Chapter 13
Rotational Motion

An asymmetric top under the influence of time dependent external forces is a rather
complicated subject in mechanics. Efficient methods to describe the rotational mo-
tion are important as well in astrophysics as in molecular physics. The orientation
of a rigid body relative to the laboratory system can be described by a 3 x 3 ma-
trix. Instead of solving nine equations for all its components, the rotation matrix can
be parametrized by the four real components of a quaternion. Euler angles use the
minimum necessary number of three parameters but have numerical disadvantages.
Care has to be taken to conserve the orthogonality of the rotation matrix. Omelyan’s
implicit quaternion method is very efficient and conserves orthogonality exactly.
In computer experiments we compare different explicit and implicit methods for a
free rotor, we simulate a rotor in an external field and the collision of two rotating
molecules.

13.1 Transformation to a Body Fixed Coordinate System

Let us define a rigid body as a set of mass points m; with fixed relative orientation
(described by distances and angles).

The position of m; in the laboratory coordinate system CS will be denoted by r;.
The position of the center of mass (COM) of the rigid body is

1
R= m;r; (13.1)
2oimi Z,: o

and the position of m; within the COM coordinate system CS. (Fig. 13.1) is p;:
ri=R+ p;. (13.2)

Let us define a body fixed coordinate system CS.5, where the position p;;, of m; is
time independent % pi» =0. p; and p;;, are connected by a linear vector function

pi=Ap; (13.3)

P.O.J. Scherer, Computational Physics, Graduate Texts in Physics, 239
DOI 10.1007/978-3-319-00401-3_13,
© Springer International Publishing Switzerland 2013


http://dx.doi.org/10.1007/978-3-319-00401-3_13

240 13 Rotational Motion

Fig. 13.1 (Coordinate
systems) Three coordinate
systems will be used: The
laboratory system CS, the
center of mass system CS,
and the body fixed system
CSch

where A is a 3 x 3 matrix

ailr app a3
A=|ax ax a3
a1 azx  asz

13.2 Properties of the Rotation Matrix
Rotation conserves the length of p:!
pp=(Ap)T (Ap)=p" AT Ap.
Consider the matrix
M=ATA-1
for which
p Mp=0

holds for all vectors p. Let us choose the unit vector in x-direction:
1
p=10
0

Then we have

My My M3
0=(1 0 0)[ My My My
M3 Mz Ms;

(=R

(13.4)

(13.5)

(13.6)

(13.7)

(13.8)

'pT p denotes the scalar product of two vectors whereas pp” is the outer or matrix product.
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Similarly by choosing a unit vector in y or z direction we find My = M33 =0.
1

Now choose p = (1 ):
0

My My, M3 1
0:(1 1 0) My My My 1
M3 Mz Mz 0

My + My,
=(1 1 0)| My+ My | =M+Mp+Ma+My. (139
M3+ M3

Since the diagonal elements vanish we have M1, = —M3;. With
1

p = O s p = 1

1 1

we find M3 = —M31 and M3 = —M3;, hence M is skew symmetric and has three
independent components

0 My M3
M=-M'=|-M, 0 Mx]|. (13.10)
—My3 —My; O
Inserting (13.6) we have

(ATA—1)=—(ATa-1)" =—(aTa—1) (13.11)

which shows that AT A =1 or equivalently AT = A~!. Hence (det(A))>=1and A
is an orthogonal matrix. For a pure rotation without reflection only det(A) = +1 is

possible.
From
ri=R+Ap;, (13.12)
we calculate the velocity
dr, dR dA dp;p
T T, A 13.13
T TR P (1313

but since p;;, is constant by definition, the last summand vanishes
=R+ Ap,, =R+ AA"!p, (13.14)

and in the center of mass system we have

d .
Epi:AA Yo, =Wp, (13.15)
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Fig. .13.2 Infinitesimal 3 +c$
rotation N
\dp =dp x p
0
de = dt
\
\
with the matrix
W=AA"" (13.16)

