance matrix estimator from a factor
model when the factor model does not fit perfectly.

As before, let the likelihood be f(y|@). The likelihood is the first layer (or
stage) in the hierarchy. So far in this chapter, the prior density of 6, which is
the second layer, has been m(0|v), where the parameter vector « in the prior
has a known value, say =,. For example, in Example 20.3 the prior had a beta
distribution with both parameters fixed.
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In a hierarchical or multistage prior, « is unknown and has its own prior
7(|d) (the third layer). Typically,  has a known value, though one can add
further layers to the hierarchy by making é unknown with its own prior, and
so forth.

It is probably easiest to understand hierarchical priors using examples.

Ezample 20.12. Estimating expected returns on midcap stocks

This example uses the midcapD.ts dataset. This data set contains 500
daily returns on 20 midcap stocks and on the market and was used in
Example 5.2.

The data set will be divided into the “training data,” which contains the
first 100 days of returns and the “test” data containing the last 400 days of
returns. Only the training data will be used for estimation. The test data will
be used to compare the estimates from the training data. The test data sample
size was chosen intentionally to be relatively large so that we can consider the
mean returns from the test data to be the “true” expected returns on the 20
stocks, though, of course, this is only an approximation. The “true” expected
returns will be estimated using the training data.

We will compare three possible estimators of the true expected returns.

(a) sample means (the 20 mean returns on the midcap stocks for the first 100
days);

(b) pooled estimation (total shrinkage where every expected return has the
same estimate);

(c) Bayes estimation with a hierarchical prior (shrinkage).

Method (a) is the “usual” non-Bayesian estimator where each expected
return is estimated by the sample mean of that stock. In method (b), every
expected return has the same estimate, which is the “mean of means,” that is,
the average of the 20 means from (a). Bayes shrinkage, which will be explained
in this example, shrinks the 20 individual means toward the mean of means
using a hierarchical prior. Bayesian shrinkage is a compromise between (a)
and (b). Shrinkage was also used in Example 16.10 though in that example
the amount of shrinkage was chosen arbitrarily because Bayesian methods had
not yet been introduced.

Let R;; be the tth daily return on ¢ stock expressed as a percentage. For
Bayesian shrinkage, the first layer will be the simple model

Ry = pi + € g,

where €, + are i.i.d. N(0,02). This model has several unrealistic aspects: (a)
the assumption that the standard deviation of ¢, ; does not depend on 7; (b)
the assumption that € ; and €; 4 are independent (we know that there will
be cross-sectional correlations); (c) the assumption that there are no GARCH
effects; (d) the assumption that the ¢;; are normally distributed rather than
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having heavy tails. Nonetheless, for the purpose of estimating expected re-
turns, this model should be adequate. Remember, “all models are wrong but
some models are useful,” and, of course, what is “useful” depends on the
objectives of the analysis.

The hierarchy prior has second layer

Wi ~ iid. N(mai).

The assumption here is that the expected returns for the 20 midcap stocks
have been sampled from a large population of expected returns, perhaps of
all midcap stocks or even a larger population. The mean of that population
is a and the standard deviation is o,.

If we used a non-hierarchical prior, then we would need to specify values
of a and o0,,. This is exactly what was done in Example 20.4, except in that
example o2 also was known. We probably have a rough idea of the values of
a and o0y, but it is unlikely that we have precise information about them, and
we saw in Example 20.4 that a rather accurate specification of the prior is
needed for the Bayes estimator to improve upon the sample means. In fact,
the Bayes estimator can easily be inferior to the sample means if the prior is
poorly chosen.

The third layer will be a prior on o and o, and will let us use the data to
estimate these parameters. It is important to appreciate why we can estimate
a and o0, in this example, but they could not be estimated in Example 20.4.
The reason is that we now have 20 expected returns (the u;) that are dis-
tributed with the same mean o and standard deviation o,. In contrast, in
Example 20.4 there is only a single 1 and so it not possible to estimate the
mean and variance of the population from which this p was sampled.

Because there is now a substantial amount of information in the data about
a, 02, and o7, we could use fairly noninformative priors for them to “let the
data speak for themselves.”

The BUGS program for this example is:

1 model{
2 for (i in 1:n)
s {
4 for (j in 1:m)
s A
6 x1[i,j] ~ dnorm(mul[j], tau_eps)
_
s )
o for (j in 1:m)
10{
11 mul[j] ~ dnorm(alpha, tau_mu)
12
}

-
w

alpha ~ dnorm(0.0, 1.0E-3)
tau_eps ~ dgamma(0.1, 0.01)
tau_mu ~ dgamma(0.1, 0.01)

-
'S

[
o
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16 sigma_eps <- 1 / sqrt(tau_eps)
17 sigma_mu <- 1 / sqrt(tau_mu)

18}
The R code for this example is below:

1 library(rjags)

2 dat = read.csv("midcapD.ts.csv")

3 market = 100 * as.matrix(dat[, 22])

4 x = 100 * as.matrix(dat[, -c(1, 22)])

5 m = 20

¢ k = 100

7 x1 = x[1:k, ]

s x2 = x[(k+1):500, 1]

o mul = apply(xl, 2, mean)

10 mu2 = apply(x2, 2, mean)

11 means = apply(xl, 2, mean)

12 sd2 = apply(x1l, 2, sd)

13 tau_mu = 1 / mean(sd272)

14 tau_eps = 1 / sd(means) 2

15 n =k

16 data = list(x1 = x1, n=n, m = m)

17 inits.midCap = function(){list(alpha = 0.001, mu = means,

18 tau_eps = tau_eps, tau_mu = tau_mu)}

19 midCap <- jags.model("midCap.bug", data = data, inits = inits.midCap,
20 n.chains = 3, n.adapt = 1000, quiet = FALSE)

21 nthin = 20

22 midCap.coda = coda.samples(midCap, c("mu", "tau_mu", "tau_eps",
23 "alpha", "sigma_mu", "sigma_eps"), 500 * nthin, thin = nthin)
24 summ.midCap = summary(midCap.coda)

25 summ.midCap

26 post.means = summ.midCap[[1]][2:21, 1]

27 pdf ("midcap.pdf", width = 6, height = 3.75)

28 par(mfrow = c(1, 2))

290 plot(c(rep(1, m), rep(2, m)), c(mul, mu2),

30 xlab = "estimate target",ylab = "mean",
31 main = "sample means",
32 ylim = ¢(-0.3, 0.7), axes = FALSE)

33 axis(2)

34 axis(1, labels = FALSE, tick = TRUE, lwd.tick = 0)

35 for (1 in 1:m){lines(1:2, c(mul[il, mu2[i]), col = i)}
36 plot(c(rep(l, m), rep(2, m)), c(post.means, mu2),

37 xlab = "estimate target", ylab = "mean",
38 main = "Bayes",
39 ylim=c(-0.3, 0.7), axes = FALSE)

10 axis(2)

41 axis(1, labels = FALSE, tick = TRUE, lwd.tick = 0)

a2 for (i in 1:m){lines(1:2, c(post.means[i], mu2[i]) ,col=i)}
43 graphics.off()

44 options(digits = 2)
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45 sum((mul - mu2)°2 )
46 sum((post.means - mu2)~2)
47 sum((mean(mul) - mu2)"2)

The output is below.

