Chapter 22
Nonlinear Systems

Nonlinear problems [261, 262] are of interest to physicists, mathematicians and
also engineers. Nonlinear equations are difficult to solve and give rise to interesting
phenomena like indeterministic behavior, multistability or formation of patterns in
time and space. In the following we discuss recurrence relations like an iterated
function [263]

Xngp1 = f(xn) (22.1)

systems of ordinary differential equations like population dynamics models
[264-266]

xX@) = f(x,y)
y(@) =g(x,y) (22.2)
or partial differential equations like the reaction diffusion equation [265, 267, 268]

2

B o
5,C00 0 = Dose(e, 0 + £(©) (22.3)

where f and g are nonlinear in the mathematical sense.'We discuss fixed points of
the logistic mapping and analyze their stability. A bifurcation diagram visualizes
the appearance of period doubling and chaotic behavior as a function of a control
parameter. The Ljapunov exponent helps to distinguish stable fixed points and periods
from chaotic regions. For continuous-time models, the iterated function is replaced by
a system of differential equations. For stable equilibria all eigenvalues of the Jacobian
matrix must have a negative real part. We discuss the Lotka—Volterra model, which
is the simplest model of predator-prey interactions and the Holling-Tanner model,
which incorporates functional response. Finally we allow for spatial inhomogeneity
and include diffusive terms to obtain reaction-diffusion systems, which show the

1Linearfunctions are additive f(x +y) = f(x) + f(y) and homogeneous f(ax) = af(x).
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494 22 Nonlinear Systems
phenomena of traveling waves and pattern formation. Computer experiments study
orbits and bifurcation diagram of the logistic map, periodic oscillations of the Lotka—

Volterra model, oscillations and limit cycles of the Holling-Tanner model and finally
pattern formation in the diffusive Lotka—Volterra model.

22.1 Iterated Functions

Starting from an initial value xy a function f is iterated repeatedly

x1 = f(xo0)
X2 = f(x1)
Xip1 = f(xp). (22.4)

The sequence of function values xg, x; - - - is called the orbit of xy. It can be visualized
in a 2-dimensional plot by connecting the points

(x0, x1) = (x1, x1) = (x1,x2) = (X2, X2) -+ - = (X;, Xig1) = (Xi1, Xig1)

by straight lines (Fig.22.1).

22.1.1 Fixed Points and Stability

If the equation

x* = f(x*) (22.5)

Fig. 22.1 (Orbit of an y
iterated function) The !
sequence of points (X% o
(xis Xit1)s (X1, Xig1) 18 v Py
plotted together with the ] o
curves y = f(x) (dashed) (x,x) L7 o 2
and y = x (dotted)
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Fig. 22.2 (Attractive fixed y
point) The orbit of an A Ty
attractive fixed point (XO’X ) o
converges to the intersection - 9 (X1 ,X1)
of the curves y = x and T e—0
y=[f(x) (xx I_’—w
(X1 'XZ) i S
L y=fx)
VX
(x,0)

has solutions x*, then these are called fixed points. Consider a point in the vicinity
of a fixed point

x=x*"+gg (22.6)
and make a Taylor series expansion

f()=f(x"+e0) = f&) +eof )+ =x"+er 4 (22.7)
with the notation

el =g f (x¥). (22.8)
2

Repeated iteration gives

P = f(fx) = fF+eD)+=x"+e f/ &) =x"+e

FO*) = x* + ¢, (22.9)

with the sequence of deviations
en=f(MNenr == (f(xM)" .

The orbit moves away from the fixed point for arbitrarily small ¢ if | f/(x*)] > 1
whereas the fixed point is attractive for | f'(x*)| < 1 (Fig.22.2).

