Chapter 8
Time-Frequency Analysis

Fourier-analysis provides a description of a given data set in terms of monochromatic
oscillations without any time information. It is thus mostly useful for stationary sig-
nals. If the spectrum changes in time it is desirable to obtain information about the
time at which certain frequencies appear. This can be achieved by applying Fourier
analysis to a short slice of the data (short time Fourier analysis) which is shifted along
the time axis. The frequency resolution is the same for all frequencies and therefore it
can be difficult to find a compromise between time and frequency resolution. Wavelet
analysis uses a frequency dependent window and keeps the relative frequency reso-
lution constant. This is achieved by scaling and shifting a prototype wavelet - the so
called mother wavelet. Depending on the application wavelets can be more general
and need not be sinusoidal or even continuous functions. Multiresolution analysis
provides orthonormal wavelet bases which simplify the wavelet analysis. The fast
wavelet transform connects a set of sampled data with its wavelet coefficients and is
very useful for processing audio and image data.

8.1 Short Time Fourier Transform (STFT)
Fourier analysis transforms a function in the time domain f(¢) into its spectrum
~ 1 o0 .
@ =FfI) == [ fwe (8.1)
f f =/ f

thereby losing all time information. Short time Fourier analysis applies a windowing
function! (p. 133) e.g. a simple rectangle (Fig. 8.1)?

I Also known as apodization function or tapering function.
2There are two different definitions of the sinc function in the literature.
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Fig. 8.1 (Rectangular window) The rectangular (uniform) window and its Fourier transform are

shown ford = 1
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Fig.8.2 (Triangular window) The triangular (Bartlett) window and its Fourier transform are shown
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or triangle (Fig.8.2)
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Fig. 8.3 (Gaussian window) The Gaussian window and its Fourier transform are shown for d = 1

A smoother window is the Gaussian (p. 192) (Fig.8.3)

1 t?
Wg(t):mexp[—ﬁ] (8.6)
with
Wo(w) = —— ex [ deZ] (8.7)
W) = —— —_—— 1 . .
G A p )

For the Gaussian window the standard deviations?

1
o, =d o, = 7 (8.8)
obey the uncertainty relation*
o0, = 1. (8.9)

Since the Gaussian extends to infinity, it has to be cut off for practical calculations.
Quite popular are the Hann(ing) and Hamming windows (Fig. 8.4)

t I 1 t
Wan (t) = COSZ (;T_d) = (5 + E COos %) (8.10)

3Here we use the definition o2 = ffooo dr W(0)2. If instead 02 = ffooo dt |W ()22 is used then

— d .
o =7 and o, NeTE
“4For a Gaussian the time-bandwidth product is minimal.
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Fig. 8.4 (Hann and Hamming window) The Hann (full curves) and Hamming (dashed curves)
windows together with their Fourier transforms are shown for Az = 1. The Hamming window is
optimized to reduce the side lobes in the spectrum

~ d sincwd

Wrann(w) = E@ (8.11)

Witann () = (22 + = cos ™ (8.12)
Hamm(l) = \54 T 54" g :

- d 1— 4248

Wramm (W) = —2L T sincwd. (8.13)

Vor 1 — <

For a general real valued function

W(w)* = (\/% / b W(t)ei“”dt) = \/% / h W(t)e“ dr = W(—w)
(8.14)

and for an even function

W(w) = \/% /_: W(t)e “dr = \/% /OO_OO W()e“d(—t) = W(—w).
(8.15)
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If W (¢) is real and even than this holds also for its Fourier transform
- ~ ~ 1 o
W(—w) = Ww) = Ww)" = E /_OO W (t) cos(wt)dt. (8.16)
The short time Fourier Transform
1 0 ‘
X (to, w) = FIW*(t — 10) f () ](w) = E/_w W*(t —to) f()e™'dt  (8.17)

depends on two variables #y and w. Since it has the form of a convolution integral it
becomes a product in Fourier space, where

1 . 1 © : 1 © .
—— [ dtge N X (19, w) = —/ dtye w0’ / dt W*(t —to) f (H)e ™!
\/27r/ 0 0 V21 J -0 0 V21 J -0 0)f

