Chapter 23
Simple Quantum Systems

In this chapter we study simple quantum systems. A particle in a one-dimensional
potential V (x) is described by a wave packet which is a solution of the partial
differential equation [277]

2 2

" 2m ox?

ihgi/}(X) = Hy(x) = P(x) + V() p(x). (23.1)

We discuss two approaches to discretize the second derivative. Finite differences
are simple to use but their dispersion deviates largely from the exact relation, except
high order differences are used. Pseudo-spectral methods evaluate the kinetic energy
part in Fourier space and are much more accurate. The time evolution operator can
be approximated by rational expressions like Cauchy’s form which corresponds to
the Crank-Nicholson method. These schemes are unitary but involve time consuming
matrix inversions. Multistep differencing schemes have comparable accuracy but are
explicit methods. Best known is second order differencing. Split operator methods
approximate the time evolution operator by a product. In combination with finite
differences for the kinetic energy this leads to the method of real-space product
Jormula which can be applied to wavefunctions with more than one component, for
instance to study transitions between states. In a computer experiment we simulate
a one-dimensional wave packet in a potential with one or two minima.

Few-state systems are described with a small set of basis states. Especially the
quantum mechanical two-level system is often used as a simple model for the tran-
sition between an initial and a final state due to an external perturbation.' Its wave-
function has two components

— CI
| >= (Cz) (23.2)

which satisfy two coupled ordinary differential equations for the amplitudes C; ; of
the two states

! For instance collisions or the electromagnetic radiation field.
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ihi(cl) =(H“ le)(cl). (23.3)
dr \ 2 Hy Hy ) \ G2

In several computer experiments we study a two-state system in an oscillating
field, a three-state system as a model for superexchange, the semiclassical model and
the Landau—Zener model for curve-crossing and the ladder model for exponential
decay. The density matrix formalism is used to describe a dissipative two-state system
in analogy to the Bloch equations for nuclear magnetic resonance. In computer
experiments we study the resonance line and the effects of saturation and power
broadening. Finally we simulate the generation of a coherent superposition state or

a spin flip by applying pulses of suitable duration. This is also discussed in connection
with the manipulation of a Qubit represented by a single spin.

23.1 Pure and Mixed Quantum States

Whereas pure states of a quantum system are described by a wavefunction, mixed
states are described by a density matrix. Mixed states appear if the exact quantum
state is unknown, for instance for a statistical ensemble of quantum states, a system
with uncertain preparation history, or if the system is entangled with another system.
A mixed state is different from a superposition state. For instance, the superposition

[V >= Colthp > +Ci|) > (23.4)

of the two states |ty > and [¢); > is a pure state, which can be described by the
density operator

[t >< | = |Col*ltbo >< ol + [C1[*|eh1 >< 1]
+ CoCilo >< il + CoCilyr >< vy (23.5)

whereas the density operator

P = polto >< Yol + p1lYr >< 1] (23.6)

describes the mixed state of a system which is in the pure state |1/ > with probability
po and in the state |¢); > with probability p; = 1 — py. The expectation value of an
operator A is in the first case

< A >=<p|Alp >= |Col* < YolAlo > +|C1I* < 1Al >
+ CoCy < 1| Alhy > +C3Cy < ol Al > (23.7)

and in the second case

< A>=po < YolAlYo > +p1 < VilAlr > . (23.8)
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Both can be written in the form

< A >=tr(pA). (23.9)

23.1.1 Wavefunctions

The time evolution of a quantum system is governed by the time dependent
Schroedinger equation [278]

.0
1FLE|1/J >= H| > (23.10)

for the wavefunction 1. The brackets indicate that |¢) > is a vector in an abstract
Hilbert space [47]. Vectors can be added

[ >= (Y1 > +[p2 >= Y1 + 92 > (23.11)
and can be multiplied with a complex number

[ >= AlYp1 >= [y > . (23.12)
Finally a complex valued scalar product of two vectors is defined”

C =<l > (23.13)

which has the properties

< il >=<olthy >" (23.14)
< PiMhy >= A < iy >=< X"i[h > (23.15)
<Y+ >=< Pl > + <Pl > (23.16)
<Y1+ YlY >=< il >+ <yalYp > (23.17)

21f, for instance the wavefunction depends on the coordinates of N particles, the scalar product is
defined by < Y|t >= j d3rl o 'dSVNQZ}:(rI PN (TN
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23.1.2 Density Matrix for an Ensemble of Systems

Consider a thermal ensemble of systems. Their wave functions are expanded with
respect to basis functions |¢); > as

[ >= ZGI% > . (23.18)
The ensemble average of an operator A is given by

<A>=<YPAY>=< ZCijACS/l/)S/ > (23.19)

= > CiCyAy =1r (pA) (23.20)

5,8’

with the density matrix

Ps's = Z C;kcs’- (23.21)

The wave function of an N-state system is a linear combination
[ >= Ciltr > +Calthy > +--- Cyloow > - (23.22)

The diagonal elements of the density matrix are the occupation probabilities

pu=1CiI>  pn=I|Cl*---  pyy =I|Cx|? (23.23)
and the non diagonal elements measure the correlation of two states’

pr2 = py =C5Cy,--- . (23.24)

23.1.3 Time Evolution of the Density Matrix

The expansion coefficients of

[ >=> " Cily, > (23.25)

can be obtained from the scalar product

Cy =< wv“/} > . (2326)

3They are often called the “coherence” of the two states.
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Hence we have

CiCy =< Ylibs >< ol >=< Yy | >< Y[ty > (23.27)

which can be considered to be the s, s matrix element of the projection operator

1Y >< 9|

CiCy = (I >< )y, - (23.28)
The thermal average of [¢) > < 1| is the statistical operator

p=IY><4yl (23.29)

which is represented by the density matrix with respect to the basis functions |, >

pss = [ >< Y|y, = C*Cy. (23.30)

From the Schroedinger equation

ihlY >= H|Y > (23.31)
we find

—ih < | =< HY| =< ¢Y|H (23.32)
and hence

ihp = ih(w > < | + ¢ >< ¢|) =H} >< |- >< HYl.  (23.33)

Since the Hamiltonian H is identical for all members of the ensemble we end up
with the Liouville-von Neumann equation

ihp=Hp— pH = [H, pl. (23.34)

With respect to a finite basis this becomes explicitly:

ihp; = Z Hijpji — pijHji = Z Hijpji — pijHji (23.35)
J J#L

ihpix = ZHijpjk — pijHjk
J

= (H;; — Hi)pix + Hix (o — pii) + Z (Hijpjr — pijHjr)- (23.36)
J#ik
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23.2 Wave Packet Motion in One Dimension

A quantum mechanical particle with mass m, in a one-dimensional potential V (x)
(Fig.23.1) is described by a complex valued wavefunction 1(x). We assume that the
wavefunction is negligible outside an interval [a, b]. This is the case for a particle
bound in a potential well i.e. a deep enough minimum of the potential or for a
wave-packet with finite width far from the boundaries. Then the calculation can be
restricted to the finite interval [a, b] by applying the boundary condition

P(x)=0 forx <aorx>b (23.37)
or, if reflections at the boundary should be suppressed, transparent boundary condi-
tions [279].

All observables (quantities which can be measured) of the particle are expectation
values with respect to the wavefunction, for instance its average position is

b
< x >=< YPx)xP(x) >=/ dx " (x) x P (x). (23.38)

The probability of finding the particle at the position x is given by
P(x = x0) = [ (xo)|*. (23.39)
For time independent potential V (x) the Schroedinger equation

0%
2m,, ox?

i) = Hyp = (— + V(x)) ¥ (23.40)

can be formally solved by

Fig. 23.1 Potential well
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i(t —to)
h

Y(t) = U, 1) (to) = exp [— H] ¥ (10). (23.41)

If the potential is time dependent, the more general formal solution is

() = Ut 10)(ty) = T, exp [—% / H(T)dT] P(to)

=Z%(%) /dn/ a’tz.../ dt, T {H@t)H() ... H(t,)}  (23.42)
n=0 " fo fo fo

where 7, denotes the time ordering operator. The simplest approach for discretization
is to divide the time interval 0. .. ¢ into a sequence of smaller steps

U, o) =U(t, ty-1) ... U2, 1)U (11, 1o) (23.43)

and to neglect the variation of the Hamiltonian during the small interval At = 7,1, —1,
[280]

1At
U(tn+1 ) = exp [_?H(til)] . (23.44)

23.2.1 Discretization of the Kinetic Energy

The kinetic energy

2 2

= 0
Ty(x) = —m@d)(x) (23.45)

is a nonlocal operator in real space. It is most efficiently evaluated in Fourier space
where it becomes diagonal

h*k?
FITvI k) = — = F [¢] (k). (23.40)

mp

23.2.1.1 Pseudo-Spectral Methods

The potential energy is diagonal in real space. Therefore, pseudo-spectral
(Sect. 12.5.1) methods [281] use a Fast Fourier Transform algorithm (Sect.7.3.2)
to switch between real space and Fourier space. They calculate the action of the
Hamiltonian on the wavefunction according to


http://dx.doi.org/10.1007/978-3-319-61088-7_12
http://dx.doi.org/10.1007/978-3-319-61088-7_7
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n*k?
Hy(x) = V(@0)(x) + F ! |:_2m Flyl (k)} . (23.47)
p

23.2.1.2 Finite Difference Methods

In real space, the kinetic energy operator can be approximated by finite differences
on a grid, like the simple 3-point expression (3.31)

R Y — 20,
2m,), Ax?