Higher order fixed points are defined by iterating f (x) several times. A fixed point
of order n simultaneously solves

2Here and in the following £ denotes an iterated function, not a derivative.
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Fig. 22.3 (Periodic orbit) y
The orbit of an attractive !
fourth order fixed point

cycles through the values

X1 = f(xa), x0 = f(x1),

x3 = f(x2), x4 = f(x3)

y:X

7 y=f(x)

y

Fx®) #x*

F@ ") £ x*

FOGT #a
FP ) = x* (22.10)

The iterated function values cycle periodically (Fig.22.3) through
X fO) > fPE) TN,
This period is attractive if

L) F ) FEPE) - £ ")) < L.

22.1.2 The Ljapunov-Exponent

Consider two neighboring orbits with initial values x and x¢ + £¢. After n iterations
the distance is

|FCFC F0)) = Ff G- floxo + )| = legle™ (22.11)

with the so called Ljapunov-exponent [269] A which is useful to characterize the
orbit. The Ljapunov-exponent can be determined from

.1 | £ (x0 + €0) — f™ (x0)]
A= lim —1In
n—oo n |50|

(22.12)
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or numerically easier with the approximation

| f (xo +€0) — f(x0)| = leol | f'(x0)]

|f(f (xo +€0)) — f(f (xo)| = [(f (x0 + €0) — f (xo)|| £/ (xo + €0)|

= leolLf' xo) £ (x0 + €0) (22.13)

£ (o 4+ £0) — £ (x0)| = leoll f' @) Lf x|+ | f (n)] (22.14)

from
-

A= lim - ;ln L/ (xi)]. (22.15)
For a stable fixed point

A= In|f'(x")] <0 (22.16)
and for an attractive period

A= In[f'O) f1OF&) - )] < 0. (22.17)

Orbits with A < 0 are attractive fixed points or periods. If, on the other hand, A > 0,
the orbit is irregular and very sensitive to the initial conditions, hence is chaotic.

22.1.3 The Logistic Map

A population of animals is observed yearly. The evolution of the population density
N is described in terms of the reproduction rate r by the recurrence relation

Npi1 =1 N, (22.18)

where N, is the population density in year number n. If 7 is constant, an exponential
increase or decrease of N results.

The simplest model for the growth of a population which takes into account that
the resources are limited is the logistic model by Verhulst [270]. He assumed that the
reproduction rate » depends on the population density N in a simple way (Fig.22.4)

r =ro(l N 22.19
=ro(l = —2). (22.19)
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Fig. 22.4 (Reproduction r(N)
rate of the logistic model) At \
low densities the growth rate

has its maximum value rg. At

larger densities the growth o
rate declines and reaches

r =0for N = K. The

parameter K is called

carrying capacity

0 K =N
The Verhulst model (22.19) leads to the iterated nonlinear function
ro .o
Nn+1 = rONn - ?Nn (2220)

with o > 0, K > 0. We denote the quotient of population density and carrying
capacity by the new variable

1
= —N, 2221
X z ( )

and obtain an equation with only one parameter, the so called logistic mapping

1 1 Nn
Xnt1 = EN”H = ?roN,, (l - ?) =710-Xx, - (1 —xp). (22.22)

22.1.4 Fixed Points of the Logistic Map

Consider an initial point in the interval
0<xy<l1. (22.23)

We want to find conditions on r to keep the orbit in this interval. The maximum value
of x,.1 is found from

dxn—H

=r(1—-2x,)=0 (22.24)
dx,

which gives x, = !/2 and max(x,+;) = r/4. If r > 4 then negative x,, appear after
some iterations and the orbit is not bound by a finite interval since
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'T;*;' = 1)1+ xa]) > 1. (22.25)

The fixed point equation

X =rx* —rx*? (22.26)
always has the trivial solution

x*=0 (22.27)
and a further solution

xf=1— - (22.28)

which is only physically reasonable for » > 1, since x should be a positive quantity.
For the logistic mapping the derivative is

fl(x)=r—2rx (22.29)

which for the first fixed point x* = 0 gives | f'(0)| = r. This fixed point is attractive
for 0 < r < 1 and becomes unstable for » > 1. For the second fixed point we have
| f(1— %)| = |2 —r|, which is smaller than one in the interval 1 <r < 3.Forr < 1
no such fixed point exists. Finally, for r; = 3 the first bifurcation appears and higher
order fixed points become stable.