13.3 Properties of W, Connection with the Vector of Angular
Velocity

Since rotation does not change the length of p;, we have

d d
=E|Pi| —>0=Piapi=Pi(WPi) (13.17)

or in matrix notation
0=p] Wp;. (13.18)

This holds for arbitrary p;. Hence W is skew symmetric and has three independent
components

0 Wi Wi
W= -Wp 0 Wy |. (13.19)
Wiz =W 0

Now consider an infinitesimal rotation by the angle d¢ (Fig. 13.2).
Then we have (the index i is suppressed)

dp 0 Wi Wis p1 Wiz202 + Wizp3
dp= Edt =|-Wiz O Wa3 p2 |dt =| —Wiap1 + Wasps | dt
Wiz =Wy 0 03 —Wizp1r — Wazpo2
(13.20)

which can be written as a cross product:

dp=deo xp (13.21)
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with
—Wasdt
do = Wisde | . (13.22)
—Wirdt

But this can be expressed in terms of the angular velocity  as

do = wdt (13.23)
and finally we have
w1 0 —3 w?
do=wdt=| wy |dt W= w3 0 —w (13.24)
w3 —wy W] 0

and the more common form of the equation of motion

d
Ep:Wp:wxp. (13.25)

Example (Rotation around the z-axis) For constant angular velocity @ the equation
of motion

d
—p=W 13.26
LP=Wr (13.26)
has the formal solution
p=¢""p(0)=A()p(0). (13.27)

The angular velocity vector for rotation around the z-axis is

0
w=| 0 (13.28)
w3
and
0 —w3 O
W=| w3 0 0]. (13.29)
0 0 0

Higher powers of W can be easily calculated since

—w3 0 0
wi=| 0 -} 0 (13.30)
0 0 0
0 —w3 O
W3i=—wi|lws 0 0 (13.31)
0

0 0
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etc., and the rotation matrix is obtained from the Taylor series

1 1
Aty =e"" =1+Wt+§W2t2+gW3t3+~-

=1+| 0 3 O||l—5+—=—+

2.2
w3t 0 0 1 w%tz
0o o oj\2 4

0 —w3t O w%tz
+ | w3t 0 0 <1—T+>

0 0 0
cos(wst) —sin(wst)
= | sin(wst) cos(wst) . (13.32)

13.4 Transformation Properties of the Angular Velocity

Now imagine we are sitting on the rigid body and observe a mass point moving
outside. Its position in the laboratory system is rj. In the body fixed system we
observe it at

p1py=A""(r; —R) (13.33)
and its velocity in the body fixed system is
—1

, d
pry=A""0E —R)+
dr

(r; — R). (13.34)

The time derivative of the inverse matrix follows from

0= d (A—IA)—A—1A+dA_1A (13.35)
T dr - dr ’
dA~! .
i =—A1AA T =—A"w (13.36)
and hence
dA~!
i ri —R)=—A"'W@ —R). (13.37)

Now we rewrite this using the angular velocity as it is observed in the body fixed
system

AW R =Wy At —R) = —Wpp, = —p X pyp (13.38)
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where W transforms as like a rank-2 tensor
Wy,=A"'WA. (13.39)

From this equation the transformation properties of @ can be derived. We consider
only rotation around one axis explicitly, since a general rotation matrix can always
be written as a product of three rotations around different axes. For instance, rotation
around the z-axis gives:

0 —wpz  wp
Wp=| wp 0 —wp
—wpy  Wp1 0
cosg sing O 0 —w3 W) cosp —sing 0
= | —sing cos¢ O w3 0 —w sing cosg O
0 0 1 —wy W] 0 0 0 1
0 —w3 W7 COS Y — w1 Sing
= w3 0 — (w1 cos@ + wy sing)
—(w2cosp — w1 sing) wjcose + ws sing 0
(13.40)
which shows that
w1p cosp sing O w1
w | = —sing cosep O w) =A"lw (13.41)
w3p 0 0 1 w3

i.e. w transforms like a vector under rotations. However, there is a subtle difference
considering general coordinate transformations involving reflections. For example,
under reflection at the xy-plane W is transformed according to