+ 0(Ax?) (23.48)

or higher order expressions (3.33)

h2 _ n+2 + 16'@[1"_,'_] _ SOwn + 16wn_1 _ wn S .
— 2 “ = = B oA 23.49
2m, 12412 oA (2349)
o1 I, 3 . 3, 49
~ m, Ax (% mt3 = 2 ¥mi2 T 5Vt = g ¥m
n 3 3 + ! P + 0(Ax®) (23.50)
2 m—1 20 m—2 90 m—3 X °

etc. [282]. However, finite differences inherently lead to deviations of the dispersion
relation from (23.46). Inserting v,, = e*"4* we find

B2 2(1 — cos(kAx))

E(k) = 23.51
®) = 3= (23.51)
for the 3-point expression (23.48),

B* 15 — 16cos(kA 2kA
E(h) = cos(kAx) + cos( X) (23.52)

2m,), 6Ax?

for the 5-point expression (23.49) and

L (% 5 costhan) + - cos@hAx) — - cosGkax) (23.53)
———— | — —3cos(kAx) + — cos X) — — cos X .
2m, Ax? \ 18 10 45

for the 7-point expression (23.50). Even the 7-point expression shows large deviations
for k-values approaching km.x = 7/Ax (Fig.23.2). However, it has been shown that
not very high orders are necessary to achieve the numerical accuracy of the pseudo-
spectral Fourier method [283] and that finite difference methods may be even more
efficient in certain applications [284].


http://dx.doi.org/10.1007/978-3-319-61088-7_3
http://dx.doi.org/10.1007/978-3-319-61088-7_3
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Fig. 23.2 (Dispersion of 10 i

finite difference expressions) ,/
The dispersion relation of I // ]
finite difference expressions 8 S

of increasing order (23.48,
23.49, 23.50 and the
symmetric 9-point
approximation [282]) are
compared to the exact
dispersion (23.46) of a free
particle (dashed curve)

23.2.2 Time Evolution

A number of methods have been proposed [280, 285-287] to approximate the short
time propagator (23.44). Unitarity is a desirable property since it guaranties stability
and norm conservation even for large time steps. However, depending on the applica-
tion, small deviations from unitarity may be acceptable in return for higher efficiency.
The Crank—Nicolson (CN) method [288-290] is one of the first methods which have
been applied to the time dependent Schroedinger equation. It is a unitary but implicit
method and needs the inversion of a matrix which can become cumbersome in two
or more dimensions or if high precision is required. Multistep methods [291, 292],
especially second order [293] differencing (SOD) are explicit but only conditionally
stable and put limits to the time interval At. Split operator methods (SPO) approxi-
mate the propagator by a unitary product of operators [294-296]. They are explicit
and easy to implement. The real-space split-operator method has been applied to
more complex problems like a molecule in a laser field [297]. Polynomial approx-
imations, especially the Chebishev expansion [298, 299], have very high accuracy
and allow for large time steps, if the Hamiltonian is time independent. However,
they do not provide intermediate results and need many applications of the Hamil-
tonian. The short time iterative Lanczos (SIL) method [118, 300, 301] is very useful
also for time dependent Hamiltonians. Even more sophisticated methods using finite
elements and the discrete variable representation are presented for instance in [302,
303]. In the following we discuss three methods (CN,SOD,SPO) which are easy to
implement and well suited to solve the time dependent Schroedinger equation for a
mass point moving in a one-dimensional potential.
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23.2.2.1 Rational Approximation
Taking the first terms of the Taylor expansion

1At 1At
U(tn+1,tn)=exp[—?H] =1—?H+ (23.54)

corresponds to a simple explicit Euler step

iA
Y(tay1) = (1 - %H) P(ty). (23.55)

From the real eigenvalues E of the Hamiltonian we find the eigenvalues of the explicit
method

A=1-—E (23.56)

which all have absolute values

At2E?
M =y1+—5—>1. (23.57)

Hence the explicit method is not stable.
Expansion of the inverse time evolution operator

. 1At 1At
U(ty, tar1) = U(tyg1, 1) =exp +?H =1+ FH +--

leads to the implicit method
1At
Y(tnr1) = V() — FHw(th) (23.58)
which can be rearranged as
iar \7!
Yltnr) =1+ - H Y(tn). (23.59)

Now all eigenvalues have absolute values < 1. This method is stable but the norm
of the wave function is not conserved. Combination of implicit and explicit method
gives a method [289, 290] similar to the Crank—Nicolson method for the diffusion
equation (Sect.21.2.3)

Y(tay1) — V() = ——H > 3 (23.60)

iéf (w(tn+1)+w(tn)).


http://dx.doi.org/10.1007/978-3-319-61088-7_21
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This equation can be solved for the new value of the wavefunction

=11 'AIH h 1 'AtH 23.61
w(tl’r‘rl)_( +]ﬁ ) ( _lﬁ )w(tn) ( . )

which corresponds to a rational approximation* of the time evolution operator
(Cayley’s form)

- At
— lﬁH

Utyyr, 1) = @-

(23.62)

The eigenvalues of (23.62) all have an absolute value of

2At2
EAt\ ™ EAt R
(1+i ) (1—' )‘: . (23.63)

i
2h 2h /1 + EjhAJZ

It is obviously a unitary operator and conserves the norm of the wavefunction since

i
1—idtH 1—idt T+HiEH\ (1 —i5H
S S 1= S =1 (23.64)
1+igfH 1+igfH 1—isfH 1+igfH
as H is Hermitian H™ = H and (H—izA—;;H )and (1 —izA—f’LH ) are commuting operators.
From the Taylor series we find the error order

1+,AtH ‘11 AN Ay At2H2+ LA
'2h o) T 207 T a2 '2n

iAt A, i At 3

IAl =

For practical application we rewrite [304]

At N\ At At )\
=(1+igH) (-1-ipH+2)=—1+2(1+i5H (23.66)

hence

A -1
Pltay1) =2 (1 + iZ—;LH) Y(tn) — P(tn) = 2x — Y(tn). (23.67)

4The Pade approximation (Sect.2.4.1) of order [1, 1].


http://dx.doi.org/10.1007/978-3-319-61088-7_2
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1 (t,+1) is obtained in two steps. First we have to solve

(1 -ﬂH) e
+12h X = P(tn).

Then 1 (t,1) is given by
Y(tng1) = 2X — P(tn).

We use the finite difference method (Sect. 12.2) on the grid
Xpm=mAx m=0---M ) =Pty xn)

and approximate the second derivative by

> mal T Ut — 29
— V(X)) =
8x2w( ) Ax?

+ 0(AxY).

Equation (23.68) then becomes a system of linear equations

Xo (0

X1 1/J'11
Al =] .

XM Wi/[

with a tridiagonal matrix

The second step (23.69) becomes

n+1 n
0 . X0 o
n+ n
1 X1 1!)1
) =20 . |- .

n+1 n
M XM M

Inserting a plane wave

w — ei(kx—wt)

Vu

(23.68)

(23.69)

(23.70)

(23.71)

(23.72)

(23.73)

(23.74)

(23.75)


http://dx.doi.org/10.1007/978-3-319-61088-7_12
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WAt/

KAX/T

Fig. 23.3 (Dispersion of the Crank—Nicolson method) The dispersion relation of the Crank—
Nicolson method (23.95) deviates largely from the exact dispersion (23.98), even for small val-
ues of the stability parameter «. The scaled frequency wA?/« is shown as a function of kAx /7
for a = 0.1, 1, 2,5, 10 (solid curves) and compared with the exact relation of a free particle
wAt/a = (kAx/7T)2 (dashed curve)

we obtain the dispersion relation (Fig.23.3)

2 2 kAx)?
— tan(wAt/2) = — sin —— (23.76)
At 2m, \ Ax 2
which we rewrite as
20 ,kAx T
wAt = 2arctan — sin® — = (23.77)
s T 2

with the dimensionless parameter

. T2 hAL (23.78)
© 2m,Ax? '

For time independent potentials the accuracy of this method can be improved
systematically [305] by using higher order finite differences for the spatial derivative
(Sect.23.2.1) and a higher order Pade approximation (Sect.2.4.1) of order [M, M]
for the exponential function

1— (M)
- H i e JCaan (23.79)
1+ 2/28

s=1

to approximate the time evolution operator


http://dx.doi.org/10.1007/978-3-319-61088-7_2
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iAt 1 — (A H Ry /2™ W1
Aty = S 1 0(A . 23.80
exp( h ) H1+(iAtH/h)/z:f(M) (an= 2350

s=1

However, the matrix inversion can become very time consuming in two or more
dimensions.