Consider the fixed point of the double iteration

x* — r(r(x* _ X*z) _ I"Z(X* _ X*Z)Z). (2230)

All roots of this fourth order equation can be found since we already know two of
them. The remaining roots are

X, = 2 . (22.31)

They are real valued if
(r—1)2—4>0—>r>3 (or r < —1). (22.32)

For r > 3 the orbit oscillates between x| and x3 until the next period doubling
appears for r, = 1 4+ +/6. With increasing r more and more bifurcations appear and
finally the orbits become chaotic (Fig.22.5).
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Fig. 22.5 (Orbits of the logistic map) Left For 0 < r < 1 the logistic map has the attractive fixed
point x* = 0. Middle In the region 1 < r < 3 this fixed point becomes unstable and another stable
fixed point is at x* = 1 — 1/r. Right For 3 < r < 1 4+ /6 the second order fixed point (22.31) is
stable. For larger values of » more and more bifurcations appear
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Fig. 22.6 (Bifurcation diagram of the logistic map) For different values of r the function is iterated
1100 times. The first 1000 iterations are dropped to allow the trajectory to approach stable fixed
points or periods. The iterated function values xjo00 - - - X1100 are plotted in a r-x diagram together
with the estimate (22.15) of the Ljapunov exponent. The first period doublings appear at » = 3 and
r = 1+ /6. For larger values chaotic behavior is observed and the estimated Ljapunov exponent
becomes positive. In some regions motion is regular again with negative Ljapunov exponent

22.1.5 Bifurcation Diagram

The bifurcation diagram visualizes the appearance of period doubling and chaotic
behavior as a function of the control parameter r (Fig.22.6).
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22.2 Population Dynamics
If time is treated as a continuous variable, the iterated function has to be replaced by

a differential equation

dN
e SF(N) (22.33)

or, more generally by a system of equations

Ny SilN1 -+ Ny)
AN | AN 230
dr | ' '
N, fa(Ny -+ Ny)

22.2.1 Egquilibria and Stability

The role of the fixed points is now taken over by equilibria, which are solutions of

0= rvy) (22.35)
EETEREA '

which means roots of f(N). Let us investigate small deviations from equilibrium
with the help of a Taylor series expansion. Inserting

N =N, +¢& (22.36)
we obtain

d¢ ,

E = f(Neq)+f (Neq)§+ (2237)

but since f(N,,) = 0, we have approximately

d¢

€ v (2.38)

with the solution

£(1) = &oexp { f'(Neg)t} . (22.39)

The equilibrium is only stable if PRe f'(N,,) < 0, since then small deviations
disappear exponentially. For %e f'(N.,) > 0 deviations will increase, but the
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exponential behavior holds only for not too large deviations and saturation may
appear. If the derivative f'(N,,) has a nonzero imaginary part then oscillations will
be superimposed. For a system of equations the equilibrium is defined by

AW N 0
¢4 cee eq
LN Ny T (22.40)
SvNYT - Ny 0
and if such an equilibrium exists, linearization gives
Ny N{? &1
N, N5? &
.= . +1 . (22.41)
N, N, &n
dfi Of of
dp e v | & (22.42)
di | RN '
Ofn Ofn O fn
N o o) \&

The equilibrium is stable if all eigenvalues ); of the derivative matrix have a negative
real part.

22.2.2 The Continuous Logistic Model

The continuous logistic model describes the evolution by the differential equation

dx

T =rox(1 —x). (22.43)

To find possible equilibria we have to solve
Xeg(1 — xeg) =0 (22.44)

which has the two roots x., = 0 and x,, = 1 (Fig.22.7).
The derivative f” is

d
fx)= P (rox(1 —x)) = ro(1 — 2x). (22.45)

Since f'(0) =rp > 0 and f'(1) = —rp < 0 only the second equilibrium is stable.