> summ.midCap

Iterations = 20:10000
Thinning interval = 20
Number of chains = 3

Sample size per chain = 500

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

Mean SD Naive SE Time-series SE
alpha 0.08730 0.102433 2.645e-03 3.101e-03
mul[1] 0.11121 0.171456 4.427e-03 4.546e-03
mu[2] 0.12128 0.169230 4.369e-03 4.892e-03
mu[3] 0.07871 0.170849 4.411e-03 4.702e-03

(edited to save space)

mu[19] 0.05082 0.175466 4.531e-03 4.422e-03
mu [20] 0.03997 0.184614 4.767e-03 4.873e-03
sigma_eps 4.30691 0.067810 1.751e-03 1.629e-03
sigma_mu 0.14970 0.067054 1.731e-03 1.671e-03
tau_eps 0.05395 0.001699 4.386e-05 4.074e-05
tau_mu 75.70128 68.715669 1.774e+00 1.738e+00
2. Quantiles for each variable:

2.5% 259, 50% 75% 97.5%
alpha -0.11465 0.017800 0.08600 0.15560 0.29111
mu[1] -0.21768 -0.001040 0.10910 0.21864 0.43408
mu [2] -0.21107 0.018025 0.11704 0.22382 0.47727
mu [3] -0.27262 -0.032547 0.08392 0.19634 0.40900

(edited to save space)

mu [19] -0.30441 -0.059642 0.05612 0.16521 0.38525
mu [20] -0.34436 -0.069959 0.04462 0.16479 0.37048
sigma_eps 4.17808 4.261352 4.30714 4.35226 4.43733
sigma_mu 0.06155 0.100600 0.13853 0.18225 0.31293
tau_eps 0.05079 0.052792 0.05390 0.05507 0.05729

tau_mu 10.21311 30.107752 52.10738 98.81013 263.94725

The posterior means of ¢, and o, are 0.150 % and 4.31 %, respectively
(the returns are as percentages). If we look at precisions instead of standard
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deviations, then we find that the posterior means of 7, and 7. are 75.7 and
0.0540. Using the notation of (20.24), in the present example 7y is 1007, = 5.4
and 79 = 7, = 75.7. Therefore, ¢ in (20.24) is 5.4/(5.4 + 75.7) = 0.067. Recall
that ¢ close to 0 (far from 1) results in substantial shrinkage, so § equal to
0.064 causes a great amount of shrinkage of the sample means toward the
mean of means, as can be seen in Fig. 20.7.

To compare the estimators, we use the sum of squared errors (SSE)
defined as

20
SSE = > (i — ),
i=1

where p; is the ith “true” mean from the test data and [i; is an estimate from
the training data. The values of the SSE are found in Table 20.1. The SSE
for the sample means is about 11 (1.9/0.18) times larger than for the Bayes
estimate. Clearly, shrinkage is very successful in this example.

Interestingly, complete shrinkage to the pooled mean is even better than
Bayesian shrinkage. Bayesian shrinkage attempts to estimate the optimal
amount of shrinkage, but, of course, it cannot do this perfectly. Although
complete shrinkage is better than Bayesian shrinkage in this example, com-
plete shrinkage is, in general, dangerous since it will have a large SSE in
examples where the true means differ more than in this case. If one has a
strong prior belief that the true means are very similar, one should use this

sample means Bayes

mean
mean

N
S -

estimate target estimate target

Fig. 20.7. Estimation of the average returns for 20 midcap stocks. “Target” is the
quantity being estimated, specifically the average return over 400 days of test data.
“Estimate” is an estimate based on the 100 previous days of training data. On the
left, the estimates are the 20 individual sample means. On the right, the estimates are
the sample means shrunk toward their mean. In each panel, the estimate and target
for each stock are connected by a line. On the left, the sample means of the training
data are so variable that the stocks with smaller (larger) means in the training data
often have larger (smaller) means in the test data. The Bayes estimates on the right
are much closer to the targets.
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belief when specifying a prior for o,,. Instead of using a noninformative prior
as in this example, one would use a prior more concentrated near 0. (]

Table 20.1. Sum of squared errors (SSE) for three estimators of the expected
returns of 20 midcap stocks.

Estimate SSE
(a) sample means 1.9
(b) pooled mean 0.12
(c) Bayes 0.18

20.9 Bayesian Estimation of a Covariance Matrix

In this section, we assume that Yq,...,Y, is an ii.d. sample from a d-
dimensional N(p,X) distribution or a d-dimensional ¢,(u, A) distribution.
We will focus on estimation of the covariance matrix X of a multivariate nor-
mal distribution or the scale matrix A of a multivariate t-distribution. The pre-
cision matriz is defined as X! or A™! for the Gaussian and ¢-distributions,
respectively. This definition is analogous to the univariate case where the pre-
cision is defined as the reciprocal of the variance or squared scale parameter.
We will start with Gaussian distributions.

20.9.1 Estimating a Multivariate Gaussian Covariance Matrix

In the multivariate Gaussian case, the conjugate prior for the precision ma-
trix X! is the Wishart distribution. The Wishart distribution, denoted by
Wishart(v, A), has a univariate parameter v called the degrees of freedom and
a matrix parameter A that can be any nonsingular covariance matrix. There
is a simple definition of the Wishart(v, A) distribution when v is an integer.
Let Z;,...,Z, be iid. N(u, A). In this case, the distribution of

n

D (Zi—uw)(Zi-w)'

i=1
is Wishart(n, A). Also, the distribution of

zn:(zi -2)(2:-2)" (20.53)

i=1

is Wishart(n — 1, A). Because the sum in (20.53) is n — 1 times the sample
covariance matrix, the Wishart distribution is important for inference about
the covariance matrix of a Gaussian distribution.
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The density of a Wishart(v, A) distribution for any positive value of v is
1
W) = Clw,d) | A~/ W[40/ exp {—Qtrmlm} (20.54)

with normalizing constant

¢ v+1—1
_ Jovd/2 _d(d—1)/4 -
C(v,d) {2 ™ | I r ( 5 )}

=1

The argument W is a nonsingular covariance matrix. The expected value is
E(W) = vA. In the univariate case (d = 1), the Wishart distribution is a
gamma distribution.

If W is Wishart(v, A) distributed, then the distribution of W™ is called
the inverse Wishart distribution with parameters v and A~ and denoted
Inv-Wishart(v, A~1).

Let Y = (Y4,...,Y,) denote the data. To derive the full conditional for
the precision matrix X!, assume that g is known. We know from (7.15) that
the likelihood is

n

1127 =TT | g o0 {50 - 05— w .

i=1

After some simplification,

i=1

Y7 o | BT 2 exp {—; Z(Yi - ENY, - M)} :

Define

Next

V- Z N (YVi—p) =tr {Z(Yi —p)TENY, - u)} = tr(Z7'S).
i=1 i=1

(20.55)
The first equality in (20.55) is the trivial result that a scalar is also a 1 x 1
matrix and equal to its trace. The second equality uses the result that
tr(AB) = tr(BA) for any matrices B and A such that the products BA
and AB are defined. If follows that

fY|1ZY o | 272 exp {—;tr(Z'lS)}. (20.56)

Suppose that the prior on the precision matrix X~ is Wishart(uo,Z‘al).
Then the prior density is
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1
(X7 o | X7 omd= /2 oxp {—Qtr(Z'_lEg)} . (20.57)

Since the posterior density is proportional to the product of the prior den-
sity and the likelihood, it follows from (20.56) and (20.57) that the posterior
density is

7_((2,_1|Y) - |2—1‘(n+u0—d—1)/2 exp |:—;t1“ {2—1(5 + 2’0)}:| . (2058)

Therefore, the posterior distribution of X~ is Wishart{n + v, (S + Z‘O)*l}.
The posterior expectation is

B(ZTY) = (n+w) {(S+ o)~} (20.59)
If vy and Xy are both small, then
EX'Y)~nS* (20.60)

The MLE of X is n~1S, so the MLE of X! is nS™!. Therefore, for small
values of 1y and ¥, the Bayesian estimator of X ~1 is close to the MLE.

The full conditional for X' can be combined with a model for g to
estimate both parameters. For application to asset returns, a hierarchical prior
for p such as in Example 20.12 might be used. In either case, an MCMC
analysis would be straightforward.

20.9.2 Estimating a Multivariate-t Scale Matrix

The Wishart distribution is not a conjugate prior for the scale matrix of a
multivariate t-distribution, but it can be used as the prior nonetheless, since
MCMC does not require the use of conjugate priors.