1 00 00 ) . .
= — / / drd(t — 19)e 010 Wt — 1o) f(r)e™ 1“0 e 7I!
27 J oo J—0

1 s i 00\ * . .
= ( / d(t — to)e U W (r — 19) / ) dr f(r)e w0l gmiwt
27 NS s

= W*(wo) f (W + w). (8.18)

For a real valued an even windowing function like the Gaussian (8.6) the STFT can
therefore be calculated from

X (fg, w) = dwoe“ W (wo) f(wo + w). (8.19)

=/
2
Alternatively, the STFT can be formulated as

1. % .
X (tg, w) = —e""’”/ 1) Wt — 1p)e @t gy 8.20
(to, w) Ner: i @O Wt — 1) (8.20)

| - /°°
= ——eh (@) 2%t — ty)dt
RV 27 —00 0
which involves a convolution of f(¢) with the wave packet (Fig. 8.5)
Q(t —19) = W(t — 1p)et—0 (8.21)

which is localized around 7. In frequency space the wave packet becomes a band
pass filter
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Fig. 8.5 (Gabor wave packet) Left Real (full curve) and imaginary (dashed curve) part of the wave
packet (8.21) are shown for a Gaussian windowing function with w = 5 and 2d* = 3. Right In the
frequency domain the wave packet acts as a bandpass filter at wy = w

~ 1 © . .
2(wp) = — dte "W (r)e™!

A/ 271' —00

S .
=— dre 1@y ()

— dt e““’°’°/ f@) 2%t — ty)dt

_ dl‘/ d(t —ty) f(t)e—wot QK —t )elwo(l‘ 1o)
27T

= f(wp)$2* (wp) (8.22)

1 . o . ~ -
X (tg, w) = —e‘“”“/ dwye™ " f(wy) 2" (wo)
0 T - dwo S (wo 0

o0
duwoe T F(wy) 2% (wo)

- E/_Do
= \/%_ﬂ_ /_OO dwoe™ f(wy — w)2* (wy — w).
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The STFT can be inverted by

. 1 . .
/ dwX (1y, w)e™ = s / dt / dweOW*(t — 19) f(H)e !
i

1
= E/diW*(r —10) F()278(t — tg) = V27 W*(0) f(10) (8.23)

or alternatively

i 1 [ .y
/dto/de(to,w)el“” = /dto dw ‘“”/ W*(t' —to) f (e dr’
—0oQ

N
=/dtOJ% /_o:o 218(t — YW (' — 1) f(t)dt’
= dtoJ%ZWW*(t—to) f() =27 f@) / W*(t)dt'. (8.24)

STFT with a Gaussian window is also known as Gabor transform [79] which is
conventionally defined as

o0

Gl f1(to, w) = / dt e~ eIt £ () (8.25)

—00
Example: Spectrogram

The STFT is often used to analyze audio signals. Let us consider as a simple example
a monochromatic signal, which is switched on at time t = 0

0 t<0

sin(wgt) t > 0. (8.26)

f(t)=l

Using a Gaussian window, the Fourier transform can be calculated explicitly (an
algebra program is very helpful)

o0
X(to,w) = —— dt e~ We= (=102 t
(fo, w) AL )y e e sin(wgt)
. -

oL e g di w2 (erf (IAI (W —ws) — to) B 1)

4\/ 271' \/zd

. o,
+ b eiww) g —dP w2 (erf (M) 3 1) . $8.27)
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Fig. 8.6 (3-d spectrogram) The squared magnitude of the STFT (8.27) is shown for ws = 5 and
2d =1

There are two contributions since the real function f (¢) contains oscillations with
+w,. The squared magnitude® | X (fy, w)|? is shown as a 3-d spectrogram in Fig. 8.6.
The width of the window determines the resolution both in time and frequency.
Neglecting interference terms, at resonance w = w; the squared magnitude rises
according to

X0, w)f = —— (erf 10 4 ’ (8.28)
0, Ws _327T ﬁd .

and reaches its stationary value within a time of &~ 2d, whereas in the stationary state
at tp > d, the dependency on the frequency mismatch Aw = w — w; is given by a
Gaussian with a width of 20, = +/2/d. The dependence of time and frequency res-
olution on the window width is shown qualitatively by 2-dimensional spectrograms
in Fig.8.7.