22.3 Lotka—Volterra Model 503

Fig. 22.7 (Equilibria of the
logistic model) The dx
equilibrium x,, = 0 is dt
unstable since an
infinitesimal deviation grows
exponentially in time. The
equilibrium x,, = 1 is stable
since initial deviations
disappear exponentially unstable
stable

Vi
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22.3 Lotka—Volterra Model

The model by Lotka [271] and Volterra [272] is the simplest model of predator-prey
interactions. It has two variables, the density of prey (H) and the density of predators
(P). The overall reproduction rate of each species is given by the difference of the
birth rate r and the mortality rate m

dN ( )N

—=0—-m

dr
which both may depend on the population densities. The Lotka—Volterra model
assumes that the prey mortality depends linearly on the predator density and the
predator birth rate is proportional to the prey density

my =aP rp=>bH (22.46)
where a is the predation rate coefficient and b is the reproduction rate of predators per

1 prey eaten. Together we end up with a system of two coupled nonlinear differential
equations

dH

— = f(H,P)=ryH —aHP

dr

dp

EZQ(H’ P)=bHP —mpP (22.47)

where ry is the intrinsic rate of prey population increase and m p the predator mor-
tality rate.
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22.3.1 Stability Analysis

To find equilibria we have to solve the system of equations

f(H,P)=ryH —aHP =0

g(H,P) =bHP —mpP = 0. (22.48)
The first equation is solved by H,, = 0 or by P,; = ry/a. The second equation is
solved by P,, = 0 orby H,, = mp/b. Hence there are two equilibria, the trivial one

Py=H,y=0 (22.49)

and a nontrivial one

rg mp
P,=— H,=—. 22.50
e =" = ( )
Linearization around the zero equilibrium gives
Ll H+ P P+ (22.51)
dr " dr e

This equilibrium is unstable since a small prey population will increase exponentially.
Now expand around the nontrivial equilibrium:

P = Peq + f’ H = Heq +n (22.52)
dp _ 0f of __amp

T BH n+ —f (ra —aPyy)n —aH, & = p 13 (22.53)
df 89 o b}"[.]

@ o n+ —§ bPyn+ (bHey —mp)§ = - (22.54)

or in matrix notation

d(nY_ (0 =5\ (n
i ()= (270) () 2259

The eigenvalues are purely imaginary

= di/myrp = tiw (22.56)

and the corresponding eigenvectors are
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Fig. 22.8 (Lotka Volterra model) The predator and prey population densities show periodic oscil-
lations (Right). In the H-P plane the system moves on a closed curve, which becomes an ellipse for
small deviations from equilibrium (Left)

bry/a i/mpyrp

The solution of the linearized equations is then given by

b |
(1) = &y coswt + i 770 sin wt
n(t) = nocoswt — —,/ Eo sinwt (22.58)

which describes an ellipse in the ¢ — 1 plane (Fig.22.8). The nonlinear equations
(22.48) have a first integral

(im) ’ (.amp/b ) ' (22.57)

ru M P(t) —aP({t)—bH(@) +mp InH()=C (22.59)

and therefore the motion in the H — P plane is on a closed curve around the equi-
librium which approaches an ellipse for small amplitudes &, 7.