Ezample 20.13. Estimating the correlation matriz of the CRSPday data

In Example 7.4, the correlation matrix of the CRSPday returns data was
estimated by maximum likelihood. In this example, the MLE will be compared
to a Bayes estimate and the two estimates will be found to be very similar.
The BUGS program used in this example is

modelq{
for(i in 1:N)
{

y[i,1:m] ~ dmt(mu[], taul,], df_likelihood)
}
mu[l:m] ~ dmt(muO[], Prec_mul,], df_prior)
taul[l:m,1:m] ~ dwish(Prec_taul,], df_wishart)

lambdal[l:m,1:m] <- inverse(taul,])

}
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In the BUGS program, mu is the mean vector, tau is the precision matrix,
lambda is the scale matrix of the returns. Also, dmt is the multivariate-t
distribution, and dwish is the Wishart distribution.

At the time of this writing (Dec 2014), JAGS does not have a sampler that
will sample the posterior from this model. Therefore, WinBUGS will be used
and will be called using the bugs () function in the R2WinBUGS package. The
R code is below.

1 library(R2WinBUGS)

2> library(MASS) # need to mvrnorm

3 library(MCMCpack) # need for rwish
4 library(mnormt)

5 data(CRSPday, package = "Ecdat")

6 y = CRSPdayl[,4:7]

7 N = dim(y) [1]

dim(y) [2]

o mu0 = rep(0,m)

10 Prec_mu = diag(rep(l, m)) / 10000
11 Prec_tau = diag(rep(1, m)) / 10000
12 df _wishart = 6
13 df_likelihood
14 df_prior = 6
15 data = list(y = y, N = N, Prec_mu = Prec_mu,

8 m

6

16 Prec_tau = Prec_tau,
17 mu0 = mu0, m = m, df_likelihood = df_likelihood,
18 df _prior = df_prior, df_wishart = df_wishart)

19 inits_t_CRSP = function(){list(mu = mvrnorm(1, muO,
20 diag(rep(1, m) / 100)),

21 tau = rwish(6, diag(rep(1, m)) / 100))}

22 library (R2WinBUGS)

23 multi_t.sim = bugs(data, inits_t_CRSP ,

24 model.file = "mult_t_CRSP.bug",

25 parameters = c("mu", "tau"), n.chains = 3,

26 n.iter = 2200, n.burnin = 200, n.thin = 2,

27 program = "WinBUGS", bugs.seed = 13, codaPkg = FALSE)
28 print(multi_t.sim, digits = 2)

20 tauhat = multi_t.sim$mean$tau

30 lambdahat = solve(tauhat)

31 sdinv = diag(1/sqrt(diag(lambdahat)))

32 cor = sdinv %*}% lambdahat %*’ sdinv

33 print(cor,digits=4)

The data list that is an input to the BUGS program contain y which is
the matrix of returns, df _1ikelihood which is the degrees of freedom of the
t-distribution in the likelihood, mu0 which is the prior mean for mu, df _prior
which is the degrees of freedom in the ¢ prior on mu, and df _wishart which
is the degrees of freedom of the Wishart prior on tau.

Ideally, df _likelihood should be an unknown parameter, but WinBUGS
does not allow this parameter to be estimated. Instead, we fix it at the MLE
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(rounded to 6) computed in Example 7.4. The need to fix this parameter at
the MLE is due to limitations of WinBUGS and could, with considerably more
effort, be circumvented by programming the MCMC in R or another language
rather than using WinBUGS.

Note that codaPkg = FALSE was specified in the call to bugs(); this was
not necessary since it is the default. When codaPkg = FALSE then bugs() re-
turns an object of class bugs which cannot be used directly by functions in the
coda package since these functions take objects of class mcmc.1list. However,
the function as.mcmc.list() will convert a bugs object to an mcmc.list
object.

There were three chains, each of length 2000 after a burn-in of 200 and
thinned to every second iteration. Thus, the total sample size was 3000 after
thinning. The convergence to the stationary distribution and mixing were
both quite rapid. Neg was at least 1500 and R essentially 1 for all parameters,
which indicate adequate burn-in and chain lengths.

> print(multi_t.sim, digits = 2)

Inference for Bugs model at "mult_t_CRSP.bug", fit using WinBUGS,

3 chains, each with 2200 iterations (first 200 discarded), n.thin = 2

n.sims = 3000 iterations saved
mean sd 2.5% 25% 50% 75% 97.5% Rhat n.eff

mu[1] 0 0 0 0 0 0 0 1 3000
mu [2] 0 0 0 0 0 0 0 1 3000
mu [3] 0 0 0 0 0 0 0 1 3000
mu [4] 0 0 0 0 0 0 0 1 1800
taul[1,1] 14706 473 13780 14390 14690 15020 15630 1 3000

(edited to save space)

taul[4,4] 65197 2102 61180 63738 65190 66600 69360 1 3000
deviance -69858 61 -69980 -69900 -69860 -69820 -69730 1 3000

For each parameter, n.eff is a crude measure of effective sample size,
and Rhat is the potential scale reduction factor (at convergence, Rhat=1).

DIC info (using the rule, pD = Dbar-Dhat)
pD = 13.8 and DIC = -69843.9
DIC is an estimate of expected predictive error (lower deviance is better).

Since p is close to zero, multi_t.sim needed to be printed again, this time
with more digits than 2:

mean sd 2.5% 25% 507% 75% 97.5% Rhat n.eff
mu[1] 9.4e-04 2.4e-04 4.6e-04 7.7e-04 9.4e-04 1.1e-03 1.4e-03 1 3000
mu[2] 4.4e-04 2.9e-04 -1.3e-04 2.4e-04 4.6e-04 6.4e-04 1.0e-03 1 3000
mu[3] 6.9e-04 2.3e-04 2.3e-04 5.3e-04 6.9e-04 8.4e-04 1.1e-03 1 3000
mu [4] 7.7e-04 1.3e-04 5.1e-04 6.8e-04 7.7e-04 8.6e-04 1.0e-03 1 1800

The Bayes estimate of the precision matrix was converted to a correlation
matrix at lines 29-33 of the R program. The estimated correlation matrix is
below.

(.11 [,21  [,31  [,4]
[1,] 1.0000 0.3191 0.2841 0.6756
[2,] 0.3191 1.0000 0.1586 0.4696
[3,] 0.2841 0.1586 1.0000 0.4300
[4,] 0.6756 0.4696 0.4300 1.0000
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In Example 7.4, the MLE of the correlation matrix was found to be

$cor

[,1] [,2] [,3] [,4]
[1,]7 1.0000 0.3192 0.2845 0.6765
[2,] 0.3192 1.0000 0.1584 0.4698
[3,] 0.2845 0.1584 1.0000 0.4301
[4,] 0.6765 0.4698 0.4301 1.0000

Notice the similarity between the Bayes estimate and the MLE. O

20.9.3 Non-Wishart Priors for the Covariate Matrix

We saw in Example 20.13 that a Wishart prior with noninformative choices
of the prior parameters more or less replicates maximum likelihood estima-
tion. Often, however, one wishes to shrink the covariance matrix toward some
target, perhaps a estimate from a factor model. See Example 20.16.