8.2 Discrete Short Time Fourier Transform

The continuous STFT is very redundant and not useful for the analysis of data which
are sampled at discrete times. Therefore we introduce a series of overlapping windows
centered at equidistant times #, = n At (Fig. 8.8)

W,(t) = WnAt —1t). (8.29)

SThis is a measure of the spectral power distribution.
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2d2=0.25 2d?=0.5 2d2=1.0 2d2=2.0

Fig. 8.7 (Spectrograms with different window width At¢) The squared magnitude of the STFT
(8.27) is shown for wy = 5 and 2d* = 0.25, 0.5, 1.0, 2.0. For larger values of the time window d
the frequency resolution becomes higher but the time resolution lower

Assuming that the windowing function W, (#) = 0 outside the interval [z, —
d, t,+d] we apply (7.5) and expand W, (¢) f (¢) inside the interval as a Fourier series

o0
: ™
W) =W, ) f(t) = Wl o Withw,, =m— |t —t,] <d. 8.30
(@) = Wa) f(@) = D & Gy Withwyy = m= |1 — 1] < (8.30)

m=—0oQ

We extend this expression to all times ¢ by introducing the characteristic function
of the interval

1 for|t—1t,| <d

0 else (8.31)

Xn(t) = [

gu(0) = Wa D) F(O) = X (1) D, € G- (8.32)

m=—0o0

The Fourier coefficients, given by the integral

Fig. 8.8 (Discrete STFT) ! 2d 3
Assuming that the "
windowing function | |

W, (¢) = 0 outside the

interval [t, —d, t, + d] we Wn—1 (1) Wn(t) Wn+1 (1)
apply (7.5) and expand

W, (¢) f (¢) inside the interval

as a Fourier series

n-1 n n+1
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1 [t A
.&nm = ﬁ/ Wi — tn)f(t)e_wmldt (8.33)
t,—d

obviously correspond to the STFT at times #,and frequencies w;,

1 © ) 1 tn+d )
X(tn, W) = —= Wt — 1) f (e dt = — Wt — tn) f (e “m dt
(tn, W) \/E/m (t —12) f(1)e 5 ), W mfwe
2d
= —=Gum- 8.34
Nea (8.34)

If the windows are dense enough such that there union spans all times, the signal can
be reconstructed by summation

> 00 = FO D Wa®) = D X G- (8.35)

This expression simplifies, if

Z W, (t) = const (8.36)

which is e.g. the case for triangular windows as well as the Hann and Hamming
windows with At = d (Fig.8.9).

For practical applications, we assume that the function g(#) has been sampled at
N equidistant times within the interval [, — d, t, + d]

2d
Tn,szln_d—i_sﬁ s=0,1,...N —1 (8.37)

Fig. 8.9 (Window functions with constant sum) For the triangular (Left) and the Hann and Ham-
ming (Right) window the sum Y, W, () becomes constant (dotted lines) if the windows are shifted
by half their width Ar = d
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T 2w
wj = gjv wj(Tn,s —t,+d) = JSF (8.38)

and apply the discrete Fourier transformation method (p. 131)

N—-1 N—1

~ _ —iw;(Ths—t,+d) __ —ijs2r

Gny = D Gy D =N g, e TUIW (8.39)
s=0 s=0

1 N—-1 1 N—1N-1
~ ijs2m —ijs’' 2 ijsim

N n,queJ Vo= N 9n,s'C IEN et N = Gn,s- (8.40)

j=0 j=0 5=0

Example: FM Signal
Figures 8.10 and 8.11 show the STFT analysis of a frequency modulated signal