22.4 Functional Response

Holling [273, 274] studied predation of small mammals on pine sawflies. He sug-
gested a very popular model of functional response. Holling assumed that the preda-
tor spends its time on two kinds of activities, searching for prey and prey handling
(chasing, killing, eating, digesting). The total time equals the sum of time spent on
searching and time spent on handling

T = Tsearen + Thandling~ (22.60)
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Fig. 22.9 Functional aHT
response of Holling’s model
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oHT

Capturing prey is assumed to be a random process. A predator examines an area
« per time and captures all prey found there. After spending the time T4, the
predator examined an area of a7y, and captured Hy = HaTseqrcn prey. Hence
the predation rate is

HT Tsearch 1
a=——==« =

= = =« . (22.61)
HT T 1+ Thandling/Tsearch

The handling time is assumed to be proportional to the number of prey captured
Thandling = ThHaTsearch (2262)

where T}, is the handling time spent per one prey. The predation rate then is given by

«Q

a=———:. (22.63)
14+ aHT,

At small densities handling time is unimportant and the predation rate is ay = «
whereas at high prey density handling limits the number of prey captured and the
predation rate approaches ao, = HLTh (Fig.22.9).

22.4.1 Holling-Tanner Model

We combine the logistic model with Holling’s model for the predation rate [273-275]

ﬁ — HIl1 i HP = HIl1 i LHP = f(H, P)
- Ky) T TH Kp) Trang, P =10
(22.64)
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and assume that the carrying capacity of the predator is proportional to the density
of prey

& _ (1Yo (1-L = g(H, P) (22.65)
=7rp KP =7rp kH =g , . .

Obviously there is a trivial equilibrium with P,;, = H,, = 0. Linearization gives

il H + ap P+ (22.66)
—_— =7 o —_— =7 L] .
a1 AT
which shows that this equilibrium is unstable. There is another trivial equilibrium
with P,y =0, H,; = Kp. After linearization

P=¢+... H=Kp+n+... (22.67)
we find
dn Ky +n «
— =rg(Kyg +n1 — — Ky +né+...
5 7 (Ku +n)( Ky ) 1+a(KH+n)Th( g+ mE

& Kut+ (22.68)
= —r e —— .

ok Ty

dg
— = . 22.69
dr rpé ( )

The eigenvalues of the linearized equations

1 _ ("7 ~Treken Ku ) (0
()= =) () 210

are

1
DL At R R (22.71)

2 2
Let us now look for nontrivial equilibria. The nullclines (Fig.22.10) are the curves
dH __ dP _
defined by <= = 0 and <- = 0, hence by
Iy H
P=— (1 - K_) (1 +aHTy) (22.72)

« H

P =kH. (22.73)
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Fig. 22.10 Nullclines of the P
predator prey model 4 .
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The H-nullcline is a parabola at

_oli—Ky' @G+ Ky

m = ) m = - > 0. (22.74)
20T, Ky, 4aThK 5

It intersects the H-axis at H = Ky and H = —1/aT), and the P-axis at P = rp /.
There is one intersection of the two nullclines at positive values of H and P which

corresponds to a nontrivial equilibrium. The equilibrium density H,, is the positive
root of

ruaTyHy, + (rp + akKy — rgKgaTy) Heg — ry Ky = 0. (22.75)

It is explicitly given by
g +OékKH —VHKHOéTh
2ryaTy,
\/(r].[ + OékKH — VHKHOéTh)Z —|— 4rHaThrHKH
+ .
2ryaTy,

H,, =

(22.76)

The prey density then follows from

P.y = Hogk. (22.77)

The matrix of derivatives has the elements
_of aH,,
T OP  1+aTyH,

of H,, akH,, aszqkTh
Mgy = —— = TH 1-2 - +

OH Ku) 14+aTiHy = (14 aTyHy)?
dg .
oP

Mmpyp

mpp = = —rp
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Mpy = — = rpk (2278)

from which the eigenvalues are calculated as

mygp +mpp " (mpp +mpp)?

=
2 4

— (mpggmpp —mgpmpg).  (22.79)

Oscillations appear, if the squareroot is imaginary (Fig.22.11).

22.5 Reaction-Diffusion Systems

So far we considered spatially homogeneous systems where the density of a popula-
tion, or the concentration of a chemical agent, depend only on time. If we add spatial
inhomogeneity and diffusive motion, new and interesting phenomena like pattern
formation or traveling excitations can be observed.