23.2.2.2 Second Order Differencing

Explicit methods avoid the matrix inversion. The method of second order differencing
[293] takes the difference of forward and backward step

Y(ta—1) = Utu-1, 1)P(t) (23.81)

Y(tn1) = Utyyr, t)(t) (23.82)

to obtain the explicit two-step algorithm

D(twst) = U (ta=1) + [Ultwsr, 1) = U™ s ta-D) [ 900 (23.83)
The first terms of the Taylor series give the approximation

Y(tns1) = Y(tn—1) — 2%111/)(%) +0((A1?) (23.84)

which can also be obtained from the second order approximation of the time derivative
[306]

Yt + At) — Y(t — At)

0
Hy =ihot) = o (23.85)

This two-step algorithm can be formulated as a discrete mapping

Yltar) ) _ (—2H 1) ( 0(t)
( M) )_( [ 0) (Wnl)) (23.86)

with eigenvalues

iE, At E2AP
Nk L= (23.87)

For sufficiently small time step [280]

h
At < — (23.88)
max | Eg|
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the square root is real,

E2Ar? E2Ar?
N> = Shz +(1— Shz ):1 (23.89)

and the method is conditionally stable and has the same error order as the Crank—
Nicolson method (Sect.23.2.2). Its big advantage is that it is an explicit method and
does not involve matrix inversions. Generalization to higher order multistep differ-
encing schemes is straightforward [291]. The method conserves [306] the quantities
N < Y@+ AD)|Y(t) > and RN < Y(t + Ar)|H|(t) > but is not strictly unitary
[293]. Consider a pair of wavefunctions at times #y and #; which obey the exact time
evolution

iAt
W(t) = exp [—7H ] P(to) (23.90)

and apply (23.84) to obtain

1At 1At
which can be written as

P(ta) = L(to) (23.92)

where the time evolution operator L obeys

co=1+2 Y Hexp |+ D u ] |1 -2y 1y
- no P n P T

- g [ 2w e ()
= 5 s 5 5 .

Expanding the sine function we find the deviation from unitarity [293]

4
L£re—1= % (%H) +.-=0(AD% (23.93)
which is of higher order than the error of the algorithm. Furthermore errors do not
accumulate due to the stability of the algorithm (23.89). This also holds for deviations
of the starting values from the condition (23.90).

The algorithm (23.84) can be combined with the finite differences method
(Sect.23.2.1)
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WALt /o
T

0 ‘ ! ‘ ! ‘ ! ‘
0 0.2 0.4 0.6 0.8 1

CkAx/m

Fig. 23.4 (Dispersion of the Fourier method) The dispersion relation of the SOD-Fourier method
(23.95) deviates from the exact dispersion (23.98) only for very high k-values and approaches it for
small values of the stability parameter «. The scaled frequency wAt?/« is shown as a function of
kAx/m for o = 0.5,0.75, 1 (solid curves) and compared with the exact relation of a free particle
wAt/a = (kA)c/7r)2 (dashed curve)

: 2
n+1 — q/jnfl _ 21At
m

" A (¢fn+1 + Uy — 21/’:1):| (23.94)

Vnth — ————
|: ¥ 2mp Ax?
or with the pseudo-spectral Fourier method [306]. This combination needs two
Fourier transformations for each step but it avoids the distortion of the dispersion
relation inherent to the finite difference method. Inserting the plane wave (23.75)

into (23.84) we find the dispersion relation (Fig. 23.4) for a free particle (V = 0):

1 . (hAtk? 1 . kAx\>
w = —arcsin = —arcsinf a | — . (23.95)
At 2m At T

For a maximum k-value

™

kmax = T (23.96)
the stability condition (23.88) becomes
At Rk
1> ——8% —q, (23.97)
h 2m,
For small k the dispersion approximates the exact behavior
hk?
- (23.98)

- 2mp‘
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WALt /o

kAx /It

Fig. 23.5 (Dispersion of the finite difference method) The dispersion relation of the SOD-FD
method (23.99) deviates largely from the exact dispersion (23.98), even for small values of the
stability parameter . The scaled frequency wAt/« is shown as a function of kAx /7 for a =
w2 /4~ 2.467, 1.85, 1.23, 0.2 (solid curves) and compared with the exact relation of a free particle
wAt/a = (kAx/7r)2 (dashed curve)

The finite difference method (23.94), on the other hand, has the dispersion relation
(Fig.23.5)

1 4 kA
w = — arcsin i sin’ il (23.99)
At w2 2

and the stability limit

| = At _ 2nAr 4a (23.100)
SR m,Axr T w? '
The deviation from (23.98) is significant for k Ax /7 > 0.2 even for small values of
a [306].

23.2.2.3 Split-Operator Methods
The split-operator method approximates the exponential short time evolution oper-

ator as a product of exponential operators which are easier tractable. Starting from
the Zassenhaus formula [307]

NATE) — PAAAB N0 NCs (23.101)
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1 1
C, = E[B’A] C; = E[CQ,A+2B] (23.102)
approximants of increasing order can be systematically constructed [295, 308]
e)\(A+B) — e)\AeAB + 0()\2) — e)\Ae)\Be)\ZCZ + 0()\3) cen (23103)

Since these approximants do not conserve time reversibility, often the symmetric
expressions

ANAHB) — MRABAAR L0 (3\3) = M/2AB/2 N C /4 NB/2 MA2 | 00

(23.104)
are preferred.
Split-Operator-Fourier Method
Dividing the Hamiltonian into its kinetic and potential parts
2 92
H=T+V=—2mP@+V(x) (23.105)

the time evolution operator can be approximated by the time-symmetric expression
UAr) =e 577 Ve 7 4 0((Ar)°) (23.106)

where the exponential of the kinetic energy operator can be easily applied in Fourier
space [306, 309]. Combining several steps (23.106) to integrate over a longer time
interval, consecutive operators can be combined to simplify the algorithm

iAr

iAt iAt N-1 iAt iAt
UNAD = UN (A1) = e 5T (e—%Ve—TT) e Ve BT, (23.107)

Real-Space Product Formulae

Using the discretization (23.48) on a regular grid the time evolution operator
becomes the exponential of a matrix

Vo b __n_
h mpAx? 2mp Ax?
S A Ty S
2mp Ax2 h mpAx? 2mp Ax?

U(At) =expq —iAt

___h Yy 4 b
2mpAx® h mpAx?
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Y +28 —p
, B m+28-0
= exp | —iAt? ) (23.108)
—Byu +28
with the abbreviations
1 h
m = _Vm = T 5- 23.109
K h b 2mp Ax? ( )

The matrix can be decomposed into the sum of two overlapping tridiagonal block
matrices [294, 29717

Y+28 -8 A
-8 m+B A
H, = %A/z_i_ﬁ_ﬂ = (23.110)
_ﬂ I Ap—1
0 0 0
1 Az
Osnm+6 -8 _
H, = -8 %72"'6 o|= . . (23.111)
Ay
0 0
The block structure simplifies the calculation of e "4/ and ¢4 tremendously

since effectively only the exponential functions of 2 x 2 matrices
B, (1) =¢ ™ (23.112)

have to be calculated and the approximation to the time evolution operator

U(At) = ¢ 1AtHo/2g—iAtH, ,—iAtH,[2

Bi(4) ! Bi(3)
_ By (4 By (At) Bi(4h) (23.113)

can be applied in real space without any Fourier transformation. To evaluate (23.112)
the real symmetric matrix A,, is diagonalized by an orthogonal transformation
(Sect. 10.2)

SFor simplicity only the case of even M is considered.
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A=rRVAR=r(M O )R (23.114)
0 X\

and the exponential calculated from

—irA PR Y (—ir)? 15 15
e =1-—1irR AR—I—TR ARR AR+ ---
—1 .7 (_iT)2 e
=R 1—itA+ AR+ --- | R
| A | 6717')\1
— R lpmMAR — R ( g—iT)\z) R. (23.115)

23.2.3 Example: Free Wave Packet Motion

We simulate the free motion (V = 0) of a Gaussian wave packet along the x-axis
(see Problem 23.1). To simplify the numerical calculation we set h = 1 and m, =1
and solve the time dependent Schroedinger equation

.0 1 &
iV =—7o (23.116)

for initial values given by a Gaussian wave packet with constant momentum

2\ )
wo(x)=(—) elhove=x/a, (23.117)
aTm

The exact solution can be easily found. Fourier transformation of (23.117) gives

A 1 o . a4 a
t=0)=—— [ dre®yy(x) = (= {——k—k 2}.
e =0 = —= [ dxe e = (35) oo {6k
(23.118)

Time evolution in k-space is rather simple

0 » k* -

i—h = — 23.119

15 (0 > (o ( )
hence

() = e F 12t = 0) (23.120)
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and Fourier back transformation gives the solution of the time dependent Schroedinger
equation in real space

Wt x) = \/% /_ Z dk & G (1)

2\ 1 x —i%ey? 4 9 4oy
_ (_“) SIS Bk sl G2l (23.121)
™ Ja + 2it a + 2it

Finally, the probability density is given by a Gaussian

W, 0 =/ a1 20y kot)? (23.122)
s X =1 — — X — .
T Ja? + 412 Pl a2 + 412 0
which moves with constant velocity kq and kinetic energy
*© n? 9? 1 1
dx ¢ (x,t) ( —= == == (K+-). 23.123
/_m w(x,)( 2axz)w(x ) 2(0+a) (23.123)

Numerical examples are shown in Figs.23.6, 23.7 and Table 23.1.