£(t) = sin® (1) = sin (wot 4400 - coswlt)) (8.41)
wi
with a momentaneous frequency of
0P i
w(t) = E = wo(1 + asinwt) (8.42)

for carrier frequency ‘2”—7‘; = 10kHz, modulation frequency “2"—7; = 25Hz(100 Hz) and
modulation depth @ = 0.3.
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Fig. 8.10 (STFT analysis of a FM signal) The figure shows screenshots from Problem 8.1. Left
spectrogram Right STFT spectra. Sampling frequency is 44100 Hz, number of samples 512, Hann
windows are used with a shift of 8 samples (0.18 ms) between neighbor windows. 6 ms time res-
olution and 1.1kHz frequency resolution are sufficient to resolve the 25 Hz modulation. The time
dependent spectra have their smallest width at the stationary points of the momentaneous frequency
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Fig. 8.11 (STFT analysis of a FM signal) The figure shows screenshots from Problem8.1. Left
spectrogram Right STFT spectra. Sampling frequency is 44100 Hz, number of samples 512, Hann
windows are used with a shift of 2 samples (0.045ms) between neighbor windows. 6 ms time
resolution and 1.1kHz frequency resolution are not sufficient to resolve the 100 Hz modulation.
Only minimum and maximum frequencies are observed

8.3 Gabor Expansion

For the special case of rectangular windows with distance At = 2d°

Wa(t) = Wg(t —2d n) = x,(1) (8.43)

Z W,(t) =1 = const (8.44)
we have

F@O = gu(0) (8.45)

:Z Z X ()€™ G (8.46)

n m=—oo

This equation expands f(¢) and its Fourier transform as linear combinations of
elementary “signals” which are located at ¢, in time and w,,in frequency

Bpm = Xn€“r". (8.47)

SFor simplicity, we do not normalize the window here.
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~ 2d .

Ry m = —e @) gine d(w — wy) (8.48)
' V2w

F@O =D humdnm @) =D humbum- (8.49)

A similar expansion is obtained if we use rectangular windows in Fourier space with
width and distance Aw [80]

/;nm (w) = Xme—itn(w—wm)
2Aw )
By (1) = sinc ((t — t,) Aw)en!
V2T

and sample the spectrum at times

™

h=n—_— (8.50)
to obtain
F@) =D xn@ @) = D xn@)e™" fn (8.51)
R Wi +Aw 5 )
nm f(w)elmndw. (8.52)

- 2Aw Wy —Aw
Gabor [79] discussed an expansion with Gaussian signals (Fig. 8.5). In general, how-
ever, the elementary signals are not orthogonal which makes the determination of the
coefficients a,, ,, complicated. Bastiaans [80, 81] introduced another auxiliary set of
elementary signals

Tnm = Y@ — nA[)ei’“"ml (8.53)

which are biorthogonal, i.e.

/ Yo O @)t = 6 S (8.54)

and allow the calculation of the Gabor expansion coefficients from a scalar product

[ w5 @t =3 [ om0t = ann. (8.55)
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Determination of v for a given windowing function can be simplified by application
of the Zak transform [82]. Discrete versions of the Gabor transform [83] are popular
in signal, speech and image processing.

8.4 Wavelet Analysis

The STFT method uses constant frequency and time resolution. Therefore the lowest
frequency of interest determines the minimum width of the window whereas at
higher frequencies shorter time windows could be more appropriate to increase time
resolution while keeping the relative uncertainty in frequency constant (Fig. 8.12).
This is the basic idea of the wavelet transform. Whereas STFT uses wave packets of
the form (8.21)

240 (1) = W(t — tg)e ™) (8.56)

time time

PR T R U NS R PR R R R NI N PR R R R NI N
3 2 -1 0 1 2 3 -3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
time time time

Fig. 8.12 (Morlet wavelets and STFT wave packets) Top STFT uses the same window for all
frequencies Bottom wavelets use a variable window width to keep the form of the wave packet and
the relative frequency resolution constant (only the real part is shown)
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where only the oscillating part is scaled with frequency w, wavelets scale the whole
function like in

r— 1 :
Q4,5 =W (—0) elwo(=to)/s (8.57)
N

or, more generally

1 t — 1

10.5(1) = le( - 0) (8.58)
1 < 1 t—t

.Q(w):—/ e—w—w( O)d
27 J - s N

1 oosign s (st +0) 1
= — e WO (1) d (st + 19)
V2T —oosigns vV | |

. 1 o0 ., . ~

= |s|e"“”°f/ e ST (dt = \/|s|le W (sw) (8.59)

