Chapter 10
Data Fitting

Often a set of data points has to be fitted by a continuous function, either to obtain
approximate function values in between the data points or to describe a functional
relationship between two or more variables by a smooth curve, i.e. to fit a certain
model to the data. If uncertainties of the data are negligibly small, an exact fit is
possible, for instance with polynomials, spline functions or trigonometric functions
(Chap. 2). If the uncertainties are considerable, a curve has to be constructed that
fits the data points approximately. Consider a two-dimensional data set

(xi,y) i=1---m (10.1)
and a model function
f&,ar---ap) m=n (10.2)

which depends on the variable x and n < m additional parameters a;. The errors of
the fitting procedure are given by the residuals

ri=yi — f(xi,a1---ap). (10.3)

The parameters a; have to be determined such, that the overall error is minimized,
which in most practical cases is measured by the mean square difference’

] m
S ceea)) = — 2 10.4
@ an)=—3 r, (10.4)

i=1

The optimal parameters are determined by solving the system of normal equa-
tions. If the model function depends linearly on the parameters, orthogonalization
offers a numerically more stable method. The dimensionality of a data matrix can be
reduced with the help of singular value decomposition, which allows to approximate
a matrix by another matrix of lower rank and is also useful for linear regression, es-
pecially if the columns of the data matrix are linearly dependent.

! Minimization of the sum of absolute errors > |ri| is much more complicated.
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162 10 Data Fitting

10.1 Least Square Fit

A (local) minimum of (10.4) corresponds to a stationary point with zero gradient.
For n model parameters there are n, generally nonlinear, equations which have to
be solved [275]. From the general condition

3S
Dxd g j=1.. (10.5)
8(1]‘
we find
m
OF (x;,ay -~
Z”’M —0 (10.6)

0a;
i=1 J

which can be solved with the methods discussed in Chap. 6. For instance, the
Newton-Raphson method starts from a suitable initial guess of parameters

(@)---af) (10.7)

n

and tries to improve the fit iteratively by making small changes to the parameters

a‘;.'H =a}+ Adj. (10.8)

The changes Aaj. are determined approximately by expanding the model function

s+1 s+1 s i 8f(xi’ai"'ari) s
f(x,,a1 . ) f()cl,a1 a)+ZTAaj+-~ (10.9)
j=1 /

to approximate the new residuals

nf@ﬂlﬂw

= Aaj (10.10)
J=1 '
and the derivatives
o _ f(i.ay---ay) (10.11)
Baj o 8aj ’ ’
Equation (10.6) now becomes
m n
~ af (xi) ¢\ 9f (xi)
> <r; -> 7, Ad} Sar 10.12)
i=1 j=1

which is a system of n (usually overdetermined) linear equations for the Aa;, the
so-called normal equations:

m n

Af () Af (i) 5~ 5 Of (x})
>N %2, dax Aaj_gri o (10.13)

i=1 j=1
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With the definition
1 f () Of (xi)
Apj = — 10.14
ki m ; dax  0daj ( )
1~ 0f ()
by = — i 10.15
k= ;y Tar (10.15)
the normal equations can be written as
n
> AjAaj=1by. (10.16)

j=1

10.1.1 Linear Least Square Fit

Especially important are model functions which depend linearly on all parameters
(Fig. 10.1 shows an example which is discussed in Problem 10.1)

far-an) =Y a;fijx). (10.17)
j=1
The derivatives are
aj

and the minimum of (10.4) is given by the solution of the normal equations

1 n m 1 m
. Zka(xi)fj(xi)aj = ;yifk(xi) (10.19)

j=li=l

which for a linear fit problem become

> Aijaj=by (10.20)
j=1
with
1 m
Ay = — ) fi(x; 10.21
kj m;fk(x)f/(x) (10.21)

1 m
b=~ gyl-fkm). (10.22)
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Fig. 10.1 (Least square fit)

10 Data Fitting

5
2.0x10°
The polynomial

C(T)=aT +bT> (full

curve) is fitted to a set of data 5
points which are distributed L.5x10
randomly around the “exact”

values C(T) = agT + boT?>

(dashed curve). For more g 1,()><1()5 -
details see Problem 10.1

5.0x10*F

0.00

Example (Linear regression) For a linear fit function

f(x)=ao+ax

the mean square difference is

1 m
Ssa = - z;()ﬁ —ap —a1x;)?
=

and we have to solve the equations

0= 0Ssd

1 m
= =n—12(yi—ao—alxi)=?—ao—alf

dag

i=1

_ 0854

1 & — _
0= = ;Z()’i —ap —aix;)x; =Xy — aoX — dai
=

da
1 =1

which can be done here with determinants

X

2

(10.23)