1 0 O 0 —-w3 1 0 O
Wpe=]10 1 O w3 0 —w1 01 O

0 0 -1 —wy W] 0 0 0 -1

0 —w3 —wp

wy —w] 0

and the transformed angular velocity vector is

wip 1 0 0 w1
wwp |=—10 1 0 wy |. (13.43)
w3p 0 0 -1 w3

This is characteristic of a so called axial or pseudo-vector. Under a general coordi-
nate transformation it transforms as

wp = det(A) Aw. (13.44)
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13.5 Momentum and Angular Momentum

The total momentum is

P=> "miti=) mR=MR (13.45)
i i

since by definition we have ), m;p; = 0.
The total angular momentum can be decomposed into the contribution of the
center of mass motion and the contribution relative to the center of mass

L=) mr; xii=MRxR+ > mip; x p; =Lcom + Lin- (13.46)

L l

The second contribution is

Liv =Y _mip; x (@x p;) =Y _mi(@p] — p; (p;w)). (13.47)
i i

This is a linear vector function of @, which can be expressed simpler by introducing
the tensor of inertia

1= "mip}l—mip;p] (13.48)
i
or component-wise
DLyn =Y 10} 8.0 = Mi Pi.mPin (13.49)
i
as
Liy = lo. (13.50)

13.6 Equations of Motion of a Rigid Body

Let F; be an external force acting on m;. Then the equation of motion for the center
of mass is

d2 ..
EZm,-rl-=1\4R=ZF,-:FM. (13.51)
i i

If there is no total external force F,,;, the center of mass moves with constant veloc-
ity
R=Rp+ V(t —19). (13.52)

The time derivative of the angular momentum equals the total external torque

d d . ..
EL: 5277’[,’1‘,’ X I :Zmil‘i XTri= Zl‘i X Fi = ZN, ZNext (1353)
i i i i
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which can be decomposed into

New =R x Fey + Y p; x F. (13.54)

1
With the decomposition of the angular momentum

d d d
—L=—L —L; 13.55
dr dr com + dr int ( )

we have two separate equations for the two contributions:

d d . .
d—tLCOMz aMR>< R=MR x R=R x Foy (13.56)
d

3 Lim = Xijp,» x F; =Ny — R x Foyy = Nipy. (13.57)

13.7 Moments of Inertia

The angular momentum (13.50) is
Lo=Io=AA"'"TAA ' = AlLw, (13.58)

where the tensor of inertia in the body fixed system is

L=A""TA= A_1<ZmipiTpi - mipipiT)A

1

= ZmiATpiTpiA —miATpipl-TA
i

=Y mipj, —mipipPly (13.59)

1

Since I does not depend on time (by definition of the body fixed system) we
will use the principal axes of [, as the axes of the body fixed system. Then /;, takes
the simple form

L 0 O
I,=10 L O (13.60)
0 0 &I

with the principle moments of inertia /; 2 3.
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13.8 Equations of Motion for a Rotor

The following equations describe pure rotation of a rigid body:

d
ZA=WA=AW, (13.61)
dr
d
aLint =Nin (13.62)
0 —w3 W)
W=| w3 0 —w Wij = —¢ijiwr (13.63)
—w) W] 0
Ly = ALy =1 =Alpwp (13.64)
Ltoo oo
oo =1 "Limp=| 0 I;' 0 |Lwp o=Aw, (13.65)
o o 5!
I, = const. (13.66)

13.9 Explicit Methods

Equation (13.61) for the rotation matrix and (13.62) for the angular momentum have
to be solved by a suitable algorithm. The simplest integrator is the explicit Euler
method (Fig. 13.3) [241]:

At + A1) = A(t) + A Wp(1) At + O(Ar?) (13.67)
Line(t + A1) = Lins (1) + Nie (1) A + O (AF?). (13.68)

Expanding the Taylor series of A() to second order we have the second order ap-
proximation (Fig. 13.3)

