Chapter 10
Eigenvalue Problems

Eigenvalue problems are omnipresent in physics. Important examples are the time
independent Schrodinger equation in a finite orthogonal basis (Chap. 10)

M
> < ¢lHIg > C; = ECy (10.1)
j=1

or the harmonic motion of a molecule around its equilibrium structure (Sect. 15.4.1)
Pmie—en = LY (e (10.2)
1 L i J aé_laé_] J ] . .

Most important are ordinary eigenvalue problems,' which involve the solution of
a homogeneous system of linear equations

N
> apx =My (10.3)
j=1

with a Hermitian (or symmetric, if real) matrix [113]

ajp = a; (104)
The couple (N, x) consisting of an eigenvector x and the corresponding eigenvalue
A is called an eigenpair.

YWe do not consider general eigenvalue problems here.
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Matrices of small dimension can be diagonalized directly by determining the
roots of the characteristic polynomial and solving a homogeneous system of linear
equations. The Jacobi method uses successive rotations to diagonalize a matrix with
a unitary transformation. A very popular method for not too large symmetric matrices
reduces the matrix to tridiagonal form which can be diagonalized efficiently with the
QL algorithm. Some special tridiagonal matrices can be diagonalized analytically.
Special algorithms are available for matrices of very large dimension, for instance
the famous Lanczos method.

10.1 Direct Solution

For matrices of very small dimension (2, 3) the determinant
det |a; — A6y =0 (10.5)

can be written explicitly as a polynomial of A. The roots of this polynomial are the
eigenvalues. The eigenvectors are given by the system of equations

J

10.2 Jacobi Method

Any symmetric 2 x 2 matrix

ap a
A= (9 @2 (10.7)
ap axn
can be diagonalized by a rotation of the coordinate system. Rotation by the angle ¢
corresponds to an orthogonal transformation with the rotation matrix

R, = (cosga—smgo)' (10.8)

siny cos
In the following we use the abbreviations

c=cosp, s=sinp, t=tanyp (10.9)
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The transformed matrix is

RAR_] _ Cc —S ary arn c S
s C dip dx —S5C
_ ( c*ay +s2an — 2csayy  cs(an — axn) + (¢ — 52)a12)

es(ayy — an) + (2 — sDay  s2ay + Cayp + 2csap (10.10)

It is diagonal if

0 = cs(ay — an) + (2 — Pap, = % Sin(2p) + ann cos2p)  (10.11)
or
2ays
fan(2p) = —12 (10.12)
day —dajy

Calculation of ¢ is not necessary since only its cosine and sine appear in (10.10).
From [113]

1 —¢? r—s? daz —dj
t 2cs cot(2¢) 2a12 ( )

we see that ¢ is a root of

e el L PR (10.14)
ap
hence
axn — ai ayn —an '\’ 1
t=—"—+ l—I—( ) = . (10.15)
2ay, 2ayn ey 4 ] 4 (022_0“)2
2ayy 2ap,

For reasons of convergence [113] the solution with smaller magnitude is chosen
which can be written as

1 dx—dajg
sign ( 2ar, )

+ 1 + (022*011)2
V 2a13

(10.16)

ax—dajg
2012
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Again for reasons of convergence the smaller solution ¢ is preferred and therefore
we take

1 t
c= s = . (10.17)
V1 + 12 V1412

The diagonal elements of the transformed matrix are

a1 = cayy + saxn — 2csap (10.18)

Gy = say| + ctar + 2csays. (10.19)
The trace of the matrix is invariant

an +an =an+an (10.20)
whereas the difference of the diagonal elements is

1—17? t

i — an = (& — s (an — an) — desar, = 1+—t2(all —axp) — 4%

y Vo can =) TH gt ) -2

= —ax apn " 1+ 2 1+ 2 = —dax apn

(10.21)

and the transformed matrix has the simple form

app — apt
. 10.22
( axn + alzf) ( )

For larger dimension N > 2 the Jacobi method uses the following algorithm:
(1) look for the dominant non-diagonal element max ;4;|a;|

(2) Perform a rotation in the (ij)-plane to cancel the element a;; of the transformed
matrix A = R . A . R%~1 The corresponding rotation matrix has the form

R — , (10.23)

(3) repeat (1-2) until convergence (if possible).
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The sequence of Jacobi rotations gives the over all transformation

Al
RAR™! = ~~-R2R1AR171R271"‘= L (10.24)
AN
Hence
A1
AR =R! (10.25)
AN

and the column vectors of R~' = (v|, v5 - - - vy) are the eigenvectors of A:

AV, V2 V) = (A1V1, AV, - - An V) . (10.26)

10.3 Tridiagonal Matrices

A tridiagonal matrix has nonzero elements only in the main diagonal and the first
diagonal above and below. Many algorithms simplify significantly when applied to
tridiagonal matrices.