(10.24)

(10.25)

(10.26)

(10.27)
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10.1.2 Linear Least Square Fit with Orthogonalization

With the definitions
ai V1
x=| : b=| : (10.28)
dap Ym
and the m x n matrix
aijp - amp S o fulxn)
A= : : = " : (10.29)
aml *°° Amn fl(xm) fn(xm)

the linear least square fit problem (10.20) can be formulated as a search for the
minimum of

|AX — b| = v (Ax — b)T (Ax — b). (10.30)

In the last section we calculated the gradient

d|Ax — b|?

3 =AT(Ax—b) + (Ax—b)TA=24T Ax - 24D (10.31)
X

and solved the normal equations
AT Ax=ATb. (10.32)

This method can become numerically unstable. Alternatively we use orthogonaliza-
tion of the n column vectors a; of A to have

ri r12 MR & 77)
2 MR 4977)

A=@;--a,)=(q1- ) . : (10.33)
Ynn

where a; and qj are now vectors of dimension m. Since the q; are orthonormal
q/ qx = 8ix we have

q’ iy riz e T
1 rn e
A= . 1. (10.34)
T IR

9 Tnn

The qx can be augmented by another (m — n) vectors to provide an orthonormal
basis of R™. These will not be needed explicitly. They are orthogonal to the first
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n vectors and hence to the column vectors of A. All vectors q; together form an

orthogonal matrix

O=(q1 * @ Gut1 -+ Qm)
and we can define the transformation of the matrix A:
qf
q:T R it Tin
A=| 7 (a1-~an>=QTA=( ) R=
0
qn—H r
. nn
q;,
The vector b transforms as
T T
. b ql qn+1
b:QTb=< “) b,=| : |b b= : b.
b T T
qn qm

Since the norm of a vector is not changed by unitary transformations

Ib — Ax| = \/ (b, — Rx)2 +b?

Rx=h,.

which is minimized if

The error of the fit is given by
|b — Ax| = [by]|.

Example (Linear regression) Consider again the fit function
fx)=ao+arx

for the measured data (x;, y;). The fit problem is to determine

I x v

a .
( 0>— : =min.
aj .

I xp Ym

Orthogonalization of the column vectors

(10.35)

(10.36)

(10.37)

(10.38)

(10.39)

(10.40)

(10.41)

(10.42)

(10.43)
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with the Schmidt method gives:

rin=~/m
1
N
q1 =
1
N
1 m
ra=—=Y xi=+mx
by = (x; —X)

_ Xi — X
L=\ "o, )
Transformation of the right hand side gives

V1 —
qf | [ Vmy
qg‘ . ﬁxy;x y

Ym

X

and we have to solve the system of linear equations

e (4 L)) (2

0 J/mo

ai

The solution

coincides with the earlier results since

(x —x)?>=x2—%°.

10.2 Singular Value Decomposition
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(10.44)

(10.45)

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

(10.54)

Computational physics often has to deal with large amounts of data. Singular value
decomposition is a very useful tool to reduce redundancies and to extract the most
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important information from data. It has been used for instance for image compres-

sion [216], it is very useful to extract the essential dynamics from molecular dynam-
ics simulations [99, 221] and it is an essential tool of bio-informatics [71].

10.2.1 Full Singular Value Decomposition

For m > n,? any real® m x n matrix A of rank r < n can be decomposed into a
product

A=UxVvT (10.55)
51
ap - dip uiy o Uim vir ottt Ul
a DR a - u DR M sn v .. v
ml mn ml mm 0 L 0 1n nn
(10.56)

where U is an m x m orthogonal matrix, X' is an m x n matrix, in which the upper
partis an n x n diagonal matrix and V is an orthogonal n x n matrix.

The diagonal elements s; are called singular values. Conventionally, they are
sorted in descending order and the last n — r of them are zero. For a square n x n
matrix singular value decomposition (10.56) is equivalent to diagonalization

A=USUT. (10.57)

10.2.2 Reduced Singular Value Decomposition

We write
U= U, Upn-n) (10.58)

with the m x n matrix U,, and the m x (m — n) matrix U,,_, and

S
Y= (O) (10.59)

with the diagonal n x n matrix S. The singular value decomposition then becomes

A= U, Upn_p) <g> vl =u,svT (10.60)

2Qtherwise consider the transpose matrix.

