Chapter 1
Error Analysis

Several sources of errors are important for numerical data processing:

Experimental uncertainty: Input data from an experiment have a limited precision.
Instead of the vector of exact values x the calculation uses x + Ax, with an un-
certainty Ax. This can lead to large uncertainties of the calculated results if an
unstable algorithm is used or if the unavoidable error inherent to the problem is
large.

Rounding errors: The arithmetic unit of a computer uses only a subset of the
real numbers, the so called machine numbers A C R. The input data as well as
the results of elementary operations have to be represented by machine numbers
whereby rounding errors can be generated. This kind of numerical error can be
avoided in principle by using arbitrary precision arithmetics' or symbolic algebra
programs. But this is unpractical in many cases due to the increase in computing
time and memory requirements.

Truncation errors: Results from more complex operations like square roots or
trigonometric functions can have even larger errors since series expansions have
to be truncated and iterations can accumulate the errors of the individual steps.

1.1 Machine Numbers and Rounding Errors

Floating point numbers are internally stored as the product of sign, mantissa and a
power of 2. According to the IEEE754 standard [130] single, double and quadruple
precision numbers are stored as 32, 64 or 128 bits (Table 1.1):

IFor instance the open source GNU MP bignum library.
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Table 1.1 Binary floating point formats

Format Sign Exponent Hidden bit Fraction Precision &y
Float s bo--by 1 ap---axn 2724 =5.96E8
Double s bo---bio 1 ap - - - asy 273 =1.11E"0
Quadruple s bo---bg 1 ap---ap 27113 =963

Table 1.2 Exponent bias E

Decimal value Binary value Hexadecimal value Data type
12710 11111112 $3F Single
102319 1111111111, $3FF Double
1638319 11111111111111, $3FFF Quadruple

The sign bit s is O for positive and 1 for negative numbers. The exponent b is
biased by adding E which is half of its maximum possible value (Table 1.2).> The
value of a number is given by

x=(—) xax?2\F (1.1)

The mantissa a is normalized such that its first bit is 1 and its value is between 1
and 2

1.0002---0<a <1.111---15 < 10.02 = 24p. (1.2)

Since the first bit of a normalized floating point number always is 1, it is not nec-
essary to store it explicitly (hidden bit or J-bit). However, since not all numbers can
be normalized, only the range of exponents from $001 - - - $7FE is used for normal-
ized numbers. An exponent of $000 signals that the number is not normalized (zero
is an important example, there exist even two zero numbers with different sign)
whereas the exponent $7FF is reserved for infinite or undefined results (Table 1.3).

The range of normalized double precision numbers is between

Min_Normal = 2.2250738585072014 x 107308
and

Max_Normal = 1.7976931348623157E x 1038,

Example Consider the following bit pattern which represents a double precision
number:

$4059000000000000.

2In the following the usual hexadecimal notation is used which represents a group of 4 bits by one
of the digits 0, 1,2, 3,4,5,6,7,8,9,A,B,C,D,E, F.
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Table 1.3 Special double precision numbers

Hexadecimal value Symbolic value
$000 0000000000000 +0

$080 00000000000000 -0

$7FF 0000000000000 +inf

$FFF 0000000000000 —inf

$7FF 0000000000001 - - - $7FF FFFFFFFFFFFFF NAN

$001 0000000000000 Min_Normal
$7FE FFFFFFFFFFFFF Max_Normal
$000 0000000000001 Min_Subnormal
$000 FFFFFFFFFFFFF Max_Subnormal

The exponent is 10000000101, — 01111111111 = 110, and the mantissa includ-
ing the J-bit is 1 1001 00000000 - - -». Hence the decimal value is

1.5625 x 2° = 100,.

Input numbers which are not machine numbers have to be rounded to the nearest
machine number. This is formally described by a mapping it — A

x — rd(x)
with the property?
|x —rd(x)| <|x —g| forallg e A. (1.3)

For the special case that x is exactly in the middle between two successive ma-
chine numbers, a tie-breaking rule is necessary. The simplest rules are to round up
always (round-half-up) or always down (round-half-down). However, these are not
symmetric and produce a bias in the average round-off error. The IEEE754 standard
[130] recommends the round-to-nearest-even method, i.e. the least significant bit of
the rounded number should always be zero. Alternatives are round-to-nearest-odd,
stochastic rounding and alternating rounding.