20.10 Stochastic Volatility Models

Stochastic volatility models are an alternative to GARCH models for modeling
conditional heteroscedasticity. In the ARIMA/GARCH models of Chap. 14,
there was a single white noise process that drove both the conditional mean
and the conditional variance. In contrast, stochastic volatility models use one
white noise process to drive the conditional expectation and another to drive
the conditional variance. Therefore, stochastic volatility models are more chal-
lenging to fit because the unobserved volatility process is driven by its own
white noise process, which, of course, is also unobserved; see (20.63) below.
Bayesian analysis is particularly good at dealing with unobserved variables
and seems the best way to meet the challenge of fitting stochastic volatility
models.
We will illustrate stochastic volatility models with the model

k
Yi=p+ Y BiXjs+a (20.61)

j=1

where Y; is an observed process, e.g., the returns on an asset, and X, j =
1,...,k, is the jth covariate at time ¢ and could be a lagged value of Y;.
Also, a; is a weak white noise process with conditional heteroscedasticity.
Specifically,

ay =/ hth (2062)
where log(h;) follows the ARMA (p,q) process

p q
log(hs) = Bo + > ¢jlog(he—j) + Y Ojv—j + vt, (20.63)

Jj=1 Jj=1
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€; and vy are mutually independent iid white noises, and Var(e;) = 1. No-
tice from (20.62) that v/h; is the conditional standard deviation of Y;. As
mentioned above, none of the variables in (20.63) are observable.

Ezample 20.14. Fitting an ARMA(1,1) stochastic volatility model to the S€P
500 stock returns

As an illustration, model (20.61)—(20.63) will be fit to daily S&P 500 log
returns from January 2011 through October 2014. Model (20.61) will be used
with no covariates so that Y; = p + a;. An ARMA(1,1) stochastic volatility
model will be used so that log(h;) = 5o + ¢log(hi—1) + Ovi—1 + ve. In (20.62)
¢; has a t-distribution.

A BUGS program to fit the stochastic volatility model is below.

model

1
2 {

3 for (i in 1:N)

a A

5 y[i] = dt(mu, tauli]l, nu)
6}

7 logh[1] ~ dnorm(0, 1.0E-6)
8 for(i in 2:N)

9

{
10 logh[i] ~ dnorm(beta0 + phi * logh[i-1] + theta * v[i-1], tau_v)
11 v[i] <- logh[i] - beta0 + phi * loghl[i-1] + theta * v[i-1]
12 }
13 for (i in 1:N)
A
15 taul[i] <- exp(-logh[il)
16 h[i] <- 1/tauli]
1w}

18 mu ~ dnorm(0.0, 1)

19 betal0 ~ dnorm(0, 0.0001)
20 phi ” dnorm(0.4, 0.0001)
21 theta ~ dnorm(0, 0.0001)
22 tau_v ~ dgamma(0.01, 0.01)
23 v[1] ~ dnorm(0, 0.001)

24 nu ~ dunif(1,30)

25 sigma_v <- 1 / sqrt(tau_v)

2}

Line 5 specifies the likelihood conditional on h;. Line 7 gives a prior for the
hi. Lines 8-12 specify model (20.63) starting at ¢ = 2 with p = ¢ = 1; line 23
gives v1 a noninformative prior to start this recursion. Lines 18-25 specify
diffuse priors on u, By, ¢, 0, and o,,.

S&P 500 prices from Jan 3, 2011 to Oct 31, 2014 are in the file S&
P500 new.csv. There are 964 log returns starting on Jan 4, 2011. The fol-
lowing R code computes the log returns and fit the stochastic volatility model
to the log returns. The MCMC took about 10 minutes.
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library(rjags)

dat = read.csv("S&P500_new.csv")

prices = dat$Adj.Close

y = diff(log(prices))

##### get initial estimates #HH#HH##

N = length(y)

logy2 = log(y~2)

fitar = 1m(logy2[2:N] ~ logy2[1:(N - 1)1)

betal0Init = as.numeric(fitar$coef[1])

phiInit = as.numeric(fitar$coef[2])

sfitar = summary(fitar)

taulnit = 1/sfitar$sigma”2

#####  Set up for MCMC #i####

N = length(y)

data = list(y =y, N = N)

inits_stochVol_ARMA11 = function(){list(mu = rnorm(1l, mean = mean(y),
sd = sd(y) / sqrt(N)), logh = log(y~2),
beta0 = runif(1, betaOInit * 1.5, betaOInit/1.5),
phi = runif(1,philnit / 1.5, philnit * 1.5),
tau_v = runif(1, taulnit / 1.5, taulnit * 1.5),
theta = runif(1, -0.5, 0.5))}

stochVol_ARMA11 <- jags.model("stochVol_ARMA1l1l.bug", data = data,
inits = inits_stochVol_ARMA11,
n.chains = 3, n.adapt = 1000, quiet = FALSE)

nthin = 20

stochVol_ARMA.coda = coda.samples(stochVol_ARMA11, c("mu", "betaO",
"phi", "theta", "tau_v", "nu", "tau"), 100 * nthin, thin = nthin)

summ_stochVol_ARMA11 = summary(stochVol_ARMA.coda)

head (summ_stochVol_ARMA11[[1]], 8)

tail (summ_stochVol_ARMA11[[1]], 8)

dic.stochVol_ARMA11 = dic.samples(stochVol_ARMA11, 100 * nthin,
thin = nthin, type = "pD")

dic.stochVol_ARMA11

Lines 8-12 compute rough initial values for 3y, ¢, and o, by using Y;? a proxy
for h; and regressing log(Y;?) on log(Y%,).

Since nearly 1000 variables are monitored, we do not want to look at the

output for all of them. Instead, the MCMC output is summarized for Sy, p,
¢, 0, 7y, and the first and last few h;.

> head(summ_stochVol_ARMA11[[1]], 8)

Mean SD Naive SE Time-series SE
beta0 -1.327118e+01 6.986557e+00 4.033691e-01 2.956974e+00
mu 8.977085e-04 2.290611e-04 1.322485e-05 1.197846e-05
nu 2.116160e+01 5.785812e+00 3.340440e-01 3.884508e-01
phi 3.651321e-05 2.254858e-02 1.301843e-03 8.364831e-03
tau[1] 2.379568e+05 4.180067e+05 2.413363e+04 2.413332e+04
tau[2] 6.815322e+04 5.764209e+04 3.327968e+03 3.933972e+03
tau[3] 6.472217e+04 5.089951e+04 2.938685e+03 3.247533e+03



626 20 Bayesian Data Analysis and MCMC

tau[4]

tau[959]
tau[960]
tau[961]
tau[962]
tau[963]
tau[964]
tau_v

theta

6.030660e+04 4.190914e+04 2.419625e+03
> tail (summ_stochVol_ARMA11[[1]], 8)

Mean

1.328635e+04
1.468882e+04
1.318162e+04
1.514622e+04
1.
1
5
4

574039e+04

.403511e+04
.161879e+00
.819691e-01

> dic.stochVol_ARMA11
Mean deviance: -6653
penalty 119.6

Penalized deviance:

DIC and pD are called the “penalized deviance” and the “penalty” in
the output of dic.samples() and in this example are —6536 and 127.3,
respectively.

20.11 Fitting GARCH Models with MCMC
Like stochastic volatility models, GARCH models are easy to fit by MCMC.

One reason for fitting a GARCH model with BUGS is that this model can then
be compared using DIC with a stochastic volatility model that is also fit using

BUGS.

The following BUGS program fits a GARCH(1,1) model with ¢-distributed
noise. This program runs under JAGS but crashes with no useful error messages

SD

7.236487e+03
8.124815e+03
7.091475e+03
8.
1
8
1
1

918848e+03

.065051e+04
.598674e+03
.409690e+00
.219201e-02

-6533

2.815956e+03

Naive SE Time-series SE

4.177988e+02
4.690864e+02
4.094265e+02
5.
6
4
8
7

149299e+02

.149072e+02
.964447e+02
.138847e-02
.039058e-04

under OpenBUGS and WinBUGS. The model is

1 model{

g + Ozﬂl?,l + Brhi_1

Yt = ptag
ar = /e
hy =

e ~t,(0,1).