T J—00

where a whole family of wavelets is derived from the “mother wavelet” ¥ (t) by
shifting and rescaling. The prefactor has been introduced to keep the norm invariant

/ |20, (DPdt = / |uf( ) 2dr

= ﬁ / o & (t)*d(st’ + tg) = / |w (") |*dt’. (8.60)

—oosigns

Closely related to the short time Fourier analysis is the Morlet (or Gabor) wavelet,
which is also very useful in quantum physics [84]. It is defined as’

oo _ 1 2] o
V0 = W = i exp |~ e (8.61)
2
V(W) = Wo(w —wp) = \/2 eXp[ d —(w— wo)Z] . (8.62)

The similarity of a signal f(¢) to a wavelet with scale s centered at ¢ is measured
by the correlation integral

1 o t—
Ct, 'QZY dl‘:— l]/>k
(to, s) = / S (0)$2, (1) m/_m (

7The conventional normalization is f di|w(0)]? = 1.

To
) f(t)dt (8.63)
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which becomes a product after Fourier transformation with respect to #,

Cw,s) = \/%/C(to,s)e’i“’odto

-~ \/% / droe™ " / dz% / dw'\/|s[F* (sw')e ™ =) / dw’ f(w")e"

= /27| / dt / dew/ F* (sw)e 't / dw” F(WHe 5w — w)s(w —w')

= V2rlsl / dw'* (sw)e 1 F(w)hel!

= 2ls|¥* (sw) f (). (8.64)

For the Morlet wavelet this becomes

2
C(w,s) =n"*/2|s|d exp [—d?(sw — wo)z} fw)
2
= 7!/4/2]s|d exp {—% (W - %)2] fw) (8.65)

i.e. C(w, s) averages the spectrum f over a range with a width of o, = 1/sd around
w = wyp/s and a constant ratio
1

—_ = 8.66
w wod ( )

g,

w

8.5 Wavelet Synthesis

For data processing it is necessary to reconstruct the data from the wavelet coefficients
C(tps). This can be achieved with the help of the integral8

/Oo/oolcu )20 s (Ddtod /ldzd Ly (=5 cap. )
- , s= | = s——¥ | —— .S
N 0, )21, 0 o ml S 0
1 1 N . o -
= 7= / —ds / diy / dwe =0/ g () / dw' e 0 (sw) f(w)
™
1 1 s - T -
= f/s—zds/dto/sdw”e““ (’7’0)l1/(w”s)/dw/e‘” DY (sw') f (W)
T
1 1 s - .
=—— [ =ds [ du"e¥ [lll(w”s)/dw'lll*(sw’)f(w’)%ré(w’ —w)
»\/27r/5 /
1 C o~ -
= v27r/ 7ds/sdw”e'“’ " (WP (sW”) f (W)
s

= \/E/ éds/dw//ei“’”’lﬁ(w”s)lf/*(sw”)f(w”). (8.67)

8 A more rigorous treatment introducing the concept of frames in Hilbert space can be found in [85].
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If the admissibility condition is fulfilled, which states that the integral

[P W)
Cy = dw < 00 (8.68)
00 w

exists and is final, then

/OO ldsli/(cus)lf/*(ws) = /00 l,dw/lf/(w/)li/*(w/) = Cy
oo S oo W

o0 o0

and we obtain

1 0 001
— C(to, )82y, 5 (1)d1ods.
ZWCW,/foo/,ooﬁ (to, )82, s (t)dtods

The admissibility condition implies that l17(0) = O and thus f dtW (1) = 0. Hence,
the Morlet wavelet (8.61) has to be modified’

N, £ [ wod” 8.69
v e el | e (8.69)

2 2
U (w) = ‘{ZNH, [exp ’—d—(w — wp) ] —exp [—%(wz + wg)H (8.70)

f@ =

v(t) =

—1/2

Ny = |:(1 + exp {—w’d*} — 2exp [—?—‘wzdz})} . (8.71)

Another popular (continuous) wavelet is the “Mexican hat” (also known as Ricker
wavelet or Marr wavelet) which is given by the normalized negative second derivative
of a Gaussian (Fig.8.13)

W) = 2 e & 8.72
()—ﬂmm( d2) Xp[ 2d2] (8.72)
- 2dd w?d?