10.3.1 Characteristic Polynomial of a Tridiagonal Matrix

The characteristic polynomial of a tridiagonal matrix

ayr— A ap
ax ap— A\

P4(X\) = det . (10.27)
AN—1IN
ann-1 any — A
can be calculated recursively:

Py=1

Pi(AN) =ap — A

Py(N) = (azp — VP (N) — apan

Py(N) = (any — MPy—1(N) — ay v—1an—1.nPn—2 (V). (10.28)
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10.3.2 Special Tridiagonal Matrices

Certain classes of tridiagonal matrices can be diagonalized exactly [114-116].

10.3.2.1 Discretized Second Derivatives

Discretization of a second derivative involves, under Dirichlet boundary conditions
f(xo0) = f(xyy1) = 0, the differentiation matrix (Sect.20.2)

-2 1
1 =21
M= RN (10.29)
1 =21
1 -2
Its eigenvectors have the form
h sin k
f=]1/f| =] sintk) |. (10.30)
Iy sin(Nk)

This can be seen by inserting (10.30) into the n-th line of the eigenvalue (10.31)

Mf =) (10.31)

(Mf),, = (sin ((n — 1)k) + sin ((n 4+ 1)k) — 2 sin(nk))
= 2sin(nk) (cos(k) — 1) = X (f), (10.32)

with the eigenvalue
.o [k
A=2(cosk —1) = —4sin 5) (10.33)

The first line of the eigenvalue (10.31) reads

(Mf), = (~25sin(k) + sin(2k))
= 2sin(k)(cos(k) — 1) = A\(f), (10.34)
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10.3 Tridiagonal Matrices
and from the last line we have

Mf)y = (=2 sin(NK) + sin([N — 11k)
= \(f)y = 2(cos(k) — 1) sin(Nk)

which holds if
sin((N — 1)k) = 2 sin(Nk) cos(k).

This simplifies to

sin(Nk) cos(k) — cos(Nk) sin(k) = 2 sin(Nk) cos(k)

sin(Nk) cos(k) + cos(Nk) sin(k) =0
sin((N + 1)k) = 0.
Hence the possible values of k are

™

k =
(N+1)

[withl=1,2,---N

and the eigenvectors are explicitly (Fig. 10.1)

sin (NLHI)

f = sin (%ln)

sin (1 N)

219

(10.35)

(10.36)

(10.37)

(10.38)

(10.39)

For Neumann boundary conditions %(xl) = %(xN) = 0 the matrix is slightly

different (Sect.20.2)

Fig. 10.1 (Lowest
eigenvector) Top for fixed
boundaries f,, = sin(nk)
which is zero at the

additional points xq, Xy 1.
Bottom for open boundaries

fu = cos((n — 1)k) with
horizontal tangent at xj, xy
due to the boundary
conditions

XN Xngpo X

fo=fo.fn-1 =fns Xo

XN XNt X
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-2 2

1 =21
- (10.40)
1 -2 1

2 -2

Its eigenvalues are also given by the expression (10.33). To obtain the eigenvectors,
we try a more general ansatz with a phase shift

Sil’l@l
f=] sin@ +@—-1r |. (10.41)

sin(@; + (N — k)
Obviously

sin(®) + (n — Dk — k) +sin(®; + (n — Dk + k) — 2sin(®; + (n — 1)k)
=2 (cosk — 1) sin(®@; + (n — 1)k). (10.42)

The first and last lines of the eigenvalue equation give

0= —2sin(P;) + 2sin(P; + k) — 2(cosk — 1) sin(P)
=2cos®sink (10.43)

and

0= —2sin(®; + (N — Dk) + 2sin(P; + (N — Dk — k)
— 2(cosk — 1) sin(@; + (N — k) = 2cos(®, + (N — Dk)sink  (10.44)

which is solved by

T k=—"_1 1=12...N (10.45)
2 N-1

D) =

hence finally the eigenvector is (Fig. 10.1)

1

f= cos(j’\iillwl) ) (10.46)

(— 1)
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Even simpler is the case of the corresponding cyclic tridiagonal matrix