2 for (t in 1:N)

4 y[t] © dt(mu, taul[t], nu)
5 alt] <= y[t] - mu
6  taul[t] <- 1/h[t]

!

s for (t in 2:N)

o {

4.
.062925e+02
.959164e+02
.163099e+02
.165450e+02
.021540e+02
.765265e-01
.262414e-03

W= 0000w,

432135e+02

10 h[t] <- alphaO + alphal * pow(a[t-1], 2) + betal * h[t-1]
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}

mu ~ dnorm(0O, 0.001)

h[1] ~ dunif(0, 0.0012)
alpha0 ~ dunif(0, 0.2)
alphal ~ dunif(0.00001, 0.8)
beta0 ~ dunif(0.00001, 0.8)
nu ~ dunif(1,30)

}

627

Ezample 20.15. Fitting a GARCH(1,1) model to the SE&P 500 stock returns

The following R code fits a GARCH(1,1) model to the data in Example 20.14.

1

20

21

library(rjags)

dat = read.csv("S&P500_new.csv")

prices = dat$Adj.Close

y = diff(log(prices))

N = length(y)

data = list(y =y, N = N)

inits_garchill = function(){list(alpha0 = runif(1, 0.001, 0.25),
betal = runif(1, 0.001, 0.25), mu = runif(1, 0.001, 0.25),
alphal = runif(1, 0.001, 0.25), nu = runif(1l, 2, 10))}

garchll <- jags.model("garchll.bug", data=data,
inits = inits_garchll,
n.chains = 3, n.adapt = 1000, quiet = FALSE)

nthin = 20

garchll.coda = coda.samples(garchll,c("mu", "betal", "alphaO",
"alphal", "nu", "tau"), 100*nthin, thin = nthin)

dic.garchll = dic.samples(garchll, 100*nthin, thin = nthin)

dic.garchil1l

diffdic(dic.garchll, dic.stochVol_ARMA11)

summ_garchll = summary(garchll.coda)

head (summ_garch11[[1]1])

tail (summ_garch11[[1]])

The output is below.

> dic.garchill

Mean deviance: -6508

penalty 5.737

Penalized deviance: -6502

> diffdic(dic.garchll, dic.stochVol_ARMA11)
Difference: 30.90573

Sample standard error: 15.12843

> head (summ_garch11[[1]])

Mean SD Naive SE Time-series SE
alphaO 3.875413e-06 9.405668e-07 5.430365e-08 6.060383e-08
alphal 1.287614e-01 2.170856e-02 1.253344e-03  1.465383e-03
betal 7.677071e-01 2.621658e-02 1.513615e-03  1.870831e-03
mu 8.663882e-04 2.290809e-04 1.322599e-05 1.247927e-05
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Fig. 20.8. The conditional standard deviations of the log returns estimated by the
stochastic volatility model in Example 20.14 and the GARCH(1,1) model.

nu 7.570399e+00 1.990408e+00 1.149163e-01 1.077795e-01
tau[1] 7.432585e+04 1.242142e+05 7.171511e+03 7.376238e+03
> tail(summ_garch11[[1]])

Mean SD Naive SE Time-series SE
tau[959] 10765.65 1050.613 60.65714 56.26545
tau[960] 12495.45 1207.416 69.71019 64.84224
tau[961] 15145.85 1500.491 86.63091 81.57595
tau[962] 14266.32 1339.490 77.33549 72.44932
tau[963] 17144.03 1653.541 95.46724 90.31518
tau[964] 19112.62 1869.545 107.93821 107 .54300

Line 18 of the R code uses the function diffdic() in the rjags package to
compare the stochastic volatility and GARCH models by DIC. In the output
from diffdic(), we see that DIC for the GARCH model is larger than for
the stochastic volatility model; the difference between the two DIC values is
30.9 but with a standard error of 15.1. Figure 20.8 compares the estimates of
the conditional standard deviations of the log returns by the two models. Fig-
ure 20.9 compares the ACF’s of the squared standardized residuals* from the
two models and also assuming that the log returns are i.i.d. Despite the large
difference in DIC, the two models are about equally successful in modeling
the conditional heteroscedasticity.

O

4 A residual is standardized by dividing it by its conditional standard deviation.
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Fig. 20.9. ACF’s of the squared standardized residuals. (a) Assuming a constant
conditional standard deviation. The model is Ry = p + € where € is independent
white noise. (b) Assuming an ARMA(1,1) stochastic volatility model. (c) Assuming
a GARCH(1,1) model.

20.12 Fitting a Factor Model

Factor models can be fit easily using JAGS. An advantage of a Bayesian analysis
of a factor model is that a hierarchial model can be used to shrink the betas
towards each other.

Ezample 20.16. Fitting a one factor model to stock returns

In this example, the factor will be the returns on the S&P 500 so this is a
Bayesian version of the CAPM. The model that will be used is

Rj = BjRumt + €t

where, as in Chap. 17, R;; is the return on the j stock at time ¢, j =1,..., 10,
and Rpr; is the return on the S&P 500 at time ¢. It is assumed that for
j=1,...,10, {€;+, t = 1,...} are mutually independent i.i.d. white noise
processes with var(e;;) = 0627 ;- For simplicity we have assumed that all the
alphas are zero.

We will put a hierarchical on 1, ..., 810, specifically

Bj ~ N(ug,03),

with non-informative priors on pg and 0'?3.

The BUGS program is below. At line 11, pg is called meanbeta and 052 is

called taubeta. Also, tauepsilon on line 6 is o 2.

1 model{

2 for (t in 1:N)
s |

4 for (j in 1:m)
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{

5
6
g }
8
9

R[t,j] ~ dnorm(beta[j]l*mkt[t], tauepsilon[j])

}
for (j in 1:m)
10 {
11 betal[j] ~ dnorm(meanbeta, taubeta)
12 tauy[j] ~ dgamma(0.1, 0.001)
13}
14 meanbeta ~ dnorm(1, 0.000001)
15 taubeta ~ dunif (1, 100)

!

This example is a continuation of Example 16.11 in that it uses the stock
price data in the file Stock Bond.csv. Since there are nearly 5000 days of
returns, one can create 20 blocks of returns, each block with 250 days except
that the last block would be somewhat short of 250. Each block can be used
for training (parameter estimation) and the next block for testing.

The R program below illustrates this strategy using only the first two
blocks, the first as training data and the second as test data. During training,
the optimal allocation vector w is estimated. Here “optimal” means maximiz-
ing the expected utility of the returns using the utility function

U(R;\) =1—exp{—A(1+R)}. (20.64)

The value of A is set equal to 3 at line 38 of the R code. A value of A in

the range 2 to 8 is reasonable since these are daily returns and typically in

the range +0.05. Also, in (20.64) we are implicitly assuming that the initial

wealth is equal to 1, since the initial wealth is not explicitly included there.
The first part of the R program fits the factor model:

library(rjags)
dat = read.csv("Stock_Bond.csv")
y = dat[, (3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 22)]

n = dim(y) [1]

m = dim(y) [2] - 1
r=y[-1,1/ ylmn, 1-1
k1 = 250

k2 = k1 + 250

© N o ;A W N

rtrain = r[1:k1, 1:m]
mkt_train = r[1:k1, 11]
rtest = r[(ki+1):k2, 1:m]
data = list(R = rtrain, N = k1, mkt = mkt_train, m = m)
inits.Capm = function(){list(beta = rep(1,m))}
Capm.jags <- jags.model("BayesCapm.bug.R", data = data,
inits = inits.Capm, n.chains = 1, n.adapt = 1000, quiet = FALSE)
nthin = 10
N = 500
Capm.coda = coda.samples(Capm. jags,
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19 c("beta", "tauepsilon", "taubeta"),

20 N * nthin, thin = nthin)

21 MCMC_out = Capm.codal[[1]]

22 summ = as.matrix(summary(Capm.coda) [[1]][,1])
23 beta = summ[1:10]

24 taubeta = summ[11]

25 tauy = summ[12:21]

26 sigmaepsilon = tauepsilon”(-.5)

The next section of R code defines the utility function and finds the optimal
allocation vector w by using quadratic programming as in Example 16.11. The
vector w is found twice, once using the sample mean vector and covariance
matrix of the training sample returns to estimate g and ¥ in Eq. (16.20)
(model-free) and once using the factor model to estimate g and X' (CAPM).