Example: Wavelet Analysis of a Nonstationary Signal

The following example shows screen shots from Problem 8.2. The signal consists of
two sweeps with linearly increasing frequency of the form

fi2(t) = sin [wl,zt + %ﬂ] (8.74)

This correction is often neglected, if the width is large.
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Fig. 8.13 (Mexican hat wavelet) Left The mexican hat wavelet is essentially the second derivative
of a Gaussian. Right Its Fourier transform is a band pass filter around wy,,, = +2/d

and another component which switches between a 5 kHz oscillation and the sum of
a 300Hz and a 20kHz oscillation at a rate of 20 Hz

sin(waokrzt) + sin(wagont) if sin(wyop 1) <0
S0 = [ sin(wskg,t) else. (8.75)
The signal is sampled with a rate of 44kHz and analyzed with Morlet wavelets
over 6 octaves (Fig. 8.14). The parameter d of the mother wavelet (8.61) determines
frequency and time resolution. The frequency wy of the mother wavelet is taken as
the Nyquist frequency which is half the sampling rate. The convolution with the
daughter wavelets

W, (1) = %W (t — t") (8.76)

m Sm
is calculated at 400 times with a step size of 0.726 ms (corresponding to 32 samples)
t, =ty +nAt (8.77)
and for 300 different values of the scaling parameter

sm = 1.015™. (8.78)

In a logarithmic plot, the relative frequency uncertainty has the same size for all
stationary signals.
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Fig. 8.14 (Wavelet analysis)
Top for d = 1 ms the
frequency resolution is high
for the stationary parts of the
signal. Time resolution is
low. Middle for d = 0.25 ms
the pulsating component at
300Hz can be resolved but
time resolution is still poor.
Bottom For d = 0.0625 ms
time resolution is sufficient
to show all the modulations
while frequency resolution is
rather poor
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8.6 Discrete Wavelet Transform and Multiresolution
Analysis

The continuous wavelet transform is very redundant and time consuming. Multires-
olution analysis provides a way to define a discrete set of orthogonal wavelets, for
which the wavelet transform can be calculated very efficiently from a scalar product.
A discrete wavelet transform uses discrete values of shift and scaling parameters

s=a ™ ty=na"b (8.79)
to define the daughter wavelets'?

W, (t) = a"™*W (a™t — nb). (8.80)

For integer a, in most cases a = 2, this equation defines wavelets of a multireso-
lution analysis (Fig. 8.15) where m corresponds to the resolution 2.

8.6.1 Scaling Function and Multiresolution Approximation

At the basic resolution 2° the function f(¢) is approximated as a linear combination

FOFOO =" fonPon(®) (8.81)

of a scaling function and its translations,

Fig. 8.15 (Multiresolution \
analysis) Data are analyzed s-1
with decreasing time
window At = b/2™
24
23
22
o1
20
0 bt

10Equation 8.76, in contrast, describes the continuous wavelet transform, which has to be discretized
for numerical calculations.
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Py, =Pt —nb) ,n=0,%£1... (8.82)

which is chosen [86, 87] such, that the @ ,form an orthonormal basis of the space
of linear combinations

Vo = span{®q ,,n =0, £1, ...} (8.83)

/ ®g, (Do ()dt = 6. (8.84)
The best approximation is found by minimizing the norm

WF@) = fonPou @I = / (FHO = D [ a P ) (1) — Z o Pow ())d1

— [1rian - > o [ rrouvd =3 i [ g0 f0d+ a0 (885)

hence by choosing

for = / oF (1) f()dt (8.86)

i.e., the orthogonal projection of f () onto V. Approximation at the higher resolution
2™ similarly is given by linear combination