The cases of exponent overflow and exponent underflow need special attention:

Whenever the exponent b has the maximum possible value b = by,x and a =
1.11---11 has to be rounded to a’ = 10.00- - - 0, the rounded number is not a ma-
chine number and the result is + inf.

Numbers in the range 2/min > |x| > 2Pmin=" have to be represented with loss of
accuracy by denormalized machine numbers. Their mantissa cannot be normalized
since it is a < 1 and the exponent has the smallest possible value b = bp,;,. Even
smaller numbers with |x| < 2~/*Pmin have to be rounded to 0.

3Sometimes rounding is replaced by a simpler truncation operation which, however leads to sig-
nificantly larger rounding errors.
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Fig. 1.1 (Round to nearest) Normalized machine numbers with ¢t = 3 binary digits are shown.

Rounding to the nearest machine number produces a round-off error which is bounded by half the
spacing of the machine numbers

The maximum rounding error for normalized numbers with ¢ binary digits

a=s5sx2""Extlaiar--a,_; 1.4)
is given by (Fig. 1.1)
la—a'| <2"7Fx 2™ (1.5)
and the relative error is bounded by
rd(x) —x| 27" x2b ot 16)
X T lal x 20 ~

The error bound determines the relative machine precision®

em=2" (1.7)
and the rounding operation can be described by
rd(x) =x(1+¢) with |e] <ey. (1.8)

The round-off error takes its maximum value if the mantissa is close to 1. Con-
sider a number

x=1+4e.

If ¢ < gy then rd(x) = 1 whereas for ¢ > ), rounding gives rd(x) = 1 4 2!~
(Fig. 1.2). Hence ¢, is given by the largest number ¢ for which rd(1.0 +¢) = 1.0
and is therefore also called unit round off.

1.2 Numerical Errors of Elementary Floating Point Operations

Even for two machine numbers x, y € A the results of addition, subtraction, multi-
plication or division are not necessarily machine numbers. We have to expect some
additional round-off errors from all these elementary operations [244]. We assume
that the results of elementary operations are approximated by machine numbers as
precisely as possible. The IEEE754 standard [130] requires that the exact operations

4Also known as machine epsilon.
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Fig. 1.2 (Unit round off) —
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x+y,x—y,x XYy, x-Yy are approximated by floating point operations A — A with
the property:

fle(x,y) =rd(x +y)

fl(x,y)=rd(x —y)

Sl(x,y) =rd(x x y)

Slo(x,y) =rd(x +y).

(1.9)

1.2.1 Numerical Extinction

For an addition or subtraction one summand has to be denormalized to line up the
exponents (for simplicity we consider only the case x > 0, y > 0)

x4+ y=a2"F 4 a2 7E = (q, 4 a,20r7br)2bE, (1.10)

If the two numbers differ much in their magnitude, numerical extinction can happen.
Consider the following case:

y <2bxE ot

ay2by=bs <271, (1D
The mantissa of the exact sum is
ay +ay 227 = lap 010182+ Byt (1.12)
Rounding to the nearest machine number gives
dx+y) =2 x Loz 1) =x (1.13)
since
[0.018---Br—1 —0] <|0.011---1]=0.1 —0.00---01 (1.14)

[0.0182---B;—1 — 1] >10.01 — 1| =0.11.
Consider now the case

y<x x 277 =g, x 2bEoiml o pbi Bt (1.15)
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For normalized numbers the mantissa is in the interval

1 <l|ay| <2 (1.16)
hence we have
_ oY —t—1 _ EM
rdx+y)=x if=<2 =—. (1.17)
X 2
Especially for x =1 we have
rdl4+y)=1 ify<2"=0.00---0,_11,000--- (1.18)

27" could be rounded to 0 or to 2!~ since the distance is the same |27/ — 0] =
P i

The smallest machine number with I (1, ¢) > 1 is either e =0.00---1,0--.- =
27" or £ =0.00---1,0---015,_1 = 277(1 4+ 2!=7). Hence the machine precision
&p can be determined by looking for the smallest (positive) machine number ¢ for
which fI,(1,e) > 1.

1.2.2 Addition

Consider the sum of two floating point numbers
y =x1+ x2. (1.19)

First the input data have to be approximated by machine numbers:

x1 —> rd(x) =x1(1 4+¢1)
(1.20)
x2 — rd(x2) = x2(1 + &7).
The addition of the two summands may produce another error « since the result has
to be rounded. The numerical result is

¥ = fli(rd0n), 1d(x2) = (x1(1 4+ 1) + x2(1 + 62)) (1 + ). (1.21)
Neglecting higher orders of the error terms we have in first order
y=x1+x2+x181 +x282 + (X1 + x2) (1.22)
and the relative error of the numerical sum is
y—y X x2

= &1+ & +a. (1.23)
y X1+ x2 X1+ x2

If x; & —x, then numerical extinction can produce large relative errors and uncer-
tainties of the input data can be strongly enhanced.