27 ExUtil = function(w)

28 {

20 -1 + exp(-lambda * (1 + t(w) %*J, mu) +
30  lambda”2 * t(w) %% Omega %*} w / 2 )
31 }

32

33 mu_model_free = colMeans(rtrain)

34 Omega_model_free = cov(rtrain)

35 mu_Capm = beta * mean(mkt)

36 Omega_Capm = beta %o% beta * var(mkt_train) + diag(sigmaepsilon~2)
37

38 lambda = 3

30 library(quadprog)

40 mu = mu_model_free

41 Omega = Omega_model_free

42 optl = solve.QP(Dmat = as.matrix(lambda"2 * Omega),
43 dvec = lambda * mu, Amat = as.matrix(rep(1,10)),
44 bvec = 1, meq = 1)

45 W_model_free = opt1$solution

46

47 mu = mu_Capm

48 Omega = Omega_Capm

19 opt2 = solve.QP(Dmat = as.matrix(lambda”2 * Omega),
50 dvec = lambda * mu, Amat = as.matrix(rep(1,10)),
51 bvec = 1, meq = 1)

52 w_Capm = opt2$solution

Next, the utility of the portfolio’s returns is averaged over the test data using
the model-free and CAPM based estimates of the optimal portfolio. Also, the
mean and standard deviations of the portfolio’s returns on the test data are
computed.

53 return_model_free = as.matrix(rtest) %*), w_model_free
54 ExUt_model_free = mean(l - exp(-lambda * return_model_free))

55
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56 return_Capm = as.matrix(rtest) %*% w_Capm
57 ExUt_Capm = mean(l - exp(-lambda * return_Capm))

50 print(c(ExUt_model_free, ExUt_Capm), digits = 2)
60 print(c(mean(return_model_free), mean(return_Capm)), digits = 2)
61 print(c(sd(return_model_free), sd(return_Capm)), digits = 2)

The output is below. We see that the portfolio selected using the CAPM
estimates outperformed the portfolio based on the sample mean vector and
covariance matrix. Interestingly, the CAPM selected portfolio not only has a
higher average utility, but it also has both a higher mean and a lower stan-
dard deviation of the returns compared to the model-free estimates. Usually
a higher expected return comes with higher risk (larger standard deviation),
but a better estimate can achieve a higher return without higher risk.

62 > print(c(ExUt_model_free, ExUt_Capm), digits = 2)

63 [1] -0.0179 0.0023

64 > print(c(mean(return_model_free), mean(return_Capm)), digits = 2)
65 [1] 0.00060 0.00099

66 > print(c(sd(return_model_free), sd(return_Capm)), digits = 2)

67 [1] 0.067 0.012

These results are based on only one block of training data and one block
of test data, and by themselves they are not a convincing demonstration of
the superiority of CAPM estimates. The analysis could be continued using all
twenty blocks of data; see Exercise 4.

Figure 20.10 plots the allocation vectors, w, using model-free and CAPM-
based estimators. The model-free w oscillates widely and has substantial
short-selling. In contrast, the CAPM-based w is much closer to assigning
equal weights to the 10 stocks and has minimal short selling.

Another issue is how hierarchical Bayes estimation of the CAPM compares
with ordinary least-squares estimation. Figure 20.11 plots the least-squares
estimates of 3 versus the Bayes estimates. With the exception of the largest
beta, the Bayes estimates are only slightly shrunk together and are similar
to the least-squares estimates. This suggest that the Bayes estimates will,
at best, be only a moderate improvement over least-squares in this example.
Most of the improvement is due to using the CAPM to estimate the expected
returns. (I

20.13 Sampling a Stationary Process

This section provides the theory behind the statistics B, W, and var " W]Y)
used in Sect. 20.7.5 to monitor MCMC convergence and mixing.

Suppose that Y7,Y5,...,Y, is a sample from a stationary process with
mean y and autocovariance function y(h). Let Y = n=t Y7 | Y; be the sample
mean. Then
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lambda = 3
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Fig. 20.10. Allocation (or weight) vectors using the sample mean vector and co-
variance matriz (model-free) and CAPM-based estimates.
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Fig. 20.11. Plot of the Bayes estimator of 8 versus the least-squares estimator.
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var(Y *n*ZZn:ZCov (Y3,Y;)

=n72 > A=)
-2 {m<o> 123 () - h)}
h=1
- Yégzzzn, (20.65)

where R, = {1 +25, p( )( %)} If Y1,Y5,...,Y, is an uncorrelated

process (white noise), then R,, = 1 and (20.65) agrees with (7.13).

Most stationary processes generated by MCMC have p(h) > 0 for all h
so that R, is inflated by the autocorrelation. The inflation can be severe.
Consider the case of a stationary AR(1) process, Y, = ¢Y,, + €. AR(1)
processes often are reasonably good approximations to MCMC processes. For
an AR(1) process we can approximate R,,:

~ 3 = 3 h_ = L_ :ﬂ
Rnw{1+2h§_1p(h)} {2h§_0¢ 1} (1_¢ 1) =0
(20.66)

where we have used summation formula for geometric series (3.4) with T = co.
Notice that the right-hand side of (20.66) increases without bound as ¢ — 1.
From the identity

n n

S Vi—p)? =S (V= V)2 4 n(Y - p)?,

i=1 =1

we obtain

E {Z(m - W} — 1(0)(n — Ra) (20.67)
i=1
since 7(0) = E{(Y; — p)?} and v(0)R, = E{n(Y — p)*} by definitions.

Therefore, an unbiased estimate of the process variance (0) is
Y (Yi-Y)?

n—R, ’
When the process is uncorrelated so that R,, = 1, the right-hand side of (20.68)
is the sample variance (A.7). For positively autocorrelated processes, R, > 1

and the sample variance (which uses 1 in place of R,,) is biased downward.
To obtain an unbiased estimate of «(0), one can use

S (Y- V)2 +9(0)R,,

n

7(0) = (20.68)

, (20.69)
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where W@n is an unbiased estimator of (0)R,. There are several methods
for estimating 7(9)Rn. The simplest uses several independent realizations of
the process. Let Yl;' ., Y be thefmeans of M independent realizations of
the process and let Y = M~ 3" | Y;. Then

= DL V)

OR, = —I"~——— " 20.70

)R, = ==L (20.70)
is an unbiased estimator of (0) R,,. The statistic var ' (¢|Y) used in Sect. 20.7.5
for MCMC monitoring is a special case of (20.68) and (20.70).

20.14 Bibliographic Notes

There are many excellent books on Bayesian statistics. Gelman, Carlin, Stern,
Dunson, Vehtari, and Rubin (2013) and Carlin and Louis (2008) are introduc-
tions to Bayesian statistics written at about the same mathematical level as
this book. Box and Tiao (1973) is a classic work on Bayesian statistics with
a wealth of examples and still worth reading despite its age. Berger (1985)
is a standard reference on Bayesian analysis and decision theory. Bernardo
and Smith (1994) and Robert (2007) are more recent books on Bayesian the-
ory. Rachev, Hsu, Bagasheva, and Fabozzi (2008) covers many applications of
Bayesian statistics to finance.

Albert (2007) is an excellent introduction to Bayesian computations in R.
Chib and Greenberg (1995) explain how the Metropolis—Hastings algorithm
works and why its stationary distribution is the posterior. Congdon (2001,
2003) covers the more recent developments in Bayesian computing with an
emphasis on OpenBUGS software. There are other Bayesian Monte Carlo sam-
plers besides MCMC, for example, importance sampling. Robert and Casella
(2005) discuss these as well as MCMC. Gelman et al., (2013) have examples
of Bayesian computations in R and OpenBUGS in an appendix. Lunn, Thomas,
Best, and Spiegelhalter (2000) describe the design of OpenBUGS. Lunn, Jack-
son, Best, and Spiegelhalter (2013) is a comprehensive introduction to BUGS.