At + A1) = A(t) + A(OWp (1) A + %(A(t)sz(t) + AW, (1)) A2+ 0(AF).
(13.69)
A corresponding second order expression for the angular momentum involves
the time derivative of the forces and is usually not practicable.
The time derivative of W can be expressed via the time derivative of the angular
velocity which can be calculated as follows:
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error of energy and determinant

time step At

Fig. 13.3 (Global error of the explicit methods) The equations of a free rotor (13.8) are solved
using the explicit first order (full curves) and second order (dashed curves) method. The deviations
|det(A) — 1| (diamonds) and |Eyj, — Erin(0)| (circles) at t = 10 are shown as a function of the
time step At. Full circles show the energy deviation of the first order method with reorthogonal-
ization. The principal moments of inertia are I, = diag(l, 2, 3) and the initial angular momentum
isL=(1,1,1). See also Problem 13.1

d d, . _ fd .
e 'A le,):Ib1<aA 1>Lim+1blA "Nint
=1, (=A7'W)Line + 1, ' A7 Ni

=1, ' WyLinp + Iy 'Nint - (13.70)

Alternatively, in the laboratory system

d d
3@ = 7, (Aop) = WAw, — AL AT WL + AL ATING,

= AL ' A(Njws — WLin) (13.71)
where the first summand vanishes due to

WAwp = AWpwp = Awp X @p =0. (13.72)

Substituting the angular momentum we have

d _ _
3o =1 Ninep — 1, "Wy Ipwp (13.73)

which reads in components:
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. —1
p1 I, Np1
. 2
wpy | = I, Nia
. 2
wp3 I3 Np3
~1
I, | 0 —wpz w2 Ip1owp1
— I, Wp3 0 —wp1 Iprwp
;! —wpy  wp1 0 Ip3wp3
(13.74)

Evaluation of the product gives a set of equations which are well known as Euler’s
equations:

o Iy — 1b3a) o+
b1 I b20h3 + 7
Ipz — 1 N,
gy = 28 s + 222 (13.75)
Ip> Ip>
Ipy — I Np3
wp3 = wp1wWp2 + ——
Ip3 Ip3

13.10 Loss of Orthogonality

The simple methods above do not conserve the orthogonality of A. This is an effect
of higher order but the error can accumulate quickly. Consider the determinant of A.
For the simple explicit Euler scheme we have

det(A + AA) = det(A + WAA?) =det Adet(l + W A1)
= det A(1 + 0*Ar?). (13.76)

The error is of order At?, but the determinant will continuously increase, i.e. the
rigid body will explode. For the second order integrator we find

Ar? .
det(A + AA) = det(A + WAAr + T(W2A + WA))

A,
= det A det 1+WAt+T(W + W) ). (13.77)

This can be simplified to give
det(A + AA) =detA(1 + oAt +---). (13.78)

The second order method behaves somewhat better since the product of angular
velocity and acceleration can change in time. To assure that A remains a rotation
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matrix we must introduce constraints or reorthogonalize A at least after some steps
(for instance every time when | det(A) — 1| gets larger than a certain threshold). The
following method with a symmetric correction matrix is a very useful alternative
[127]. The non-singular square matrix A can be decomposed into the product of an
orthonormal matrix A and a positive semi-definite matrix S

~

A=AS (13.79)

with the positive definite square root of the symmetric matrix AT A

172

S = (AT A) (13.80)
and
A=AS~'=4a(AT4)"'? (13.81)
which is orthonormal as can be seen from
ATA=(sH'aATas ' =571s257 = 1. (13.82)

Since the deviation of A from orthogonality is small, we make the approximations

S=1+s (13.83)
ATA=8>~1+2s (13.84)
ATA -1
SN ——— (13.85)
1 1—ATA
STIml—s~l4——+- (13.86)

which can be easily evaluated.