23.3 Few-State Systems

In the following we discuss simple models which reduce the wavefunction to the
superposition of a few important states, for instance an initial and a final state which
are coupled by a resonant interaction. We approximate the solution of the time depen-
dent Schroedinger equation as a linear combination

Fig. 23.6 (Conservation of £ ok
norm and energy) The free ) = 7]
motion of a Gaussian wave "‘; SE SOD (35.7) r
packet is simulated with the g 10
Crank—Nicolson method g 102F CN 4
(CN), the second order _qg SOP
differences method (SOD) o 10 16 | ! ; | |
with 3 point (23.48) 5 point 2 ) i\%_________________§9_|3_(_3,_5_,_7)__ _______ .
(23.49) and 7-point (23.50) 5§ 10 |y =
differences and with the kS 0t Sop E
real-space split-operator g
method (SPO). Ar = 1073, B 10 CN E
Ax =0.1,a=1,kyg=3.77 E 6 ‘ ‘ ‘ ‘

1070 I 2 3 4 5
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0.8

2

0.6

0.2 A

probability density hy(x)l
o
»~
T

position x

20

Fig. 23.7 (Free wave-packet motion) The free motion of a Gaussian wave packet is simulated. The
probability density is shown for the initial Gaussian wave packet and at later times t = 1, 2, 3, 4.
Results from the second order differences method with 3 point differences (23.48, red dash-dotted)
and 5 point differences (23.49, blue dashed) are compared with the exact solution (23.122, thin

black solid line). At = 1073, Ax =0.1,a =1, kg = 3.77

Table23.1 (Accuracy of finite differences methods) The relative error of the kinetic energy (23.123)
is shown as calculated with different finite difference methods

Method Ein 7Eki2;€§;;”
kin
Crank—Nicolson (CN) with 3 point differences 7.48608 —1.6 x 1072
Second order differences with 3 point differences (SOD3) | 7.48646 —1.6 x 1072
Second order differences with 5 point differences (SODS) | 7.60296 —4.6 x 1074
Second order differences with 7 point differences (SOD7) | 7.60638 -09x 107
Split-operator method (SOP) with 3 point differences 7.48610 —1.6 x 1072
Exact 7.60645
M
(1) >~ Z Ci(Dlp; > (23.124)
j=1
of certain basis states || > - - |y >0 which are assumed to satisfy the necessary
boundary conditions and to be orthonormalized
< ¢il¢pj >=dij. (23.125)

SThis basis is usually incomplete.
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Applying the method of weighted residuals (Sect. 12.4) we minimize the residual

IR >=ih Y Ci()lg; > — > Ci(t)H|p; > (23.126)
J J

by choosing the basis functions as weight functions (Sect. 12.4.4) and solving the
system of ordinary differential equations

0=R; =< ¢,;IR >=ihC; — > < ¢;|H|¢; > C; (23.127)

J

which can be written

M
ihC; = > H; ;C;(t) (23.128)
j=1
with the matrix elements of the Hamiltonian
Hij =< ¢i|H|p; > . (23.129)

In matrix form (23.128) reads

Ci(1) Hyy -+ Hium Ci(1)
ih : = P, : (23.130)
Cu (1) Hy 1+« Hyy Cu ()

or more symbolically
inC(r) = HC(1). (23.131)

If the Hamilton operator does not depend explicitly on time (H = const.) the formal
solution of (23.131) is given by

C=exp [%Hl C(0). (23.132)
l

From the solution of the eigenvalue problem
HC), = \C) (23.133)

(eigenvalues A and corresponding eigenvectors C,) we build the linear combination

C=> aCre'. (23.134)
A


http://dx.doi.org/10.1007/978-3-319-61088-7_12
http://dx.doi.org/10.1007/978-3-319-61088-7_12

540 23 Simple Quantum Systems

The amplitudes a, can be calculated from the set of linear equations

C(0) = > a,C,. (23.135)
A

In the following we use the 4th order Runge—Kutta method to solve (23.131) numer-
ically whereas the explicit solution (23.132) will be used to obtain approximate
analytical results for special limiting cases.

A time dependent Hamiltonian H () appears in semiclassical models which treat
some of the slow degrees of freedom as classical quantities, for instance an electron
in the Coulomb field of (slowly) moving nuclei

q;q;’
H) =T+ Z 47T€o|1' —R; ()] * Z ‘ 4eo|Rj(1) — R/ (1)] (23.136)

or in a time dependent electromagnetic field

H@) =Ty + Vo — er E(t). (23.137)

23.3.1 Two-State System

The two-state system (Fig.23.8) (also known as two-level system or TLS) is the

simplest model of interacting states and is very often used in physics, for instance in

the context of quantum optics, quantum information, spintronics and quantum dots.
Its interaction matrix is

_(E\V
H = ( v Ez) (23.138)

and the equations of motion are

ihCy = E;C, + VG,

ihCy = E;Cy +VCy* (23.139)

The interaction matrix can be diagonalized by an orthogonal transformation
(Sect. 10.2)

Fig. 23.8 Two-state system 2>
model

1>
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5 T A1
H=RHR = A (23.140)
2

with the rotation matrix

R= (Cf’s‘p - Sm“”) . (23.141)
sing cos

The tangent of ( can be determined from (10.2)

¢ ) E, — E; E, - E; . E, — E\’
= tan ¢ = —sign _
T i £ 2V 2V

2V

(23.142)

from which we find
! i . (23.143)

CoOSp = ———— singp = —— .
RV = AV

and the eigenvalues

M=E —7V M =E,+71V. (23.144)

Finally the solution of (23.139) is given by (23.134)

(gl) =A (i) e BTy B (—17) et BtV (23.145)
2

For initial conditions
Ci(0)=1 C,0)=0 (23.146)
solution of (23.135) provides the coefficients

1 T
A=—— B=——— 23.147
1+ 72 1+ 72 ( )

and hence the explicit solution

1 L (E—7rV)t 2 A (EyrV)t
C zeih + seih
Yy [ Lo 1+rL . (23.148)
Cy r (e‘.h(E] Wy elh(Eﬁ—TV)t)

1+72
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The occupation probability of the initial state is

1474 272 t
C? = E,—E +27V)=). 23.149

It oscillates with the frequency

"2 = \/4v2 + (E, — Ey)? (23.150)

and reaches a minimum value

2
. (1 _T2>2 AE? (|AE| - VAET+4V7) AR
lmin = 2 = 5 = 3 3
I+7 (4v2+AE2— |AE|«/AE2+4V2) AES+4V
(23.151)

Of special interest is the fully resonant limit. E; = E;. Addition and subtraction of
equations (23.139) here gives

d
ih (C1 % Co) = (Ey £ V)(C1 £Cy) (23.152)

with the solution
Ci £ Cy = (C1(0) £ C(0))e 1 EEVI/R (23.153)

For initial conditions given by (23.146) the explicit solution is

, Vit Vi 14cos¥
Cy = e "B/ cos - |Cy)* = cos? - = Tﬁ (23.154)
. Vi Vi 1 —cos2
C, = —ie "E/gin - |C5|* = sin® - = Th (23.155)

At resonance the two-state system oscillates between the two states with the period

mh
v

T = (23.156)

Numerical results are shown in Fig.23.9.
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(c) AE=1
]
0.8 08H
0.6 [ 06\
0.4 041\ A
021(r 02 Vi
i B | \\
0 0
0 o 0 2
(d) AE=3 V=1
1 T T T T
\ \ \
0.8 0.8
0.6 0.6~ -
041 041 -
0.2 H 0.2 i/ \\ r'l \\ r'/ \\ //l \\ ,r/’ \‘\ //4\‘
iy N ARV RV VERVIRY
0 o o0 2 4 6 8 10
time

Fig. 23.9 (Numerical simulation of a two-state system) The equations of motion of the two-state
system (23.139) are integrated with the 4th order Runge—Kutta method. For two resonant states the
occupation probability of the initial state shows oscillations with the period (23.156) proportional
to V~!. With increasing energy gap E» — E; the amplitude of the oscillations decreases