22.5.1 General Properties of Reaction-Diffusion Systems

Reaction-diffusion systems are described by a diffusion equation® where the source
term depends non-linearly on the concentrations

5 & D, c Fi({c})
=1 :|= Al |+ :

: (22.80)
ot :
N Dy cn Fn({c})

22.5.2 Chemical Reactions

Consider a number of chemical reactions which are described by stoichiometric
equations

ZViAi =0. (22.81)

3We consider only the case, that different species diffuse independently and that the diffusion
constants do not depend on direction.
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Fig. 22.11 (Holling-Tanner model) Top evolution from an unstable equilibrium to a limit cycle.
Middle a stable equilibrium is approached with oscillations. Botfom stable equilibrium without
oscillations



22.5 Reaction-Diffusion Systems 511
The concentration of agent A; is
ci =cio+vix (22.82)

with the reaction variable

Ci —Cio

X = (22.83)
Vi
and the reaction rate
dx 1 d¢;
= — = ——" (22.84)
dt v; dt

which, in general is a nonlinear function of all concentrations. The total concentration
change due to diffusion and reactions is given by

d
5,0 =D bt ;ukjrj =Dy Aci + Fi({c)). (22.85)

22.5.3 Diffusive Population Dynamics

Combination of population dynamics (22.2) and diffusive motion gives a similar set
of coupled equations for the population densities

0
ENI{ = Dy A Ny + fx(Ny, Na,--- Ny). (22.86)

22.5.4 Stability Analysis

Since a solution of the nonlinear equations is not generally possible we discuss small
deviations from an equilibrium solution N;?* with

0
— N, = AN, = 0. (22.87)
ot

Obviously the equilibrium obeys

fi(Ni - N)=0 k=1,2---n. (22.88)

4We assume tacitly that such a solution exists.
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We linearize the equations by setting

Ny =N+ & (22.89)
and expand around the equilibrium

on on .., 9h

& D, A&, o o T o, &
o1& NS N IV T aN. &
== . A S U I I R
¢ Dy A ot of, o, ¢
n n a—M m e m n
(22.90)
Plane waves are solutions of the linearized problem.’ Using the ansatz
&) = &joe Y (22.91)
we obtain
& & &
& , | & &
iw| . |=—kD| . | +Mo| . (22.92)
&n &n &n

where M denotes the matrix of derivatives and D the matrix of diffusion constants.
For a stable plane wave solution A = iw is an eigenvalue of

My = My —k*D (22.93)
with
N\ <0. (22.94)

If there are purely imaginary eigenvalues for some k they correspond to stable solu-
tions which are spatially inhomogeneous and lead to formation of certain patterns.
Interestingly, diffusion can lead to instabilities even for a system which is stable in
the absence of diffusion [276].

3Strictly this is true only for an infinite or periodic system.
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22.5.5 Lotka Volterra Model with Diffusion

As a simple example we consider again the Lotka Volterra model. Adding diffusive
terms we obtain the equations

9 H _ ruH —aHP Dy H
a(P)_(bHP—mPP)—i_( DP)A(P)' (22.95)

There are two equilibria

Hy = Py =0 (22.96)
and
ry mp
Pog = Hy = (22.97)

The Jacobian matrix is

0 ru—aPy —aH,
Mo = 5= F(Co) = ( bp b s (22.98)
which gives for the trivial equilibrium
[ TH — DHk2 0
M, = ( o b, kz) . (22.99)
One eigenvalue \| = —m p — D pk? is negative whereas the second A\, = ry — Dy k>

is positive for k> < ry /Dy . Hence this equilibrium is unstable against fluctuations
with long wavelengths. For the second equilibrium we find:

—Dyk?* —ae
M = ( bry —Dikz) (22.100)

a

tr (My) = —(Dy + Dp)k?