13.11 Implicit Method

The quality of the method can be significantly improved by taking the time deriva-
tive at midstep (Fig. 13.4) (12.5):

At At
A(t+At)=A(t)+A<t+7>W(t+7)At+--- (13.87)
At
L (t + At) =L (1) + Ny (t + T)At 4+ (13.88)

Taylor series expansion gives
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Fig. 13.4 (Global error of
the implicit method) The
equations of a free rotor
(13.8) are solved using the
implicit method. The
deviations | det(A) — 1|
(diamonds) and

| Etin — Ekin(0)| (circles) at
t = 10 are shown as a
function of the time step Af.
Initial conditions as in

Fig. 13.3. See also
Problem 13.1

error of energy and determinant

10 10 107 10 10

time step At
A(t Af)w , At)m
+5 ( +=-
: At? A 3
=A)W(@)Ar + A(t)W(t)T + A(t)W(t)T + O(At ) (13.89)
5 AL N
=AW @) At + (AW (t)—i—A(t)W(l))T +0(Ar%)  (13.90)

which has the same error order as the explicit second order method. The matrix
At + %) at mid-time can be approximated by

1 At N At
5(A(t)+A(t+At)) :A<t+ —) + —A<[+ _) 4.

2 4 2
At
= A(t + 7) +0(Ar?) (13.91)

which does not change the error order of the implicit integrator which now becomes
1 At 3
At + At =A@t) + E(A(t) + A+ AD))W |1+ - )Ar+ O(Ar%). (13.92)
This equation can be formally solved by

et an=an(1+ 2 wlec AN (1= 2wl 2))
a1 200 3)) (1 2o )

At
:A(I)Tb<7>. (13.93)
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Alternatively, using angular velocities in the laboratory system we have the similar
expression

A+ A) =1 A[W Al _11 A[W Al A
aron=[1=w(er F) [+ Sl 5 Jao

At
= T( 5 )A(t) (13.94)
The angular velocities at midtime can be calculated with sufficient accuracy from
At AV 2
wii+— =W(t)+7W(t)+0(At )- (13.95)

With the help of an algebra program we easily prove that
At At ZAL?
det(l + 7W) = det(l = 7W) =1+ (13.96)

and therefore the determinant of the rotation matrix is conserved. The necessary
matrix inversion can be easily done:

(-5
1——W
2

W2 AR
At 2 2
1+ —m% +w1w2ATt wz% +w1w3Ai
242
— w5 At
= a)3 2 +a)1a)2 A4’ 1+ 24 —a)1 +a)2a)3 A4t
242
At Ar? w3 A1
—(,()27 +(1)1(1)3T 0)17 +(,()2(,()3T 1+3T
—1 (13.97)
2A12 : :
1+ w5
The matrix product is explicitly
5=l 2w A, ]
b= ~ b -~ Wb
L 2 2
2 _ 2 2 2 2
1+ WAIZ —wp3 At +a)b1wb2ATt wpy At +wb1wb3ATt
_ 2 — 2+, —w? 2
= | wpAt+opopts 1+ ZREREERAR ) At 4 opwpz B

2 2 7(02 7(1)2 +w2
—op At + wblwlﬁATl wp1 At + wawbSATt 1 —bLp2 s Ag2
1

With the help of an algebra program it can be proved that this matrix is even orthog-
onal

T,,T T, =1 (13.99)
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and hence the orthonormality of A is conserved. The approximation for the angular
momentum

At
Lint(t) +Nint t+ 7 At

. At?
= Lint (1) + N () A1 + Nigg(0) == + - =Lins (1 + A1) + o(Ar)

(13.100)
can be used in an implicit way

Nins (t + At) + Ny (2
Lins(t + Af) = L (1) + @ F 2)+ W()At+0(At3). (13.101)

Alternatively Euler’s equations can be used in the form [190, 191]

At At Iy — 1 N
wp1 (l‘ + —) = wp1 (I — —) + ua)bz(l‘)a);ﬁ(t)At + ﬂAt etc.
2 Ip1 Ip1

2
(13.102)
where the product wp, (f)wp3 (t) is approximated by

1 At At At At
wp2 () wp3(t) = §|:wb2(t - 7)6%3 <t — 7) + wb2<t + 7)(»173 (t + 7)]
(13.103)

wp (t + %) is determined by iterative solution of the last two equations. Starting
with wp (t — %) convergence is achieved after few iterations.