Fig. 23.10 Two-state 2>
system in an oscillating field o

YU~

1>

23.3.2 Two-State System with Time Dependent Perturbation

Consider now a 2-state system with an oscillating perturbation (Fig.23.10) (for
instance an atom or molecule in a laser field)

H= (VE(;) be;)) V(1) = Vo coswt. (23.157)

The equations of motion are

ihCy = E\C, + V()C

ihCy = V(1)Ci + E2Cy (23.158)
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After the substitutions

E
Cr=eitu (23.159)
C2 = e%’uz

E,—E
Wy = % (23.160)

they become

c3 e Ey—Ey —i(woy— il
ihiiy = V(t)e "uy = % (e i(wy1 —w)t Te l(wzl-hu)t) Uy
E|—E
2

4 4 (23.161)
1hu2 = V(t)e i tul = % (el(wﬂiw)t =+ el(wﬂ*“)’) Uy

At larger times the system oscillates between the two states.” Applying the rotating
wave approximation for w &~ w,; we neglect the fast oscillating perturbation

Vi .
ihi, = 706_‘(”2‘_”)’142 (23.162)
Vo oo
ihiy, = 7%1(“’2'*”)’141 (23.163)
and substitute
U = ale—i(wzl—w)f (23.164)
to have
. \7/ S
ih(d) — a1i(wy — w))e W=t — ?Oe_‘(“’“_”)'ug (23.165)
iy Vo (Wi —w) 4 —i(wy —w)t
ihi, = ?e 21 e Wi, (23.166)
or
. Vo
1ha1 = ﬁ(w — wgl)al + 71/12 (23167)
Vi
ihity = 7"5“ (23.168)

7So called Rabi oscillations.
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which shows that the system behaves approximately like a two-state system with

a constant interaction V,/2 and an energy gap h(wy —w) = E; — E; — hw
(a comparison with a full numerical calculation is shown in Fig.23.11).

23.3.3 Superexchange Model

The concept of superexchange was originally formulated for magnetic interactions
[310] and later introduced to electron transfer theory [311]. It describes an indirect
interaction through high energy intermediates (Fig.23.12). In the simplest case, we

have to consider two isoenergetic states i and f which do not interact directly but
via coupling to an intermediate state v.

The interaction matrix is

V=05,10 Aw=5.0

0.05
0.04 1 -

0.03

0.02

T

o
=)
=
=T
\l
N
>

time

Fig. 23.11 (Simulation of a two-state system in an oscillating field) The equations of motion
(23.158) are integrated with the 4th order Runge—Kutta method. At resonance the system oscillates

between the two states with the frequency V /. The dashed curves show the corresponding solution
of a two-state system with constant coupling (Sect.23.3.1)

Fig. 23.12 Superexchange
model

li>

— >



546 23 Simple Quantum Systems
0V, 0

H=|VIE,V,|]. (23.169)
0V, o0

For simplification we choose V| = V,.
Let us first consider the special case of a resonant intermediate state £, = 0:

(23.170)

T
|
o< o
< o<
o< o

Obviously one eigenvalue is A\; = 0 and the corresponding eigenvector is

¢, =[o}. (23.171)

The two remaining eigenvalues are solutions of

AV 0
O=det| V =X V | = A=\ +2V?) (23.172)
0 V =\
which gives
M3 = +V2V. (23.173)

The eigenvectors are
1
Cos=|+v2 ). (23.174)
1

From the initial values

ay+ay +as 1
CO) = V2a—~2a; | =[0 (23.175)
—ay +a + a3 0

the amplitudes are calculated as

1 1
al = E aZ = Cl3 = Z (23176)

and finally the solution is
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1 1 1
c=2{o)+i{va)ervvi i _yz)evave
2 4 4
-1 1 1
%—F%cos @t
1 1 V2V
—7 F 3008 51

Let us now consider the case of a distant intermediate state V < |E»|. A\; = 0 and
the corresponding eigenvector still provide one solution. The two other eigenvalues
are approximately given by

E? E, E, E, 4v?
M=% -24+2V24+ =~ =+ —(1+—5 23.178
23 2 + + 5 > > a1+ E2 ) ( )

M~ E +2V2 A3~ 2v? (23.179)
R ) £ 3~ £ .

and the eigenvectors by

1 1
C, ~ EV + % C;~ _% i (23.180)
1 1

From the initial values
1 a +ay + as
CO=(10]= ar\y + az 3 (23.181)
0

—a) +ax +as

we calculate the amplitudes

1 V2 1 2v2
= _ AN — ~-—(1-=—= 23.182
a=z @ £ a3~ o ( £ ) ( )
and finally the solution
1 _ Lo,
s+ mny)
C~ | Lembr - 2E_ve—#g%f . (23.183)
2 2

1 _1avy
5(—1+8 B
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1 T | R !
L Y AN
./~\.I . .2
081 , —
L s .
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Fig. 23.13 (Numerical simulation of the superexchange model) The equations of motion for the
model (23.169) are solved numerically with the 4th order Runge—Kutta method. The energy gap
is varied to study the transition from the simple oscillation with w = ﬁV/ h (23.177) to the
effective two-state system with w = Vs /h (23.184). Parametersare Vi = V, = 1, Ey = E3 =0,
E, = 0,1,5,20. The occupation probability of the initial (solid curves), virtual intermediate
(dashed curves) and final (dash-dotted curves) state are shown

The occupation probability of the initial state is

|C1)? = l|1 + e*#ZX;qZ = cos? V_zt (23.184)
1T - hE, '

which shows that the system behaves like a 2-state system with an effective interaction
of

VZ
Vers = - (23.185)

Numerical results are shown in Fig.23.13.

23.3.4 Ladder Model for Exponential Decay

For time independent Hamiltonian the solution (23.132) of the Schroedinger equation
is a sum of oscillating terms and the quantum recurrence theorem [312] states that the
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Fig. 23.14 Ladder model

system returns to the initial state arbitrarily closely after a certain time 7,. However,
if the initial state is coupled to a larger number of final states, the recurrence time
can become very long and an exponential decay observed over a large period. The
ladder model [313, 314] considers an initial state |0 > interacting with a manifold

of states |1 > ... |n >, which do not interact with each other and are equally spaced
(Fig.23.14)
ov...v
V E,
H=] . ) E;=E +(j—1DAE. (23.186)
1% E,

The equations of motion are
ihCo=V Y C;
j=1
ihC; = E;C; + V(. (23.187)
For the special case AE = 0 we simply have

—nCy (23.188)

with an oscillating solution
14
Co ~ cos ( %/ﬁt) . (23.189)

Here the n states act like one state with an effective coupling of V. /.
For the general case AE # 0 we substitute

Cj = ujeW’ (23190)
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and have

Ei
ih

ihijem' = V(. (23.191)

Integration gives

t

Ej
uj = e ! Co(t)dt' (23.192)
Iy
and therefore
\% ! Ej
i=7 em Do (dt . (23.193)
fo
With the definition
E; = j*hAw (23.194)
we have
. V < V2 e
Co=D Ci=—1 Z/ e/ A= Co (1)t (23.195)
j=1 jo

We replace the sum by an integral over the continuous variable
w=jAw (23.196)

and extend the integration range to —oo - - - 00. Then the sum becomes approximately
a delta function

& 0
— cndw 2
> AN / et _ T st (23.197)
oo Aw  Aw

Jj=—00
and the final result is an exponential decay law

27V? _ 27V?2
Raw Tk

Co = p(E)Co (23.198)

with the density of final states

1 1
p(E) = ——

= —. 23.199
hAw  AE ( )

Numerical results are shown in Fig.23.15.
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Fig. 23.15 (Numerical
solution of the ladder model) 10" F
The time evolution of the E
ladder model (23.187) is B
calculated with the 4th order 10
Runge-Kutta method for N
= 50 states and different

values of the coupling V

time

23.3.5 Semiclassical Curve Crossing

In the following we study simple models for the transition between two electronic
states along a nuclear coordinate Q.® Within the crude diabatic model the wavefunc-
tion takes the form

_(n@.0
v = (Xz(Q, t)) (23.200)

where the two components refer to the two electronic states.
The nuclear wavefunctions X obey a system of coupled equations (M is the
reduced mass corresponding to the nuclear coordinate)

T s Ei(Q) V(Q)

Here E| »(Q) are the diabatic potential energy surfaces which cross at a point Q.

and V(Q) is the coupling matrix element in the diabatic basis.
According to Ehrenfest’s theorem, the average position

o = / [Ix1(Q, D + 1x2(Q,0I’] 0dQ (23.202)

8For a diatomic molecule, e.g. the nuclear coordinate is simply the distance R of the two nuclei.
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obeys an equation of motion which looks very similar to its classical counterpart