3Generalization to complex matrices is straightforward.
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which is known as reduced singular value decomposition. U, (usually simply de-

noted by U) is not unitary but its column vectors, called the left singular vectors,
are orthonormal

m
Zui,rui,s =65 (10.61)
i=1

as well as the column vectors of V which are called the right singular vectors

n
> virvis = s (10.62)
i=1
Hence the products
ul'u,=v'v=E, (10.63)

give the n X n unit matrix.
In principle, U and V can be obtained from diagonalization of AT A and AAT,
since

ATA=(v2TUT)(U>:vT)=V(S,0)<g> vi=vsivT (10.64)

AAT=(UuzvTh)(vETuT)=U (g) s,0uT =vu,s*ur. (10.65)

However, calculation of U by diagonalization is very inefficient, since usually only
the first n rows are needed (i.e. Uy). To perform a reduced singular value decompo-
sition, we first diagonalize

ATA=vDvT (10.66)

which has positive eigenvalues d; > 0, sorted in descending order and obtain the
singular values

Vdi
§=D'? = . (10.67)
Vd,
Now we determine a matrix U such, that
A=UsvT (10.68)
or, since V is unitary
Y=AV=US. (10.69)

The last n — r singular values are zero if r < n. Therefore we partition the matrices
(indices denote the number of rows)

(Yr 0u—r)=(Ur Un_,)<5’ 0 ):(U,S, 0). (10.70)
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We retain only the first 7 columns and obtain a system of equations

yir o Yir urpy e Uty S1
: = : : (10.71)
Ym1i 0 Ymr Uml -+ Umr Sr
which can be easily solved to give the first » rows of U
urr e Uiy Yiro o0 Y Sl_l
= : : . (10.72)
Uml - Umr Yml = Ymn Sr_l

The remaining n — r column vectors of U have to be orthogonal to the first r
columns but are otherwise arbitrary. They can be obtained for instance by the Gram
Schmidt method.

For larger matrices direct decomposition algorithms are available, for instance
[72], which is based on a reduction to bidiagonal form and a variant of the QL
algorithm as first introduced by Golub and Kahan [107].

10.2.3 Low Rank Matrix Approximation

Component-wise (10.60) reads
,
ajj =) Ui kSKVjk- (10.73)
k=1

Approximations to A of lower rank are obtained by reducing the sum to only the
largest singular values (the smaller singular values are replaced by zero). It can be
shown [243] that the matrix of rank [ <r

l
1
af,f- = Z”i,kSkvj,k (10.74)
k=1

is the rank-/ matrix which minimizes

2
Y Jaij—al)|". (10.75)
i.j

If only the largest singular value is taken into account, A is approximated by the
rank-1 matrix

al(l]) =S1Uj1Vj,1- (10.76)
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As an example, consider an m X n matrix

xi(r) - xn(f1)
A= (10.77)
x1tm) - X (tm)

which contains the values of certain quantities x - - - x,, observed at different times
t - - - . For convenience, we assume that the average values have been subtracted,
such that Z?:l x; = 0. Approximation (10.76) reduces the dimensionality to 1, i.e.
a linear relation between the data. The i-th row of A,

(x1(t) -+ xa(ti)) (10.78)
is approximated by
S1 U1 (v1,1 vn,l) (10.79)
which describes a direct proportionality of different observables
1 1
—x;j(t;) = —x(t). (10.80)
Vj1 Uk, 1

According to (10.75) this linear relation minimizes the mean square distance
between the data points (10.78) and their approximation (10.79).

Example (Linear approximation [165]) Consider the data matrix

r (1 2 3 4 5
A _<1 2.5 39 35 4.o>~ (10.81)

First subtract the row averages

x=3 y=2098 (10.82)
to obtain
-2 -1 0 1 2
T _
A= <—1.98 —0.48 0.92 0.52 1.02) ' (10-83)
Diagonalization of
10.00 7.00
Ty
ATA= < 7.00 6.308) (10-84)
gives the eigenvalues
dy =15.393 dr=0.915 (10.85)

and the eigenvectors

0.792 —0.610
V_<O.610 —0.792)‘ (10.86)
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Since there are no zero singular values we find

—0.181 —0.380
—0.070  0.252

U=Avs'=]| 0036 0797 |. (10.87)
0.072 —0.217
0.143  —0.451

This gives the decomposition*

T
_ 81 Vil_ T T
A= (U1 u2) ( Sz) (VT> =sju;vy + 52UV,
2

—-2.212 —1.704 0.212 —-0.276
—0.860 —0.662 —0.140 0.182
=1 0.445 0343 | +| —0.445 0577 |. (10.88)
0.879 0.677 0.121  —0.157
1.748 1.347 0.252 —-0.327

If we neglect the second contribution corresponding to the small singular value s;
we have an approximation of the data matrix by a rank-1 matrix. The column vectors
of the data matrix, denoted as x and y, are approximated by

X=s51v11u1  y=s102101 (10.89)

which describes a proportionality between x and y (Fig. 10.2).