Example (Free symmetric rotor) For the special case of a free symmetric rotor
(Ip2 = Ip3, Njpy = 0) Euler’s equations simplify to:

@p1 =0 (13.104)
1, -1
wpy = Ma)b]ww = lwp3 (13.105)
Ipr3)
Iy — 1
ipy = 2L 102D oy = — Ao (13.106)
Ip23)

_ Ine)—In b1
Ip2(3)

A (13.107)

Coupled equations of this type appear often in physics. The solution can be found
using a complex quantity

2 =wp +ivps (13.108)
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which obeys the simple differential equation
2 = g + idop3 = —i (iAwp3 + hwp) = —iAS2 (13.109)

with the solution

Q= Q¢ M. (13.110)
Finally
wp1(0) wp1(0)
wp = | R(Q20e ) | = | wp2(0) cos(rt) + wp3(0) sin(Ar) (13.111)
I (§20e ™) wp3(0) cos(At) — wp2 (0) sin(Arr)

i.e. @ rotates around the 1-axis with frequency A.

13.12 Kinetic Energy of a Rotor

The kinetic energy of the rotor is

Eiin=)_ TIF,Z =y 71(R+Apib)2

i i
=D 5 (R +p, AT)(R + Apyy)
i
- 7R2 +) TlpinATApib. (13.112)
i

The second part is the contribution of the rotational motion. It can be written as

m; m; 1
Erpr = Z — ol WIAT AWpp,, = —Z ol Wip, = —ol Lo, (13.113)

— 2 — 2 2
1 1
since
s W3 T Wy Zwb 1 C!)b22 Wp1Wp3 s .
—Wy=| —wpiowpr  wp; + Wp3  —wpwp3 | =0, — @pw), . (13.114)
2 2
—Wp1Wp3 —WpRWE3 Wi T Wy

13.13 Parametrization by Euler Angles

So far we had to solve equations for all 9 components of the rotation matrix. But
there are six constraints since the column vectors of the matrix have to be orthonor-
malized. Therefore the matrix can be parametrized with less than 9 variables. In fact
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it is sufficient to use only three variables. This can be achieved by splitting the full
rotation into three rotations around different axis. Most common are Euler angles
defined by the orthogonal matrix [106]

cosyrcos¢ —cosOsingsiny  —siny cos¢ —cosfsingcosyy  sinf sing
cosyrsing 4+ cosfcosgpsiny —sinysing + cosf cos¢pcosyy —sinb cos@

sin @ sin ¥ sin 6 cos ¥ cos6
(13.115)
obeying the equations
. i % 0
b= o, s1n¢.‘>cos wyCOS(?COS to. (13.116)
sinf sinf
0 = w, cosp + wy sin¢ (13.117)
. sin ¢ cos ¢
=Wy — . 13.118
V= sin6 @y sin 6 ( )

Different versions of Euler angles can be found in the literature, together with
the closely related cardanic angles. For all of them a sinf appears in the denomi-
nator which causes numerical instabilities at the poles. One possible solution to this
problem is to switch between two different coordinate systems.

13.14 Cayley-Klein Parameters, Quaternions, Euler Parameters

There exists another parametrization of the rotation matrix which is very suitable for
numerical calculations. It is connected with the algebra of the so called quaternions.
The vector space of the complex 2 x 2 matrices can be spanned using Pauli matrices
by

1 0 0 1 0 —i 1 0
(00 m(00) m () wm(l %) aam

Any complex 2 x 2 matrix can be written as a linear combination
col +co. (13.120)

Accordingly any vector x € R3 can be mapped onto a complex 2 x 2 matrix:

z X —iy
P = . . 13.121
X — (x—f—ty ., ) (13 )

Rotation of the coordinate system leads to the transformation
P =0pPQ" (13.122)

where

(o« B
Q_<y a) (13.123)
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is a complex 2 x 2 rotation matrix. Invariance of the length (|x| = 4/ — det(P)) under
rotation implies that Q must be unitary, i.e. Q7 = Q! and its determinant must
be 1. Explicitly

* * 1 —
o' =(5 )= a5 ) (1312

and Q has the form
0= (_Ofg f) with [a? + |B* = 1. (13.125)

Setting x4 = x % iy, the transformed matrix has the same form as P:

orPO' = o*Bxy + Brax_ + (o — |B1))z —B%x, +a’x_ —2aBz
T et o —2078% 7 —atBxy —afte — (o — 18Pz

/ /!