-2 1 1
1 =21
M = oo (10.47)
1 -2 1
1 1 -2
which has eigenvectors
oik
f= elnk (10.48)
ei}Vk
and eigenvalues
—ik ik o (K
A=-2+4+e " 4+e" =2(cos(k) — 1) = —4sin 3 (10.49)
where the possible £ — values again follow from the first and last line
_zeik + e1‘2k + eiNk — (_2 + e—ik + eik) eik (1050)
eik + ei(N*l)k _ 2eiNk — (_2 + efik + eik) eiNk (1051)
which both lead to
eV =1 (10.52)
2
k:%l, [=0,1,---N—1. (10.53)

10.3.2.2 Discretized First Derivatives

Using symmetric differences to discretize a first derivative in one dimension leads
to the matrix?

2This matrix is skew symmetric, hence iT is Hermitian and has real eigenvalues i\.
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D= - . ". . (10.54)

The characteristic polynomial of the Hermitian matrix iD is given by the recursion
Sect. 10.3.1

Py=1

P =-A

Py = —APy_1 — Py (10.55)
which after the substitution x = —\/2 is exactly the recursion for the Chebyshev

polynomial of the second kind Uy (x). Hence the eigenvalues of D are given by the
roots x; of Uy (x) as

km
Ap = 2ix; = 2i k=1,2...N. 10.56
D Xy ICOS(N~|—1) ( )

The eigenvalues of the corresponding cyclic tridiagonal matrix
D= N ' B . (10.57)

are easy to find. Inserting the ansatz for the eigenvector

expik
: (10.58)
exp iNk
we find the eigenvalues
ei(m+1)k _ ei(mfl)k — /\eimk (1059)

\ = 2isink (10.60)
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and from the first and last equation

1 =eM (10.61)

el = el (VHDE (10.62)
the possible k-values

2
k=" 1=0.1,..N—1. (10.63)
N

10.4 Reduction to a Tridiagonal Matrix

Eigenproblem algorithms work especially efficient if the matrix is first transformed
to tridiagonal form (for real symmetric matrices, upper Hessian form for real non-
symmetric matrices) which can be achieved by a series of Householder transforma-
tions (5.56)

T

uu
A = PAP with P=PT =1-2—

i (10.64)

The following orthogonal transformation P; brings the first row and column to tridi-
agonal form. We divide the matrix A according to

A= (a“ af ) (10.65)

« Arest

with the (N — 1)- dimensional vector

ap
o= :
aln
Now let
0
a (:-)\ 0 1
u=|" = (Oé) +2e? with e®=101]. (10.66)
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Then
lul* = |al* + \* 4+ 2)\an

and

T{any\ _ 2
u (a)—|Oé| + Aap.

10 Eigenvalue Problems

The first row of A is transformed by multiplication with P, according to

() =(%)-

la® + Aain 0 "
2 Ae® |,
a2 + X 1 2xan \a ) T

The elements number 3 . .. N are eliminated if we choose?

A = x|
because then

o +Aa

lof* £ |erlarn

|24+ A2 +2Xa;

and

Finally we have

2
ar aiz) 0

@ 2 ()

Qyp Ay Aoz«

AP =PAP = | a

2 (2
0 ayy azy -+~

as desired.

la? + laf? £ 2|ala,

(2)
N

2
asy
2)
anN

3To avoid numerical extinction we choose the sign to be that of ay».

(10.67)

(10.68)

(10.69)

(10.70)

(10.71)

(10.72)

(10.73)
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For the next step we choose

(2)

ax 0

a=| |, u=|0]+tae? (10.74)
2) @
arn

to eliminate the elements ayy . . . azy. Note that P, does not change the first row and
column of A®) and therefore

an a(122) 0 «ovn-. 0
2 2 3
3 B
A® = p,AQp, — 0 ay azz ------ a3y (10.75)
0 : ' '
0 0 ag\), ...... am

After N — 1 transformations finally a tridiagonal matrix is obtained.