Mdzé(t)—f——av
dr? T o0

— 25 E1(Q) —55V(Q)
iy Ly Y 90 (xl(Q,t))_
/ 0 (x1(Q.0* x2(Q, 1) )( —%V(Q) —%Ez(Q)) x2(Q, 1)

(23.203)

The semiclassical approach approximates both nuclear wavefunctions as one and
the same narrow wave packet centered at the classical position Q(t) = Q(¢). Equa-
tion (23.203) then becomes

2

d 9
M7500 = —55 (a@)" b)) (

E(Q@) V(Q®)) ) (a(t))
00 '

V(Q(0) Ex(Q(1) ) \ b(r)

Substitution of

X100, 1) = x2(0,1) = ¢(Q, 1) (23.204)
in (23.200)
_fa®

and taking the average over Q, which in fact means to replace Q by Q(¢), the
semiclassical approximation is obtained:

S (a®)\ _ (Ei(Q@) V(Q()) a(t)
’h(b(t)) = ( V() Ez(Q(t))) (b(r)) ' (23.206)
In Problem 23.5 we compare the solutions of (23.201) and (23.206). The two wave

packets are propagated with the split-operator-Fourier transform method Sect. 23.2.2.
For a small time step A¢ the propagator is approximated as a product

At
exp EH

_ . h 0? At (E(Q) V(Q) .. h 0?
_eXp[lAtma_Qz]eXp’E ( V(0) EZ(Q>)]GXP[’”W@_Q2] e
(23.207)
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where the kinetic energy part is evaluated in Fourier space and the potential energy
part requires diagonalization of a 2 x 2 matrix for each grid point. From the resulting
wavefunction the average position Q(t) is calculated which is needed to define the
trajectory for the semiclassical approximation. Equation23.206 is then solved with
the Runge—Kutta method. The initial wavefunction is a Gaussian wave packet on one
of the diabatic surfaces with constant momentum (as in 23.117). Figure 23.16 shows
an example from Problem23.5.

23.3.6 Landau-Zener Model

This model describes crossing of two states, for instance for colliding atoms or
molecules [315, 316]. It is assumed that in the vicinity of the crossing point the
interaction V is constant and the time dependency of the energy gap is linearized
(Fig.23.17)

V() =V (23.208)

AE(t) = E2(Q()) — E\(Q(1)) = AE, + vt. (23.209)

The Hamiltonian matrix of the Landau—Zener model is

s o o
A O
T T
| I |

0 L 1 AVAVAVAVAVAVAVAVAVATAVAVAVA"AVA"S

30 T T T T T T

200 QM g

classical position Q, occupation probability

‘ enefgy gap AE‘

L | L | L |
0 1 2 3
time

Fig. 23.16 (Semiclassical approximation of a curve Crossing) The crossing between two states is
simulated for coupling V = 1.23, velocity = 12 and slope = 0.4. (Problem23.5). Top the semiclas-
sical approximation (black) reproduces the occupation probability from the full quantum calculation
(red) quite accurately. Generally, it shows more pronounced oscillations than the quantum calcu-
lation with wave packets of finite width. Bottom If the initial velocity is large enough, acceleration
is not important and the classical position (black) as well as the energy gap (red) become linear
functions of time
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0 Vv
H:(VAE(I)). (23.210)

For small interaction V or large velocity g AE =Q % AEFE the transition probability
can be calculated with perturbation theory to give

27V?
- 23.211)
hy AE
This expression becomes invalid for small velocities. Here the system stays on the
adiabatic potential surface, i.e. P — 1. Landau and Zener found the following
expression which is valid in both limits:

22
Piz=1—exp (—hgj). (23.212)
ot

In case of collisions multiple crossing of the interaction region has to be taken into
account (Fig.23.18).
Numerical results from Problem 23.6 are shown in Fig.23.19.

Fig. 23.17 Slow atomic collision

O
O |F

\

Fig. 23.18 Multiple passage of the interaction region
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Fig. 23.19 (Numerical solution of the Landau—Zener model) Numerical calculations (solid curves)
are compared with the Landau—Zener probability (23.212, dashed lines) and the approximation
(23.211, dotted lines) The velocity is dAE /dt = 1. (Problem 23.6)

23.4 The Dissipative Two-State System

A two-state quantum system coupled to a thermal bath serves as a model for magnetic
resonance phenomena, coherent optical excitations [317, 318] and, quite recently,
for a Qubit, the basic element of a future quantum computer [319, 320]. Its quantum
state can not be described by a single wavefunction. Instead mixed quantum states
have to be considered which can be conveniently described within the density matrix
formalism [277].

23.4.1 Egquations of Motion for a Two-State System

The equations of motion for a two-state system are

ihpiy = Hizpa1 — p1oHoy (23.213)

ihpy = Hrip1a — p21Hin (23.214)
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ihpra = (Hyy — Hn)piz + Hiz(p22 — p11) (23.215)
—ihpor = (Hyy — Hp)por + Hy(p22 — p11) (23.216)
which can be arranged as a system of linear equations’
,0:11 0 0 —H> Hy, P11
ih Zi - —2112 1‘22 H, 1H—21sz _g]lz Z?i ' (23:217)
P21 Hy —Hy 0 Hy — Hyy P21

23.4.2 The Vector Model

The density matrix is Hermitian

pij = pji (23.218)
its diagonal elements are real valued and due to conservation of probability

p11 + p22 = const. (23.219)

Therefore the four elements of the density matrix can be specified by three real
parameters, which are usually chosen as

X = 2%py (23.220)
y = 23pa1 (23.221)
Z=pu—pm (23.222)

and satisfy the equations

d 1 ~

Ezm(f?zl) =-7 ((Hy1 — Hp»)23(p21) + 23(H12) (p11 — p22)) (23.223)
d__ 1 i

52&9(P21) =5 ((Hiy — Hp)2NR(p21) — 20(H12) (p11 — p22)) (23.224)

(S(H12)20(p21) + RH1223(p21)) - (23.225)

St

d( )=
dr P11 — pP22) =

9The matrix of this system corresponds to the Liouville operator.
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Together they form the Bloch vector

(23.226)

..,
Il
N =

which is often used to visualize the time evolution of a two-state system [321]. In
terms of the Bloch vector the density matrix is given by

I+z x—iy 1
(Pll p12) _ (ﬁ é ) — 5(1 +ro) (23.227)

P21 P22 )

with the Pauli matrices

ax=(?é), o—yz(??)i), a—z=(1_1). (23.228)

From (23.223-23.225) we obtain the equation of motion

Hy —Hy 23(Hi)
g [ P
E y | = X HllgHZZ —z 29‘(;112) (23.229)
Z 23(H1) 2% (Hi)
X ==ty

which can be written as a cross product

d
—r=wxr (23.230)
dt
with
ZNH»
w = —23H)» ) (23.231)
+(Hii — Hy)

Any normalized pure quantum state of the two-state system can be written as [322]

| >= (C2> —COSE(O)-FG smi ) (23.232)

corresponding to the density matrix

cos? % e 1% sin g cos g
p= y . (23.233)

% gin ¢ cos ¢ 2 0
(&) sm2C032 Sin )
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Fig. 23.20 (Bloch sphere) Left Any pure quantum state of a two-state system can be represented
by a point on the Bloch sphere. Right The poles represent the basis states. Mixed quantum states
correspond to the interior of the sphere, the central point represents the fully mixed state

The Bloch vector

cos ¢ sin 6
r=| sin¢sinf (23.234)
cos )

represents a point on the unit sphere (the Bloch sphere, Fig.23.20). Mixed states

1
correspond to the interior of the Bloch sphere with the fully mixed state p = ( (/)2 l(/)z )

represented by the center of the sphere (Fig.23.20).

23.4.3 The Spin-1/2 System

An important example of a two-state system is a particle with spin % Its quantum
state can be described by a two-component vector

a1 0

where the two unit vectors are eigenvectors of the spin component in z-direction
corresponding to the eigenvalues s, = :I:%. The components of the spin operator are
given by the Pauli matrices

h

and have expectation values
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CiC4C5Cy
h x C cielesc
<s>=2(c;c3) | oy —n| giezaa | (23.237)
2 CZ 221 2
o, 1Ci] ;|C2|

The ensemble average for a system of spin-% particles is given by the Bloch vector

P21+p12
2

<S>=h &2‘1& = —T. (23.238)
/711;/’22

The Hamiltonian of a spin-% particle in a magnetic field B is

h h( B, B, —iB,
H=-y30B=—y; (Bx VB, B, (23.239)

from which the following relations are obtained

+B, = —%mmz (23.240)
VB, = %SHn (23.241)
B, = — Hu ; Hy (23.242)
w = —B. (23.243)

The average magnetization

h
m=y<S>= yzr (23.244)
obeys the equation of motion

d
am = —yB x m. (23.245)

23.4.4 Relaxation Processes - The Bloch Equations

Relaxation of the nuclear magnetization due to interaction with the environment
was first described phenomenologically by Bloch in 1946 [323]. A more rigorous
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description was given later [324, 325] and also applied to optical transitions [326].
Recently electron spin relaxation has attracted much interest in the new field of
spintronics [327] and the dissipative two-state system has been used to describe the
decoherence of a Qubit [328].