= ( ‘< x,) . (13.126)
X, -z

From comparison we find the transformed vector components:

1
x' = E(xg_—l—x/_) =

a*Z +Ol2 _ ‘3*2 _ ﬂZ i(()l*z _ 052 + ﬂ*Z _ ’32)
= x + y

(@2 = B2)xy + %(“2 — ) — (@ + o)z

N =

2 2
_ (aﬂ +a*ﬁ*)z (13.127)
/ 1 /! !/ l * 1 *. 1 * %k
y = Z(XJ“ —x)= 2—1_(0( 2+ By + 2—1,(—,3 2 o) o+ lf(—a B* +ap)z
a*Z _ Ol2 _ ﬁ*Z + ﬂZ 05*2 +Ol2 +:3*2 + /32
= - X+
2i 2
+i(a*p* —ap)z (13.128)
Z=(*B+af)x+i(a*B—ap)y+ (|ot|2 — |,B|2)z. (13.129)

This gives us the rotation matrix in terms of the Cayley-Klein parameters « and :

a*2+a2_ﬁ*2_'32 i(a*Z_a2+ﬁ*2_ﬁ2) _ % o%
A= ematiptep ateatipas o (aita ’ (13.130)
- % ) ,‘-(_052,3 +(2¥,3) : :
(@*B+ap®) il —af) (lee|* = 1819

For practical calculations one often prefers to have four real parameters instead of
two complex ones. The so called Euler parameters qo, g1, g2, g3 are defined by

o =qo+ig3 B=q»+iq1. (13.131)
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Now the matrix Q

0= qo+igs q2+iqq
—q2+iq1 qo—iq3

)=qol+iq1(rx+iqzay+iq30Z (13.132)
becomes a so called quaternion which is a linear combination of the four matrices
U=1 I=io, J=io, K =ioy (13.133)

which obey the following multiplication rules:

1?=J2=K*=-U

1J=—-JI=K
(13.134)

JK=—-KJ=1

KI=—-IK=J.

In terms of Euler parameters the rotation matrix reads

@G+at—a3—a;  2(q192+qoq3) 2(q193 — 9092)
A=| 2Aq2—q093) 93 —4ai+a3—a3  2(q295 +q0q1) (13.135)
2(q193 + q092) 2(q2q3 — q0q1) a3 —af — a3+ 43

and from the equation A = W A we derive the equation of motion for the quaternion

4o 0 o o s 40
. . B
qif_Zf-er 0 —os e | fa (13.136)
q2 2| —o2 w3 0 —w q2
93 —w3 —wy w0 93
or from A = AW,, the alternative equation
40 0 w1 w03 40
. ol =
| _ 1| -on 0 w3p w2p a | (13.137)
92 2| —o —w3 O w1 92
g3 —w3  wyp —op 0 q3
Both of these equations can be written briefly in the form
q=Wq. (13.138)

Example (Rotation around the z-axis) Rotation around the z-axis corresponds to the
quaternion with Euler parameters

wt
Cos >

q= 0 (13.139)
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as can be seen from the rotation matrix

(cos %t)z — (sin %t)z —2cos %t sin “’7’ 0
A= 2cos 4 sin 4 (cos 41)2 — (sin &)? 0
0 0 (cos 41)? + (sin 4)?
coswt —sinwt 0
= | sinwt coswt O]. (13.140)
0 0 1

The time derivative of q obeys the equation

0 0 0 w cos%’ —% sinwt
. 1 0 0 —w O 0 0
=351 0 w o o 0 = 0 ' (13.141)
- 0 0 0 —sin% —% coswt

After a rotation by 27 the quaternion changes its sign, i.e. q and —q parametrize
the same rotation matrix!