1.3 Error Propagation 9

1.2.3 Multiplication

Consider the multiplication of two floating point numbers
Y =X1 X X2. (1.24)
The numerical result is

¥ = flL(rd(x1), rd(x2)) = x1(1 + e)x2(1 + e2) (1 + p) X x1x2(1 + €1 + &2 + )
(1.25)

with the relative error

—y;yzl—l-gl—l-sz—i—,u. (1.26)

The relative errors of the input data and of the multiplication just add up to the total
relative error. There is no enhancement. Similarly for a division

xi
y=— (1.27)
X2
the relative error is
yyl=1+sl—sz+u. (1.28)

1.3 Error Propagation

Consider an algorithm consisting of a sequence of elementary operations. From the
set of input data which is denoted by the vector

X=(x1-"Xp) (1.29)
a set of output data is calculated
Yy=0O1"""Ym)- (1.30)
Formally this can be denoted by a vector function
y=9¢(X) (1.31)

which can be written as a product of  simpler functions representing the elementary
operations

9 =97 x ™D ... oM. (1.32)

Starting with x intermediate results X; = (x;1, ... X;y,) are calculated until the output
data y result from the last step:
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xi =V (x)
x> = 0@ (x1)
(1.33)

Xy—1= <P(r_l)(Xr—2)
Y= <ﬂ(r)(Xr71)-

In the following we analyze the influence of numerical errors onto the final re-
sults. We treat all errors as small quantities and neglect higher orders. Due to round-
off errors and possible experimental uncertainties the input data are not exactly given
by x but by

X+ Ax. (1.34)
The first step of the algorithm produces the result
X1 =rd(pV (x + AX)). (1.35)
Taylor series expansion gives in first order

X1 = (¢ x) + DV AX) (1 + Ey) + - - (1.36)

with the partial derivatives

Py 9x1 0xp
Dw(”=( 1l>= Do (1.37)
axj axlnl 8xlnl
x| e dxy,
and the round-off errors of the first step
(1)
€]
E| = . (1.38)
1
el?
The error of the first intermediate result is
Ax; =% —x; = DV Ax+ oV (%) E;. (1.39)

The second intermediate result is

X2 = (9P () (1 + E2) = 9P (x1 + Ax))(1 + En)
=x(1 4 Ez) + Dp? Dp'V Ax + DpP'x, E, (1.40)
with the error
AX) =X0Es + DP DoV Ax + De@x/ E. (1.41)
Finally the error of the result is

Ay =yE, + D" - DV Ax 4+ Dp" ... DePx E| + -+ 4+ D%, E,_;.
(1.42)
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The product of the matrices Dp” - - - DgV is the matrix which contains the deriva-
tives of the output data with respect to the input data (chain rule)

dx1 dxp
Do=D¢"-..DpM=| + . |. (1.43)

Oym dYm

dx1 e dxp

The first two contributions to the total error do not depend on the way in which the
algorithm is divided into elementary steps in contrary to the remaining summands.
Hence the inevitable error which is inherent to the problem can be estimated as
[244]

dyi
I Ax; 1.44
A, [Ax ] (1.44)

n
AWy =eplyil + )
j=11""

or in case the error of the input data is dominated by the round-off errors |Ax;| <
emlxjl

dyi

il 1.45
ox; |xj| ( )

n
AWy =epmlyil+em )
j=1

Additional errors which are smaller than this inevitable error can be regarded as
harmless. If all errors are harmless, the algorithm can be considered well behaved.

1.4 Stability of Iterative Algorithms

Often iterative algorithms are used which generate successive values starting from
an initial value xg according to an iteration method

Xj 1= f(x), (1.46)

for instance to solve a large system of equations or to approximate a time evolu-
tion x; ~ x(jAt). Consider first a linear iteration equation which can be written in
matrix form as

Xj+1 = AXj. (1.47)
If the matrix A is the same for all steps we have simply

x; = A/xq. (1.48)
Consider the unavoidable error originating from errors Ax of the start values:

x; = A (xo + Ax) = A/xo + A’ Ax. (1.49)



12 1 Error Analysis

The initial errors AX can be enhanced exponentially if A has at least one eigenvalue’
A with [A| > 1. On the other hand the algorithm is conditionally stable if for all
eigenvalues |1| < 1 holds. For a more general nonlinear iteration

Xjt1 = @(X;j) (1.50)
the error propagates according to
X1 = ¢(X0) + DpAx
X2 = ¢(x1) = ¢(p(x0)) + (Dg)* Ax
(1.51)
xXj =¢(¢---9(x0) + (Dg)! Ax.