23.4.4.1 Phenomenological Description

In thermal equilibrium the density matrix is given by a canonical distribution

q et
eq _ 23.246
r tr(e=FH) ¢ )
which for a two-state system without perturbation
iy
Hy — ( > _é) (23.247)
2
becomes
e—h4/2
p = T s (23.248)

where, as usually 3 = 1/kgT. If the energy gap is very large A > kgT like for an
optical excitation, the equilibrium state is the state with lower energy'’

00
(27—
Pl = (01). (23.249)

The phenomenological model assumes that deviations of the occupation difference
from its equilibrium value

1 — p5d = —tanh 4 (23.250)
pll p22 ZkBT °

decay exponentially with a time constant 7} (for NMR this is the spin-lattice relax-
ation time)

d 1
—  (pn —p2) =—=[(on1 — p22) — (O] — PD)]- (23.251)
dt |Rel P P T, [p p Pii = P ]

10We assume A > 0, such that the equilibrium value of z = pj; — p22 is negative. Eventually, the

two states have to be exchanged.
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The coherence of the two states decays exponentially with a time constant 75
which is closely related to 7} in certain cases!! but can be much smaller than 7; if
there are additional dephasing mechanisms. The equation

d 1

— = —— 23.252
ar ‘Relﬂlz 2 P12 ( )

describes the decay of the transversal polarization due to spatial and temporal differ-
ences of different spins (spin-spin relaxation), whereas for an optical excitation or a
Qubit it describes the loss of coherence of a single two-state system due to interaction
with its environment.

The combination of (23.245) and the relaxation terms (23.251, 23.252) gives
the Bloch equations [323] which were originally formulated to describe the time
evolution of the macroscopic polarization

400
dm Lo
e —yBxm—-Rm-m,) R=|20 5 0 (23.253)
1
00 &+
For the components of the Bloch vector they read explicitly
e —-1/T,  —3(Hy — Hyp) —33Hp, . 0
5 y = lh(H” —sz) —1/T2 —%ERHIZ y + OT
. 23H,, ZRNH,  —1T ¢ Zeg/ Th
(23.254)

23.4.5 The Driven Two-State System

The Hamiltonian of a two-state system (for instance an atom or molecule) in an
oscillating electric field Ee ™" with energy splitting A and transition dipole moment

118

A _ —iwyt
H:( 2 pke ) (23.255)

_ iw/t _A
nEe 3

The corresponding magnetic field

2
B, = —pE coswyt (23.256)
~h

"For instance 7> = 2T for pure radiative damping.
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2
A
B.=-2 (23.258)
~h

is that of a typical NMR experiment with a constant component along the z-axis and
a rotating component in the xy—plane.

23.4.5.1 Free Precession

Consider the special case B, = const, B, = B, = 0. The corresponding Hamil-
tonian matrix is diagonal

Mo g
H = ( 8 _M) (23.259)
2

with the Larmor-frequency

A
.QO = E = —’)/Bo. (23260)

The equations of motion for the density matrix are

_(pi1—px) — (P11 — P53
T

0
- _ = 23.261
ot (p11 — p22) (23.261)

0 1
ih— = h$2 —ih— 23.262
iho P12 op12 — 1 T2P12 ( )

with the solution

(p11 — p2) = (P11 — P53 + 1(p11(0) — p22(0)) — (P9 — p55)1e™"/T (23.263)

p12 = pra(0)e /T, (23.264)

The Bloch vector

(x0 cos 2ot — yg sin 2ot)e /T2

r = | (yocos 2ot + xgsin 2ot)e /T2 (23.265)
2% 4 (g9 — z*)e™!/ T

is subject to damped precession around the z—axis with the Larmor frequency
(Fig.23.21).



23.4 The Dissipative Two-State System 563
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0 10 20

time X

Fig. 23.21 (Free precession) The Bloch equations (23.254) are numerically solved with the 4th
order Runge Kutta method. After excitation with a short resonant pulse the free precession is
observed. Left The occupation difference z = p11 — p2» decays exponentially to its equilibrium
value. Right In the xy-plane the Bloch vector moves on a spiral towards the equilibrium position
x=0,y=0)

23.4.5.2 Stationary Solution for Monochromatic Excitation

For the two-state system (23.255) with

Hii — Hp = A = h$2, (23.266)

Hyp = Vo(coswyt —isinwyt) (23.267)

the solution of the Bloch equations (23.253)

e —1/T, -2 20 sinwgt X 0
vl Bl B 2 —1/T, —Pcoswst ||y |+| O
z —sinwst Fecoswpt  —1/T; z Zeq/ T
(23.268)

can be found explicitly [317]. We transform to a coordinate system which rotates
around the z-axis (Sect. 14.3 on page 330) with angular velocity w

x’ cos(wyt) sin(wyt) 0 X X
¥y | = | —sin(wyt) cos(wyt) O y|l=A®|y]- (23.269)
7 0 0 1 z z


http://dx.doi.org/10.1007/978-3-319-61088-7_14
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Then
x’ X X x’ 0
d , . d A " i
— | Y |=Aly|+A— |y |=(AAT" +AKA )| Y |+A]| O
dt / dt , Zeg
Z Z e z T
(23.270)
with
—1/T, -2 20 sinw gt
K = £29 -1/T, —% coswyt | - (23.271)
—%sinwft%coswft —-1/T;

The matrix products are

. 0 wy 0 —1/T2 —.QO 0
AAT'=W=|-w; 00] AKA' = 2, -1/, -2
0 00 0 Z -mn
(23.272)
and the equation of motion simplifies to
)(E/ _le wf — 20 0 x’ 0
)f/ = | 20— wr _le _2_7‘;0 y’ + Qq . (23.273)
7 0 » -+ 7 '

For times short compared to the relaxation times the solution is approximately given
by harmonic oscillations. The generalized Rabi frequency §2x follows from [329]

i2px = (W — 20) (23.274)
2V,
12y = (20 —wp)x' — Toz/ (23.275)
2V,
i2p7 = T‘)y’ (23.276)
as

2
2k = \/ (20— wp)? + (2—?) : (23.277)
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time

Fig. 23.22 (Monochromatic Excitation) The Bloch equations are solved numerically with the 4th
order Runge—Kutta method for a monochromatic perturbation with w = 4, Vy = 0.5. Parameters
of the two-state system are wg = 5, z,q = —1.0 and T} = T, = 5.0. The occupation difference
z = p11 — p22 initially shows Rabi oscillations which disappear at larger times where the stationary
value z = —0.51 is reached

Atlarger times these oscillations are damped and the stationary solution is approached
(Fig.23.22) which is given by

2T % (20 — wy)
v > . —2T2 . (23.278)
1 +45NTh + T (wr — $20) 1+T22(wf—.(20)2

7%

The occupation difference

4 T] T,
z=pu—pn=z\1- (23.279)
1+4 T]T2+T ((Uf—.Qo)z

has the form of a Lorentzian. The line width increases for higher intensities (power
broadening)

A ! 1+4V2TT (23.280)
w = —_— .
T2 2 112

and the maximum

Z(Qo) _ 1
eq V2
z 1+48T T,

(23.281)

approaches zero (saturation) (Figs.23.23, 23.24).
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Fig. 23.23 (Resonance line) The equations of motion of the two-state system including relaxation
terms are integrated with the 4th order Runge—Kutta method until a steady state is reached. Para-
meters are wy = 5, Z¢g = —0.8, V = 0.01 and T} = T = 3.0, 6.9. The change of the occupation
difference is shown as a function of frequency (circles) and compared with the steady state solution

(23.278)

Fig. 23.24 (Power
saturation and broadening)
The resonance line is
investigated as a function of
the coupling strength V and
compared with the stationary
solution (23.278) to observe
the broadening of the line
width (23.280). Parameters
are wyg =35, z¢qg = —1.0,

T, = T» = 100 and

V =0.5,0.25,0.125,
0.0625, 0.03125

0
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23.4.5.3 Excitation by a Resonant Pulse

5 6 7
frequency @

For a resonant pulse with real valued envelope V;(#) and initial phase angle @

Hyy = V() e (o +90)

the equation of motion in the rotating system is
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. 1 2Vp(t)
x’ -4 01 2v%(() sin @ X/
° t
Y| = 0 — == cos D y/’
4 ZVU(” n Py ZVU(’) cos o T1 Z

567

(23.282)

If the relaxation times are large compared to the pulse duration this describes approx-

imately a rotation around an axis in the xy—plane (compare with 14.24)

d _ 20,
Sy AW
ar ()’ 0 Wor

0 0 —sindy
Wo = 0 0 —cos®y
sin @ cos P 0
Since the axis is time independent, a formal solution is given by