The diagnostics R and Neg are due to Gelman and Rubin (1992) though
Sect. 20.7.5 uses the somewhat different notation of Gelman et al., (2013).
Spiegelhalter, Best, Carlin, and van der Linde (2002) proposed DIC and pp.
The Gelman plot was introduced by Brooks and Gelman (1998). Kass et al.
(1998) discuss their practical experiences with MCMC.

Bayesian modeling of yield curves models is discussed by Chib and Erga-
shev (2009). Bayesian time series are discussed by Albert and Chib (1993),
Chib and Greenberg (1994), and Kim, Shephard, and Chib (1998); the first
two papers cover ARMA process and the last covers ARCH and stochastic
volatility models. There is a vast literature on the important and difficult prob-
lem of Bayesian estimation of covariance matrices with nonconjugate priors.
Daniels and Kass (1999) review some of the literature in addition to providing
their own suggestions.
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We have not discussed empirical Bayes inference, but Carlin and Louis
(2000) can be consulted for an introduction to that literature. Empirical Bayes
inference uses a hierarchical prior but estimates the parameters in the lower
level in a non-Bayesian manner and then, treating those parameter as known
and fixed, performs a Bayesian analysis. The result is shrinkage estimation
much like that achieved by a Bayesian analysis. The advantage of an empir-
ical Bayes analysis is that it can be somewhat simpler than a fully Bayesian
analysis. The disadvantage is that it underestimates uncertainty because es-
timated parameters in the prior are treated as if they were known. There are
shrinkage estimators that are not exactly Bayesian or even empirical Bayes
procedures. Ledoit and Wolf (2003) propose a shrinkage estimator for the co-
variance matrix of stock returns. Their shrinkage target is an estimate from
a factor model, for example, the CAPM. Shrinkage estimation goes back at
least to Stein (1956) and is often called Stein estimation.

The central limit theorem for the posterior is discussed by Gelman et al.
(2013), Lehmann (1983), and van der Vaart (1998), in increasing order of
technical level.

See Greyserman, Jones, and Strawderman (2006) for more information on
portfolio selection by Bayesian methods.

20.15 R Lab

20.15.1 Fitting a t-Distribution by MCMC

In this section of the lab, you will fit the ¢-distribution to monthly returns on
IBM using JAGS to estimate the posterior distribution by MCMC sampling.

Run the following R code to load the rjags package, input the data, and
prepare the data for use by JAGS.

library(rjags)

data(CRSPmon, package = "Ecdat")
ibm = CRSPmon[ , 2]

r = ibm

N = length(r)

ibm_data = list(r = r, N = N)

Next, put the following BUGS code in a text file. I will assume that you name
this file univt.bug, though you can use another name provided you make
appropriate changes in the R code that follows. BUGS code is somewhat similar
to, but not the same as, R code. For example, in R “dt” is the ¢-density, but
in BUGS it is the ¢-distribution.

model{
for (t in 1:N)
{
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r[t] ~ dt(mu, tau, k)
}
mu ~ dnorm(0.0, 1.0E-6)
tau ~ dgamma(0.1, 0.01)
nu ~ dunif(2, 50)
sigma2 <- (k / (k - 2)) / tau
sigma <- sqrt(sigma2)
}

BUGS programs are difficult to debug, so be careful to enter the code exactly
as it appears here. It has been tested and runs as written, but any error
will cause problems. Our experience is that JAGS is better at providing error
messages and easier to debug than WinBUGS and OpenBUGS.

The BUGS code above provides a description of the statistical model and
specifies the prior distributions. The model states that the data are i.i.d. from
a t-distribution. The ~ symbol assigns a distribution to a random variable
so y[i]l = dt(mu, tau, k) gives the likelihood of the data. Here mu, tau,
and k are the mean, precision, and degrees of freedom, respectively, of the
t-distribution. For a t-distribution, the precision is 7 = 1/A? where A is the
scale parameter. Also, mu ~ dnorm(0.0, 1.0E-6) specifies the prior for the
mean mu to be normal with mean 0 and precision 1.0E-6. The precision of a
normal distribution is the reciprocal of its variance, so here the prior variance
of u is 1.0E6.

The symbol <- is used to assign a value (rather than a distribution) to
a variable. Thus, sigma <- 1/sqrt(tau) makes sigma the scale parameter
of the t-distribution of the data. In R, “=” can be used in place of “<-" for
assigning a value to a variable, but this is not true in BUGS. The parameter
sigma is not needed, but, by defining this variable in the BUGS program, we
generate a sample from its posterior distribution.

Next, run the following R code that defines a function inits (). This func-
tion is used to generate random starting values for the chains.

inits = function(){list(mu = rnorm(1, 0, 0.3),
tau = runif(1, 1, 10), k = runif(1, 1, 30))}

The next code uses the jags.model() and coda.samples() functions in the
rjags package. Notice that the arguments specify the data, the function to
create initial values of the chains, the file containing the BUGS program, the
parameters to be monitored and returned, the number of chains, the number
of iterations per chain, the number of iterations to discard as burn-in, the
amount of thinning.

univ_t <- jags.model("univt.bug", data = ibm_data,
inits = inits, n.chains = 3, n.adapt 1000, quiet = FALSE)
nthin = 2
univ_t.coda = coda.samples(univ_t, c("mu", "tau", "k",
"sigma"), n.iter = 500 * nthin, thin = nthin)
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Next, print and plot the results.

summary (univ_t.coda)
effectiveSize(univ_t.coda)
gelman.diag(univ_t.coda)

Problem 1

a) Which parameter mizes best according to Neg in the output?
g
(b) Which parameter mizes worst according to Neg in the output?
(¢) Give a 95 % posterior interval for the degrees-of-freedom parameter.

Next, plot the results to check for convergence to the stationary distribution
(posterior distribution) using Gelman plots and trace plots.

gelman.plot (univ_t.coda)
par(nfrow = c(2, 2))
traceplot(univ_t.coda)

Plotting the ACF's gives much insight into how well the chains are mixing. The
less autocorrelation, the better. The function autocorr.plot() plots ACFs
separately for each chain.

par(mfrow = c(2, 2))
autocorr.plot(univ_t.coda, auto.layout = FALSE)

Problem 2

(a) Which parameter mizes best and which mizes worse according to the ACF
plots? Explain your answers.

(b) Find the posterior skewness and kurtosis of the degrees of freedom param-
eter.

The function densityplot() gives kernel density estimate from each chain.

library(lattice)
densityplot (univ_t.coda)

Problem 3 Which posterior densities are most skewed?

The kurtosis of a t-distribution is 3(v —2) /(v —4) if v > 4 and is o0 if v < 4.
Variables in R can have infinite values: Inf is 400 and -Inf is —o0, so R can
handle infinite values of kurtosis if they occur.
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Problem 4 Write R code to compute 1500 MCMC values of the kurtosis.
(1500 = 3*2000/2; there are 3 chains of length 2000 after burn-in and they
are thinned to every 2nd iteration.)

(a) Find the 0.01, 0.05, 0.25, 0.5, 0.75, 0.95, and 0.99 quantiles of the pos-
terior distribution of the kurtosis of IBM returns.

(b) Estimate the posterior probability that the kurtosis of the distribution of
IBM returns is finite.

(c) Compute the 0.01, 0.05, 0.25, 0.5, 0.75, 0.95, and 0.99 quantiles of the
bootstrap distribution of the sample kurtosis of IBM. Take 1000 resamples
using both a model-free and a model-based bootstrap. Compare the two sets
of bootstrap quantiles with the posterior quantiles in (a).

(d) Compare 90 % bootstrap basic percentile confidence intervals for the kur-
tosis with the 90 % posterior interval. Which interval is shortest? Why
might it be shortest?