10.5 The Power Iteration Method

A real symmetric N x N matrix with (orthonormal) eigenvectors and eigenvalues®
Aui = /\,-ui (1076)
can be expanded as

A= uul. (10.77)

The sequence of powers

A" = zu,-/\;’uf (10.78)

converges to

T

u

n n
A" — umaxAmaX max

4We do not consider degenerate eigenvalues explicitly here.
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where’
[ Amax| = max. (10.79)

Hence for any initial vector v; (which is arbitrary but not perpendicular to u,,,,) the
sequence

Uyl = Av, (10.80)
converges to a multiple of u,,,,. To obtain all eigenvectors simultaneously, we could

use a set of independent start vectors, e.g. the N unit vectors and iterate simultaneously
for all of them

1
@, M) =(er,...en) = . (10.81)
1
@, o8 =A@, oY) = A (10.82)

Most probably, all column vectors of A then converge to multiples of the same
eigenvector. To assure linear independence, an orthogonalization step has to follow
each iteration. This can be done (QR decomposition, Sect.5.2) by decomposing the
matrix into the product of an upper triangular® matrix R and an orthogonal matrix
Q" = Q7! (Sect.5.2)

A = OR. (10.83)

For symmetric tridiagonal matrices this factorization can be efficiently realized by
multiplication with a sequence of Givens rotation matrices which eliminate the off-
diagonal elements in the lower part one by one’

Q =RN-IM) | REIR(D (10.84)

QN_1 ‘ (e%)
beginning with

c s ary agrn
—-scC ajp ax ans
RUIDA — 1

03]
aN-—2N-1 AN—-1,N—1 AN—1,N
1 aN—-1,N  AanN.N

SFor simplicity we do not consider eigenvalues which are different but have the same absolute value.
The equivalent QL method uses a lower triangular matrix.
"This is quite different from the Jacobi method since it is not an orthogonal transformation.
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cay + saypp capp + sax sas
0 —sayy + cary caxs

= asz4 asz  as (10.85)
AaN—1,N 4NN
where the rotation angle «; has to be chosen such that

tanay = - = 22 (10.86)
¢ an

Finally, this leads to a method known as orthogonal simultaneous power iteration

wh =4 =0WRD (10.87)
W(n+l) — AQ(") (1088)
QUFDRED — py kD), (10.89)

This method calculates a sequence of orthogonal matrices Q" which converge to a
set of independent eigenvectors. Moreover, from (10.88) and (10.89)

A= W(thl)Q(n)T — Q(n+1)R(n+1)Q(n)T (1090)
and therefore powers of A are given by

A" = (QMRMQUITY (QU-DRI-DQU2T) | (0P R QI (QVRD)
— Q(n)R(n)R("*l) . RM. (10.91)

The product of two upper triangular matrices is upper triangular again which can be
seen from

R™WRM)ij = > R"RY =0if i > k. (10.92)

Jrisj=k
Therefore the QR decomposition of A" is

A" = QmWR"

(10.93)
with

R™ = g™ R, (10.94)
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To obtain other than the dominant eigenvalues, the inverse power iteration method
with shift is useful. Consider the matrix

A=A—-0)"! (10.95)

where 1 is not an eigenvalue A\;of A. Obviously it has the same eigenvectors as A
and eigenvalues given by

Au; = Nu; = u;. (10.96)
/\,‘ — 0

Hence, if o is close to )\;, the power iteration method will converge to a multiple of u;.
For practical calculations, an equivalent formulation of the power iteration method
is used which is known as the QR (or QL) method.

10.6 The QR Algorithm

The QR algorithm [117] is an iterative algorithm. It uses a series of orthogonal trans-
formations which conserve the eigenvalues. Starting from the decomposition of A

A= 0R (10.97)

Ay = R1Q; = Q[AQ, (10.98)
we iterate

App1 = R0, = QFA,0,. (10.100)

From (10.99) and (10.100)

Qn+1Rn+1 = RnQn

and the n-th power of A is

A'"=AA.. A= Q1RIQIR; ... Q1R = Q1(Q2R: ... O2R))R,
= 0102(Q3R; ... O3R)RR; - = Q,R, (10.101)

0,=01...0y Ri=R,...R:. (10.102)
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But since QR decomposition is unique, comparison of (10.93) and (10.101) shows
0,=0" R,=R" (10.103)

i.e. the column vectors of Q, converge to a set of eigenvectors and the transformed
matrix

—T7 —
Ant1 = QgA0y = 0,04 An 10510y = - - = 0,AQ, (10.104)
converges to a diagonal matrix. Now consider the inverse power
A"=R,'0. (10.105)

The inverse of a symmetric matrix is also symmetric and

—1

AT =0, (Rn )T (10.106)

shows, that the QR algorithm uses the same orthogonal transformations as ordinary
and also inverse power iteration. The inverse of an upper triangular matrix is also
upper triangular but the transpose is lower triangular. Therefore we modify (10.106)
by multiplying with a permutation matrix

1
P= P2 =1 (10.107)
1

from the right side, which reverses the order of the columns and
_ — 1\T -~
A~"P = Q,PP (Rn ) P=0R (10.108)
is the QR decomposition of A™"P. This shows the close relationship between the QR
algorithm® and the inverse power iteration method.