¥(r) = el K4 (0) = MP O (o)

with the phase angle

cD(t):/ 2Vo(t/)dt/

h
Now, since
—sin’ @y  —sinPycos Py 0
Wo2 = | —sin®gcos Py —cos® P, 0
0 0 -1
Wi =W,
Wy = —-W¢

(23.283)

(23.284)

(23.285)

(23.286)

(23.287)

(23.288)

(23.289)

the Taylor series of the exponential function in (23.285) can be summed up

1
‘¢ Wo+

1
‘p=1+q§W0+—<1>2W02+3

2

, (®* o @3
=l+Wol5 — gt )t Wl -5+
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Fig. 23.25 (Rotation of the
Bloch vector by a resonant
pulse) A resonant pulse
rotates the Bloch vector by
the angle @ around an axis
in the x"y’-plane

=1+ W; (1 —cos®)+ Wysin®

1 — sin? Dy (1 —cos®) —sinPycos Py (1 —cosP) —sin Py sin @
= | —sin®ycos Py (1 —cos®) 1 —cos’>Py(l —cos®) —cosPysind

sin @ sin @ cos @ sin @ cos @
cos Py sin®y 0 1 0 0 cos @y —sin Py 0
= | —sin®y cos Py 0 0cos® —sin @ sin®y cos®y 0
0 0 1 0sin® cos® 0 0 1
(23.290)

The result is a rotation about the angle @ around an axis in the xy—plane deter-
mined by @, (Fig.23.25), especially around the x —axis for @, = 0 and around the
y—axis for @y = 7.
After a m—pulse (@ = ) the z-component changes its sign

cos(2®y) —sin(2®y) 0

r' = [ —sin(2@g) —cos(2Py) 0 | r(0). (23.291)
0 0 —1
The transition between the two basis states z = —1 and z = 1 corresponds to a spin

flip (Fig.23.26). On the other hand, a 7/2—pulse transforms the basis states into a
coherent mixture

1 —sin?®, — sin®ycos Py — sin Py
r = —sin®gcos @y 1 —cos>P, —cosdPy |r(0). (23.292)
sin @ cos D 0
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Fig. 23.26 (Spin flip by a 7-pulse) The equations of motion of the Bloch vector (23.268) are
solved with the 4th order Runge—Kutta method for an interaction pulse with a Gaussian shape.
The pulse is adjusted to obtain a spin flip. The influence of dephasing processes is studied.
T; = 1000, t, = 1.8, Vo = 0.25. The occupation difference pi; — p22 = z (solid curves) and

the coherence |p12| = %\/x2 + y2 (broken curves) are shown for several values of the dephasing
time 7> = 5, 10, 100, 1000

23.4.6 Elementary Qubit Manipulation

Whereas a classical bit can be only in one of two states

either ((1)) or ((1)) (23.293)

the state of a Qubit is a quantum mechanical superposition

[ >= Co ((1)) +C ((1)) . (23.294)

The time evolution of the Qubit is described by a unitary transformation
|V >— Ul > (23.295)

which is represented by a complex 2 x 2 unitary matrix that has the general form
(see also Sect. 14.15)

_ o ﬂ 2 2 _ _ g
U_(—e"pﬁ* e‘“”oz*) o+ 181" =1, detU =e'’. (23.296)


http://dx.doi.org/10.1007/978-3-319-61088-7_14
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The Bloch vector is transformed with an orthogonal matrix A, which can be found
from (23.227) and the transformed density matrix U pU ~!

N ((042 — 52)6’1“9) 3 ((cu2 + 62)6’1’*5) —20 (aﬁe’w)
r— Ar A= [ 3I((#—ae™) R (@ +4He™?) 23 (afe¥)
2R B) 23(a ) (lal* =181
(23.297)

Any single Qubit transformation can be realized as a sequence of rotations around
just two axes [318, 319, 330]. In the following we consider some simple transfor-
mations, so called quantum gates [331].
23.4.6.1 Pauli-gates
Of special interest are the gates represented by the Pauli matrices U = o; since any
complex 2 x 2 matrix can be obtained as a linear combination of the Pauli matrices

and the unit matrix (Sect. 14.15). For all three of them det U = —1 and ¢ = 7.
The X-gate

01
Uy =0y = (1 o) (23.298)

corresponds to rotation by 7 radians around the x —axis (23.291 with @y = 0)

10 0
Ax=[0-10}. (23.299)
00 —1

It is also known as NOT-gate since it exchanges the two basis states. Similarly, the
Y-gate

0 —i
Uyzo'yz(i Ol)

rotates the Bloch vector by 7 radians around the y—axis (23.291 with @y = 7/2)

—-10 0
Ay=|1 010 (23.300)
0 0-1
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and the Z-gate

10

by 7 radians around the z—axis

100
A, = 0 —10]). (23.302)
0 01

This rotation can be replaced by two successive rotations in the xy—plane

Az = AxAy. (23.303)
The corresponding transformation of the wavefunction produces an overall phase
shift of 7/2 since the product of the Pauli matrices is 0,0, = io;, which is not
relevant for observable quantities.
23.4.6.2 Hadamard Gate
The Hadamard gate is a very important ingredient for quantum computation. It trans-

forms the basis states into coherent superpositions and vice versa. It is described by
the matrix

Un = (_ _L) (23.304)
N

with det Uy = —1 and

_s‘l_
S

Ap=lo0=10 (23.305)

which can be obtained as the product

00 -1 10 0
Apy=1010 0-10 (23.3006)
100 00 —1
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of a rotation by 7 radians around the x—axis and a second rotation by 7/2 radians

around the y-axis. The first rotation corresponds to the X-gate and the second to
(23.292) with @y = 7/2

L
U= ( 2 ) (23.307)
T2 2

Problems

-6

Problem 23.1 Wave Packet Motion

In this computer experiment we solve the Schroedinger equation for a particle in
the potential V (x) for an initially localized Gaussian wave packet ¢(r = 0, x) ~
exp(—a(x — x¢)?). The potential is a box, a harmonic parabola or a fourth order
double well. Initial width and position of the wave packet can be varied.

e Try to generate the stationary ground state wave function for the harmonic oscil-
lator

e Observe the dispersion of the wave packet for different conditions and try to
generate a moving wave packet with little dispersion.

e Try to observe tunneling in the double well potential

Problem 23.2 Two-state System

In this computer experiment a two-state system is simulated. Amplitude and fre-
quency of an external field can be varied as well as the energy gap between the two
states (see Fig.23.9).

e Compare the time evolution at resonance and away from it
Problem 23.3 Three-state System
In this computer experiment a three-state system is simulated.

e Verify that the system behaves like an effective two-state system if the intermediate
state is higher in energy than initial and final states (see Fig.23.13).

Problem 23.4 Ladder Model

In this computer experiment the ladder model is simulated. The coupling strength
and the spacing of the final states can be varied.

e Check the validity of the exponential decay approximation (see Fig.23.15)
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Problem 23.5 Semiclassical Approximation

In this computer experiment we study the crossing between two states along a nuclear
coordinate. The time dependent Schrodinger equation for a wave packet approach-
ing the crossing region is solved numerically and compared to the semiclassical

approximation.

e Study the accuracy of the semiclassical approximation for different values of cou-
pling and initial velocity

Problem 23.6 Landau-Zener Model

This computer experiment simulates the Landau Zener model. The coupling strength
and the nuclear velocity can be varied (see Fig.23.19).

e Try to find parameters for an efficient crossing of the states.

Problem 23.7 Resonance Line

In this computer experiment a two-state system with damping is simulated. The
resonance curve is calculated from the steady state occupation probabilities (see

Figs.23.23,23.24).

e Study the dependence of the line width on the intensity (power broadening).
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Fig. 23.27 (Generation of a coherent mixture by a 7/2-pulse) The equations of motion of the Bloch
vector (23.268) are solved with the 4th order Runge—Kutta method for an interaction pulse with
a Gaussian shape. The pulse is adjusted to obtain a coherent mixture. The influence of dephasing
processes is studied. 71 = 1000, ¢, = 0.9, Vo = 0.25. The occupation difference p1; — p22 = z

(solid curves) and the coherence |p12| = %\/x2 + y2 (broken curves) are shown for several values
of the dephasing time 7> = 5, 10, 100, 1000
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R e

Fig. 23.28 (Motion of the Bloch vector during 7/2 and 7 pulses) The trace of the Bloch vector is
shown in the laboratory system. Left 7/2—pulse as in Fig.23.27 with 7, = 1000. Right m—pulse as
in Fig. 23.26 with 7, = 1000

Problem 23.8 Spin Flip

The damped two-state system is now subject to an external pulsed field (see
Figs.23.26,23.27, 23.28).

e Try to produce a coherent superposition state (7/2 pulse) or a spin flip (7 pulse).
o Investigate the influence of decoherence.
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