The algorithm is conditionally stable if all eigenvalues of the derivative matrix D¢
have absolute values |A| < 1.

1.5 Example: Rotation

Consider a simple rotation in the complex plane. The equation of motion
z=lwz (1.52)
obviously has the exact solution
2(t) = zoe™". (1.53)
As a simple algorithm for numerical integration we use a time grid
tj=jAt j=0,1,2... (1.54)
zj =12(t)) (1.55)
and iterate the function values
Zjr1 =2z +z2(tj)) = (1 +iwAn)z;. (1.56)
Since

Il +iwAt]=v1+w?A2 > 1 (1.57)

uncertainties in the initial condition will grow exponentially and the algorithm is
not stable. A stable method is obtained by taking the derivative in the middle of the

time interval (page 213)
e At . - At
_ = 1w _
‘' ‘U2

S>The eigenvalues of A are solutions of the eigenvalue equation Ax = Ax (Chap. 9).
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and making the approximation (page 214)

At z(t) +z(t + Ar)
Z(l + 7) ~ —2 .

This gives the implicit equation

. j+1+2;
Zj+1=2j —1—1a)At% (1.58)
which can be solved by
1 4 leAl
2= 14@2&@. (1.59)
T2
Now we have
T, = N =1 (1.60)
- [0}
2 VI+5F

and the calculated orbit is stable.

1.6 Truncation Error

The algorithm in the last example is stable but of course not perfect. Each step
produces an error due to the finite time step. The exact solution
2 A2 3 A43
At —lw” At
1.61
TR e

2t + At = z(1)e M = Z(l)<1 +iwAr —

is approximated by

iwAt
z<r+Az)wz<r>l_Q
2
iwAt iwAt  @?A2 i0PAPP
=z0(1+—)(1 — — )62
Z()<+2>(+2 2 8+)( )
. W? A2 —iw3 AL
=z()| 1 +iwAr — 3 + ) (1.63)

which deviates from the exact solution by a term of the order O(At3), hence the
local error order of this algorithm is O (A¢3) which is indicated by writing
iwAt
2t + At = z(t)liz +o(ar’). (1.64)

iwAt
2

Integration up to a total time T = N Ar accumulates a global error of the order
NAP =TAr.
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Table 1.4 Maximum and minimum integers

Java format Bit length Minimum Maximum

Byte 8 —128 127
Short 16 —32768 32767
Integer 32 —2147483647 2147483648
Long 64 —9223372036854775808 9223372036854775807
Char 16 0 65535

1.7 Problems

Problem 1.1 (Machine precision) In this computer experiment we determine the
machine precision €. Starting with a value of 1.0, x is divided repeatedly by 2 until
numerical addition of 1 and x =2~ gives 1. Compare single and double precision
calculations.

Problem 1.2 (Maximum and minimum integers) Integers are used as counters or to
encode elements of a finite set like characters or colors. There are different integer
formats available which store signed or unsigned integers of different length (Ta-
ble 1.4). There is no infinite integer and addition of 1 to the maximum integer gives
the minimum integer.

In this computer experiment we determine the smallest and largest integer num-
bers. Beginning with / = 1 we add repeatedly 1 until the condition I + 1 > I be-
comes invalid or subtract repeatedly 1 until / — 1 < I becomes invalid. For the 64
bit long integer format this takes to long. Here we multiply alternatively I by 2 un-
til I — 1 < I becomes invalid. For the character format the corresponding ordinal
number is shown which is obtained by casting the character to an integer.

Problem 1.3 (Truncation error) This computer experiment approximates the cosine
function by a truncated Taylor series

Tmax ) x2n 2 x4 X0
coS(x) A Mycos(x, imax) = D ()
n=0

=1- 4 — 4. (165
(2n)! 2t oq g T (09

in the interval —m /2 < x < /2. The function mycos(x, nmax) is numerically com-
pared to the intrinsic cosine function.
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