det(Mg) =mpry + D[.]Dpk4

_DH—i—Dp
2

1
A= K>+ z\/(DH — Dp)2k* —dmpry. (22.101)
For small k with k* < 2./mpry/|Dy — Dp| damped oscillations are expected

whereas the system is stable against fluctuations with larger k (Figs.22.12, 22.13
and 22.14).
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Fig.22.12 (Lotka—Volterra model with diffusion) The time evolution is calculated for initial random
fluctuations. Colors indicate the deviation of the predator concentration P (x, y, t) from its average
value (blue: AP < —0.1, green: —0.1 < AP < —0.01, black: —0.01 < AP < 0.01, yellow:
0.01 < AP < 0.1, red: AP > 0.1). Parameters as in Fig.22.13

Fig. 22.13 (Dispersion of 1
the diffusive Lotka—Volterra
model) Real (full curve) and
imaginary part (broken line) 0 1
of the eigenvalue A (22.101)
are shown as a function of k.

Parameters are -1 7]
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= =a=b=05
mp rg a _27 .
3+ _
_ ! ! !
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Problems

Problem 22.1: Orbits of the Iterated Logistic Map
This computer example draws orbits (Fig. 22.5) of the logistic map

Xpt1 = 1o - Xy - (1 — xp). (22.102)

You can select the initial value xy and the variable r.
Problem 22.2: Bifurcation Diagram of the Logistic Map

This computer example generates a bifurcation diagram of the logistic map (Fig. 22.6).
You can select the range of .

Problem 22.3: Lotka—Volterra Model

Equation (22.47) are solved with the improved Euler method (Fig.22.8). The pre-
dictor step uses an explicit Euler step to calculate the values at t + Az /2
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P(x,y.1) H(x,y,1)

Fig. 22.14 (Traveling waves in the diffusive Lotka—Volterra model) Initially P(x, y) = P, and
H (x, y) is peaked in the center. This leads to oscillations and a sharp wavefront moving away from
the excitation. Color code and parameters as in Fig.22.12

H, (1 + %) = H({)+ (ruH(t) — aH ) P(1)) % (22.103)

At At
Pyt =) = P(@O) + (BHOP(1) —my P(1) — (22.104)

and the corrector step advances time by At

At At At
H(+ Aty = H(t) + (rHH,,,a + 25 = aHy (4 S Pt + 7)) At
(22.105)
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At At At
P+ At) = P(t) + (bH,,,(t + 7)P,,,(t + 7) —mp Py (t + 7)) At.
(22.106)

Problem 22.4: Holling-Tanner Model

The equations of the Holling-Tanner model (22.64), (22.65) are solved with the
improved Euler method (see Fig.22.11). The predictor step uses an explicit Euler
step to calculate the values at r + Az /2:

At At
Hyr(t + =) = H() + f(H@). P(0)— (22.107)

P, (t + %) = P() +g(H(1), P(t))% (22.108)

and the corrector step advances time by At:
H(t+ At = H@) + f(Hp(t+ 2 ) P+ 2 ))At (22.109)

P(t+ At) = P(t) + g(Hpr (¢ + ) Pyt + ))At (22.110)
Problem 22.5: Diffusive Lotka—Volterra Model

The Lotka—Volterra model with diffusion (22.95) is solved in 2 dimensions with
an implicit method (21.2.2) for the diffusive motion (Figs.22.12 and 22.14). The
split operator approximation (21.3) is used to treat diffusion in x and y direction
independently. The equations

Hit+ AN\ _ (A 'H@) ATV F(H@), P(1)At
Pi+an) =\ apay ) T\ Aty 0), Py A

~ (A "ATUIH @) + f(H @), P(1))At]
( lA P+ g(H (1), P(z))A;]) (22.111)

are equivalent to the following systems of linear equations with tridiagonal
matrix (5.3):

AU = H(t) + f(H(t), P(1))At (22.112)
U= AH(+ Ab) (22.113)
AV = P(1) 4+ g(H(1), P(1)) At (22.114)
V =A.P(t+ A). (22.115)

Periodic boundary conditions are implemented with the method described in Sect. 5.4.
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