13.15 Solving the Equations of Motion with Quaternions

As with the matrix method we can obtain a simple first or second order algorithm
from the Taylor series expansion

~ < ~ At?
q + A1) =q() + W(E)q@)Ar + (W(r) + Wz(t))q(t)Tt 4. (13.142)

Now only one constraint remains, which is the conservation of the norm of the
quaternion. This can be taken into account by rescaling the quaternion whenever its
norm deviates too much from unity.

It is also possible to use Omelyan’s [192] method:

~ Ar\ 1
q(t + Ar) =q(t)+W<t+ %)E(q(t)—i-q(t—i—At)) (13.143)
gives
At ~\ 7! At ~
q(t + A1) = <1 - 7W) (1 + 7W)q(r) (13.144)

where the inverse matrix is

At 2\ 7! 1 At ~
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Fig. 13.5 Free asymmetric L=const
rotor o(l)

and the matrix product

(1 AtW)_l<1+Atv'l7>—l_w2Al_t62+ A (13.146)
2 2 ) T e e |

This method conserves the norm of the quaternion and works quite well.

13.16 Problems

Problem 13.1 (Free rotor, Fig. 13.5) In this computer experiment we compare dif-
ferent methods for a free rotor (Sect. 13.8):

e explicit first order method (13.67)
At + A1) = A(t) + A Wy(1) At + O(Ar) (13.147)

e explicit second order method (13.69)

1 .
At + At) = A(t) + A() Wy, (t) At + E(A(t)W,f(t) + A(OWp(1)) Ar* + O(ALY)
(13.148)

e implicit second order method (13.93)

At At At A\ ;

A(H—At):A(t)(l—|——W<t+—>>(1——W(t—i——)) +0(Ar).
2 2 2 2

(13.149)

The explicit methods can be combined with reorthogonalization according to
(13.79) or with the Gram-Schmidt method. Reorthogonalization threshold and time
step can be varied and the error of kinetic energy and determinant are plotted as a
function of the total simulation time.

Problem 13.2 (Rotor in a field, Fig. 13.6) In this computer experiment we simulate
a molecule with a permanent dipole moment in a homogeneous electric field E. We
neglect vibrations and describe the molecule as a rigid body consisting of nuclei
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Fig. 13.6 Rotor in an electric A A A A A i i
field i i ' i i ! '

with masses m; and partial charges Q;. The total charge is ) ; Q; = 0. The dipole
moment is

p=)_ Qi (13.150)
i
and external force and torque are
Foq=Y QE=0 (13.151)
i
New=)_ Qir; xE=p xE. (13.152)
i

The angular momentum changes according to

d

A_tLWZP x E (13.153)
where the dipole moment is constant in the body fixed system. We use the implicit
integrator for the rotation matrix (13.93) and the equation

op(t) = =1 Wy ()L (1) + I, ' A7V (1) (p(1) x E) (13.154)

to solve the equations of motion numerically. Obviously the component of the an-
gular momentum parallel to the field is constant. The potential energy is

U=-> 0;Er;=—pE. (13.155)
i

Problem 13.3 (Molecular collision) This computer experiment simulates the col-
lision of two rigid methane molecules (Fig. 13.7). The equations of motion are
solved with the implicit quaternion method (13.143) and the velocity Verlet method
(12.11.4). The two molecules interact by a standard 6-12 Lennard-Jones potential
(14.24) [3]. For comparison the attractive »~® part can be switched off. The initial
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Fig. 13.7 Molecular
collision

13 Rotational Motion

angular momenta as well as the initial velocity v and collision parameter b can be
varied. Total energy and momentum are monitored and the decomposition of the to-
tal energy into translational, rotational and potential energy are plotted as a function

of time.

Study the exchange of momentum and angular momentum and the transfer of
energy between translational and rotational degrees of freedom.
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