20.15.2 AR Models

In this section of the lab, you will fit an AR(1) model to the changes in the
log of the GDP. First, run the following code to process the data. Notice that
the log-GDP time series is differenced before fitting.

library(rjags)

data(Tbrate, package = "Ecdat")

# r = the 91-day treasury bill rate
# y = the log of real GDP

# pi = the inflation rate

del_dat = diff(Tbrate)

y = del_dat[,2]

N = length(y)

GDP_data=list(y = y, N = N)

© W N e ;oA W N e

Next create a file called ar1.bug containing the following WinBUGS code.

model{
for(i in 2:N){
y[i] ~ dnorm(mu + phi * (y[i-1] - mu), tau)

}

mu ~ dnorm(0, 0.00001)
phi ~ dnorm(0, 0.00001)
tau ~ dgamma(0.1, 0.0001)
sigma <- 1/sqrt(tau)

}

Finally, run the following code to fit an AR(1) model using JAGS and also
using R’s arima() function to compute the MLE, which will be compared
with the Bayes estimator.

oW N e

© o N o wu
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1 inits = function(){list(mu = rnorm(1, 0, 2 * sd(y) / sqrt(N)),
2 phi = rnorm(1, 0, 0.3), tau = runif(l, 1, 10))}

3 arl <- jags.model("arl.bug", data = GDP_data, inits = inits,

4 n.chains = 3, n.adapt = 1000, quiet = FALSE)

5 nthin = 20

6 arl.coda = coda.samples(arl, c("mu", "phi", "sigma"),

7 n.iter = 500 * nthin, thin = nthin)

s summary(arl.coda, digits = 3)

o arima(y, order = c(1, 0, 0))

Problem 5 Construct time series and ACF plots of the parameters phi and
sigma.

(a) Do you believe that the MCMC' sample size is adequate? Why or why not?
Is the burn-in iterations adequate? Why or why not? If you feel that either
the number of iterations or the length of the burn-in period is inadequate,
then rerun with a larger burn-in period and/or MCMC sample size.

(b) Compute the MLEs for this model using arima(). How closely do the
Bayes estimates and MLEs agree? Could you explain any possible dis-
agreement?

(¢) The model in the BUGS program does not assume that the time series is in
its stationary distribution. In fact, the model does not even assume that
there is a stationary distribution. Explain why.

(d) Modify the BUGS program to utilize the marginal distribution of y1, assum-
ing that the process starts in its stationary distribution.

20.15.3 MA Models

Next you will fit an MA(1) to simulated data. The function arima.sim() is
used to create the data.

1 library(rjags)

2 set.seed(5640)

3 N = 600

4 y = arima.sim(n = N, list(ma = -0.5), sd = 0.4)
5 y = as.numeric(y) + 3
6 q =5

7 ma.sim_data = list(y =y, N =N, q = q)

s inits.ma = function(){list(mu = rnorm(1, mean(y), 2#*sd(y)/sqrt(N)),
9 theta = rnorm(1, -0.05, 0.1), tau = runif(1, 5, 8))}

Put the following BUGS program in the file mal.bug. This program not only
fits the MA (1) model but also predicts q steps ahead; q is an input parameter
chosen by the user and, from the viewpoint of BUGS, q is part of the data and
is set equal to 5 in the code above. The predicted values will be included in
the output and called ypred.
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model{
for (i in 2:N)

{
}

w[1] ~ dnorm(0, 0.01)
for (i in 2:N)

{
}

mu ~ dnorm(0O, 0.0001)
theta ~ dnorm(0, 0.0001)
tau ~ dgamma(0.01, 0.0001)
sigma <- 1/sqrt(tau)

for (i in 1:q)

wli] <- y[i] - mu - theta * w[i-1]

y[i] ~ dnorm(mu + theta * w[i-1], tauw)

{
ypred[i] ~ dnorm(theta * w[N + i - 1], tau)
wli + N] <- ypred[i] - theta * w[N + i - 1]
}
}

Now run this R code.

1
2
3
4
5
6
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mal <- jags.model("mal.bug", data = ma.sim_data, inits = inits.ma,

n.chains = 3, n.adapt = 1000, quiet = FALSE)
nthin = 5

mal.coda = coda.samples(mal, c("mu", "theta", "sigma", "ypred"),

n.iter = 500 * nthin, thin = nthin)
summary (mal.coda)

Problem 6

(a) Do you believe that the MCMC sample size is adequate? Why or why not?
If you feel it is inadequate, than rerun JAGS with a larger MCMC' sample

size. Is the length of the burn-in periods adequate?

(b) Construct time series and ACF plots of the parameters theta, signma,
ypred[1], and ypred[2]. What do the plots tell us about MCMC mizing

and convergence?

(c) Find a 90 % posterior interval for the next observation after the observed

data.

20.15.4 ARMA Models

Create a simulated sample from an ARMA(1,1) process with the following R
code.

set.seed(5640)
N = 600
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arima.sim(n = N, list(ar = 0.9, ma = -0.5), sd = 0.4)
as.numeric(y)

y
y

Problem 7 Create BUGS and R code to fit the ARMA(1,1) model to the sim-
ulated data. Monitor the result to make certain that the MCMC sample size
1s large enough.

(a) Discuss how well the chains miz and whether the Monte Carlo sample size
is adequate.
(b) Find 99 % posterior intervals for the AR and MA parameters.

20.16 Exercises

[t

. Show in Example 20.2 that the MAP estimator is 6/7.

Verify (20.26).

3. In the derivation of (20.51), it was stated that “{Y — E(u|Y)} and
{E(p]Y) — p} are conditionally uncorrelated given Y.” Verify this state-
ment.

4. Continue the analysis in Example 20.16. Divide the data into 20 blocks
of 250 days each, except that the last block will have only 212 days. Use
each of the first 19 blocks as training data with the subsequent block as
test data. How does portfolio selection based on the CAPM compare with
model-free estimation when averaged over the 19 pairs of training and test
data sets?

5. One of the strength of fitting models by MCMC using BUGS is that a very

wide range of models can be fit. As an example, in this exercise a regression

model with MA(1) errors will be used. For data, use the first 1500 returns®
on GM and on the S&P 500 index in the data set Stock_Bond.csv. Fit
the model

N

Rt = ﬁR]th + €+ 96,5_1.

where R; is the tth return on GM, Ry is the tth return on the S&P 500,
and €, ..., €500 are i.i.d. N(0,02). Use non-informative priors on 3, , and
o2

6. Expand the model in Exercise 5 so that €, ... is a GARCH(1,1) process.
Revise the BUGS and R code of Exercise 5 to fit this expanded model.

7. So far we have treated the sample mean vector and covariance matrix as
fixed when considering the risk of a portfolio. Stated differently, estimation
risk has been ignored. A methodology for taking risk due to estimation er-
ror into account was proposed by Greyserman, Jones, and Strawderman
(2006). Assume that the vector of returns R is N(u, X') distributed. Let
(u®), Z(k))7 k=1,...,K, be an MCMC sample from the posterior distri-

bution of (p, ). For each k, let R®) be N(pu®), 3®) distributed. Then

5 JAGS had trouble when the full data set was used, probably because there are
nearly 5000 latent variables. This problem is likely hardware dependent.
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R(l), ey R s a sample from the posterior predictive distribution of R
and take uncertainty about p and X' into account and

K
K™Y U{Xo(1+w RW)} (20.71)
k=1

estimates the expected utility if the allocation vector is w. Here, as in
Sect. 16.8, Xg is the initial wealth and U is the utility function. Con-
tinue the analysis in Example 20.16 using the CAPM model and maxi-
mize (20.71). Maximizing (20.71) is a nonlinear optimization problem, so
a good starting value is essential. As a starting value, use the w found in
Example 20.16 that ignores estimation error.
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