To improve convergence, a shift o is introduced and the QR factorization applied
to A,, — 0. The modified iteration then reads

A, — 0 = OuR, (10.109)

Av1 = RO+ 0= 0) (A — 0)Qn + 0 = O A, Q. (10.110)

80r the equivalent QL algorithm.
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Symmetry and tridiagonal form are conserved by this algorithm. The simplest
choice for the shift is to take a diagonal element 0,, = a,,,,, = (A;;)m.m cOrresponding
to the Rayleigh quotient method. An even more robust and very popular choice [113]
is Wilkinson’s shift

T = o + & — sign(8),/62 + @, 5= M (10.111)

An—1,m—1 An—1,m

which is that eigenvalue of the matrix ( ) which is closer to a, .

Am—1,m Am,m
The calculation starts with oy and iterates until the off-diagonal element ay_; x
becomes sufficiently small.” Then the transformed matrix has the form

ap ap
ajp ax
. 10.112
aN—-2,N-1 ( )
an-aN—1 an—1N—1 O
0 anNN

Now the last column and row can be discarded (deflation method) and the next
iteration performed with the shift o,y on a tridiagonal matrix of dimension N — 1.
This procedure has to be repeated N times to obtain all eigenvalues. Convergence is
usually cubic (or at least quadratic if there are degenerate eigenvalues).

10.7 Hermitian Matrices

In quantum mechanics often Hermitian matrices have to be diagonalized (which
have real valued eigenvalues). To avoid complex arithmetics, an Hermitian eigen-
problem can be replaced by a symmetric real valued problem of double dimension
by introducing

B=%A) C=3J@A) x=u+1iv (10.113)

where, for Hermitian A

A=B+iC=A" =B" —icT (10.114)
hence
B=B" c=-CT (10.115)

9For the QL method, it is numerically more efficient to start at the upper left corner of the matrix.
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and the eigenvalue problem can be rewritten as
0= (Ax - Xx) = Bu—Cv—u)+i(Bv+ Cu — \v) (10.116)

or finally in the real symmetric form

(%) ()= () o

Each eigenvalue of the N-dimensional Hermitian problem corresponds to two eigen-
vectors of the 2N-dimensional problem since for any solution of (10.117)

B —-C —v —Bv — Cu —v
(&%) () =-Cam) () 10115
provides a different solution, while the complex vectors u + iv and i(u + iv) =
—v + iu only differ by a phase factor.

10.8 Large Matrices

Many problems in computational physics involve very large matrices, for which
standard methods are not applicable. It might be even difficult or impossible to keep
the full matrix in memory. Here methods are used which only involve the product of
the matrix with a vector which can be computed on the fly. Krylov methods are very
similar to power iteration but diagonalize only the projection of the matrix onto a
Krylov space of much smaller dimension n << N which is constructed by multiplying
a normalized start vector g, repeatedly with A

K.(A,q,) = span{q,,Aq,,A%q,, ... A" 'q,)}. (10.119)
We use the Arnoldi method (Sect. 5.6.5) to construct an orthonormalized basis of this

space. For a symmetric matrix this simplifies to a three-term recursion also known
as symmetric Lanczos algorithm [118]. Applying the Arnoldi method

hin=(q/Aq,) j<n (10.120)
Gust =Ad, — D g (10.121)
j=1
— |5 _ anrl
hpsin = Gpy1l G = (10.122)

thrl.,n
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to a symmetric matrix A, we find

ey, =aiA%q, — 2 (qhAq)(q) Ag,) + D (q] Aq,)(q)Aq,);
J i’

= @A | hugin@ir + D indy | = Dy = huginhnni (10.123)
j J

J
hence

hn+l,n = hn,n+l~ (10124)

Furthermore,

1 n—1
hu—2.0 = @y_2Aqy = qu2Ah 1 |:Aqnl = > hjn1g;
n,n— .
, =

hn.nfl o
Jj=1

1 n—2 n=2
= - Zhjn—lhj,n—2 - hn—l,n—lhn—Z,n—l + q,{,lA hn—l_n—zqn,1 + Z hjn—ij
=1

1 n—2 n—2
= p | |:_ zhjn—lhj,n—Z - hn—l,n—lhn—Z.n—l + hn—l,n—lhn—l.n—Z + zh_/n—lhjn—Z =0
" j=1 J=1