10.2.4 Linear Least Square Fit with Singular Value Decomposition

The singular value decomposition can be used for linear regression [165]. Consider
a set of data, which have to be fitted to a linear function

y=co+ci1x1+ -+ cpxn (10.90)
with the residual

ri=co+cixi1+ -+ cnXin — Vi (10.91)

Let us subtract the averages

ri —7=C](X[,1 —-X1)+--- +Cn(xi,n —Xn) = (i =) (10.92)

Y viT is the outer or matrix product of two vectors.
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2

Fig. 10.2 (Linear approximation by singular value decomposition) The data set (10.81) is shown
as circles. The linear approximation which is obtained by retaining only the dominant singular
value is shown by the squares and the full line. It minimizes the mean square distance to the data
points. Stars and the dashed line show the approximation by linear regression, which minimizes
the mean square distance in vertical direction

which we write in matrix notation as

r—r X110 —X1 - Xln—Xp cl yi—Yy
- : e : (10.93)
m —T Xm1—X1 - Xmn—Xn Cn Ym — Y
or shorter
r=Xc—y. (10.94)
Now let us insert the full decomposition of X
r=UxVTc—y. (10.95)
Since U is orthogonal
Ulr=xvlie—UTy=>xa-» (10.96)
where we introduce the abbreviations
a=Vie b=UTy. (10.97)

The sum of squared residuals has the form
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2
2 T2 (S O a, . b,
=ttt =[5 0) () - (o)

=|S.a, —b, > +b2_, <|S,a, — b, |

n—r =

Hence a,,_, is arbitrary and one minimum of Sp is given by
a,=S5"'b, a,,=0
which can be written more compactly as
a=X"b
with the Moore-Penrose pseudoinverse [20] of ¥
sy !

>t =

Finally we have
c=VXtuly=x"y
where
xt=vxtu’

is the Moore-Penrose pseudoinverse of X.

Example The following data matrix has rank 2

-3 —4 -5 1.0
-2 -3 -4 1.1
x=lo o o] y=| o
2 3 4 ~1.0
3 4 5 ~1.1

A solution to the linear fit problem is given by

1.0
-0917 1.167 0 -—1.167 00917 1.1
c=X"y=|[-0.167 0.167 0 -0.167 0.167
0.583 —-0.833 0 0.833 —0.583 -1.0
0.525
= 0.000

—0.525

(10.98)

(10.99)

(10.100)

(10.101)

(10.102)

(10.103)

(10.104)

(10.105)



10.3 Problems 175

The fit function is

y =0.525(x; —x3) (10.106)
and the residuals are
0.05
—0.05
Xec—y= 0 . (10.107)
—0.05
0.05

10.3 Problems

Problem 10.1 (Least square fit) At temperatures far below Debye and Fermi tem-
peratures the specific heat of a metal contains contributions from electrons and lat-
tice vibrations and can be described by

C(T)=aT +bT>. (10.108)

The computer experiment generates data

Tj=To+ jAt (10.109)
Cj=(aoTj +boT})(1 +¢) (10.110)

with relative error
£j =¢€&j. (10.111)

Random numbers &; are taken from a Gaussian normal distribution function
(Sect. 8.2.4.4).
The fit parameters a, b are determined from minimization of the sum of squares

1 n 2
S:;X}(Cj—aTi—be) . (10.112)
j=

Compare the “true values” ag, bg with the fitted values a, b.



	Chapter 10: Data Fitting
	10.1 Least Square Fit
	10.1.1 Linear Least Square Fit
	10.1.2 Linear Least Square Fit with Orthogonalization

	10.2 Singular Value Decomposition
	10.2.1 Full Singular Value Decomposition
	10.2.2 Reduced Singular Value Decomposition
	10.2.3 Low Rank Matrix Approximation
	10.2.4 Linear Least Square Fit with Singular Value Decomposition

	10.3 Problems