(10.125)

and similar for s > 2

1 n—1
hn—sn = @y Aq, = qL-Am {Aqn1 - Zhj,llq/}
- =

1 ) n—s
= h ) - Zhjnflhj,nﬁr - hnfl,nflhnfs,nfl + qZ,LlA hnfs+l,nfsqn7;+1 + z hjnfsqj
n.n— = =
1 [ a2 n—s
= A ) - zhjn—lhj,n—x - hn—l,n—lhn—s,n—l + hn—x+1,n—xhn—1.n—s+1 + Z hjn—lhjn—s
n.n— | =1 j=1
1 B n—2
= n - Z hj,n—lhj‘n—s - hn—],n—] hn—.\m—l + hn—s.n—s-H hn—.\+],n—1 (10 1 26)
mn=l e
1 n—2
hnfs,n = l’l_ - Z hj,nflhj,nfx - hnfl,nflhnfs.nfl . (10127)
nn=1 Jj=n—s+2

Starting from (10.125) for s = 2 we increment s repeatedly and find

hn—2,n = hn—S,n = ... h],n =0 (10.128)
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since (10.127) only involves smaller values of s, for which (10.128) already has been
shown. The Arnoldi decomposition produces an upper Hessenberg matrix Sect.5.6.5,

U,=(q,....q,) (10.129)

H,
T
n+].nen

AU, = Un+1H = (Uy, qn+1) (/’l ) =U,H, + hn+1qn+1e: (10.130)

which for symmetric A becomes tridiagonal

hit hia oo hi, Zl by b
hat hy ... hoy 1@ 9 .
H= Iy . _ | (b,,e,{) (10.131)
hnn bn71 a,
hn+1,n bn

with a symmetric tridiagonal matrix 7', which is the desired projection of A into the
Krylov space K,

UZAUn = UnTUnJrlH = UVT (Un, q,,+1) (b”CT)

- (E,1,0>( T )=T. (10.132)

T
bye,

For an eigenpair (A, v) of T

T
AWU,v) = Uy Hy = (Una qn+1) (b eT) v

= (U,T + bug,y1€)) v = ANU,v) + bug,,, €} v. (10.133)

Hence, an approximate eigenpair of A is given by the Ritz pair (A, U, v) and the error
can be estimated from the residual norm

(A =) U,v|

= |bulle, v|. (10.134)
| | n
v

Due to numerical errors, orthogonality of the Lanczos vectors ¢, can get lost and
reorthogonalization is necessary [119, 120]. If this takes to much time or if memory
limits do not allow to store enough Lanczos vectors, the procedure has to be restarted
with a new initial vector which is usually taken as a linear combination of selected
eigenvectors which have already been found [121, 122]. Furthermore, special care
has to be taken to determine possible degeneracies of the eigenvalues.
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10.9 Non-symmetric Matrices

Eigenvalue problems with non-symmetric matrices are more complicated. Left and
right eigenvectors have to be distinguished and the eigenvalues can be complex valued
even if the matrix is real. The QR method [117] is applicable also to a non-symmetric
matrix but very expensive unless the matrix is first brought to upper triangular (instead
of tridiagonal) form, which can be achieved by a series of similarity transformations
with Householder reflections (5.2.2). The implicit QR method with double shift
avoids complex arithmetics by treating pairs of complex conjugated eigenvalues
simultaneously. For very large matrices the Arnoldi method brings a non-symmetric
matrix to upper Hessenberg form, which provides the projection onto the Krylov
space as an upper triangular matrix.

Problems

Problem 10.1 Computer Experiment: Disorder in a Tight-Binding Model

We consider a two-dimensional lattice of interacting particles. Pairs of nearest neigh-
bors have an interaction V and the diagonal energies are chosen from a Gaussian
distribution

1 2 2
P(E) = ———¢ 57247 10.135
(E) yWor ( )

The wave function of the system is given by a linear combination

=D Cyhy (10.136)
ij

where on each particle (i, j) one basis function ;; is located. The nonzero elements
of the interaction matrix are given by
H(ijlij) = Ej (10.137)
H@jli£1,j) =HGli,j£1)=V. (10.138)
The Matrix H is numerically diagonalized and the amplitudes C; of the lowest

state are shown as circles located at the grid points. As a measure of the degree of
localization the quantity

> eyl (10.139)
ij

is evaluated. Explore the influence of coupling V and disorder A.
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