FORFDO™ =" funPualt) (8.87)

of the scaled functions

Dy =2"2D (2"t — nb) (8.88)
which form an orthonormal basis for the space

Vi = span{®,, ,, n =0, £1, ...} (8.89)
since

/cp,j;,n(t)dﬁm,nr(t)dt =2" / ®*(2"t — nb)® (2"t — n'b)dt

dr’
=" / (1 — nb)d (1’ — n/b)z—m = G- (8.90)

The sequence of spaces V,, is called a multiresolution approximation to the space of
square integrable functions L?(R), if [86]
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G ---cvVviyacVoycvicVv,... (8.91)
i) |J Vau isdensein L*(R) (8.92)
(iii) ﬂ V,. = {0}. (8.93)

Property (ii) has as a consequence, that the approximations f ) (¢) converge to f (¢)
for large m. Hence, due to orthonormality

FO) =D @) / @5, (1) f()dt' — f(0) (8.94)

and the projection operator onto V,,

Py =) @pat)®} ,(t) =2" D &Q2"t —nb)®* (2"t —nb) > 1 (8.95)

converges to the unit operator. Now, with a > 0 choose the function

lif —a<x<a
fa(t) = [ 0 else. (8.96)
Then,
(Pufin)®) = 2 0@" ~nb) [ 2"d' 0 @ ~ )
2"q
= Z @ (2"t — nb) / &*(t' — nb)dt'. (8.97)
n —2mq

For large a, the integrals become more and more independent on n, and

( / h (b*(t’)dt/) > ®@"t —nb) - 1. (8.98)

Now we integrate the sum over one period 0 < ¢ < 27"p and find

/ o > ®@"t—nbydt =) /
0 n n -

(1—n)b 00

()27 "dt = 2"”/ D (t)dt

nb —00

(8.99)
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and therefore

(/ cb*(t’)dt’) (/ (D(t’)dt/) =b (8.100)

or
(o]
‘ / @ (tHdt
—00

as well as

= 1 * ’ o b
|®(0)] = N ’/OO¢(I Ydt ‘ = Jg' (8.102)

Fourier transformation of (8.84) gives

=b (8.101)

S :/d’*(t—nb)(b(t—n/b)dt
— L/dt/d;*(w)efiw(tfnb)dw/é(w/)eiw’(tfn’h)dw/
2w

= /dwdu)/dS*(w)(js(w/)ei(i‘-’"*w’n/)hcg(w_w/) :/dwlé(w)lzeiw(nfn’)h

0 27 (j+1)/b 27/b 0
_ / dwlqs(w)lzei“’(””’,)hz/ dw Z |qs(w+2ﬂ_j/b)|26—iwAnh
im0 27j/b 0 j=—00
27 /b
- / dwF (w)e~wanb. (8.103)
0

F(w) is periodic with period £2p = 27/b and can be represented as a Fourier sum
oo o0
F(w) = Z Fneﬂﬂ'nw/ﬂo — Z Fnembw (8.104)
n=—0oo n=—00

where the Fourier coefficients

1 20 ) b 27 /b .
Fn — _/ F(w)e—127rnw/90 — _/ F(w)e—mbu (8.105)
QO 0 2 0

are found from comparison with (8.103)

F, = —du0. (8.106)
2
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Finally, evaluation of the Fourier sum (8.104) gives

- 1
Fw) =Y |®w+j0) = o (8.107)

J

which is the equivalent of the orthonormality of @, in Fourier space.
Equation8.91 implies that &,, ,can be represented as linear combination of the
D11, Starting from

D(1) = Poo(t) = Zhncpl,n(t) = «/EZhncp(zt — nb) (8.108)

scaling and translation gives

gzjm,n(l‘) = zhn’72tl(pm+l,n’ ®). (8.109)

Fourier transformation of (8.88) gives

- : - 1 . -
_ A 2nmiw/$2,, _ —2nmiw/$2,, m
Duaw)=e Dy ow) = _«/2_’”6 D(w/2™) (8.110)
- 1 -
Pusin(w) = Dyn(w/2) (8.111)
+1 7 /
with

m 2m m

Qn =2" =2"% (8.112)

and (8.108) becomes

P (w) = Z %e—z'”iw/ﬂlcﬁ(w/zm) = My(w/2)P(w/2) (8.113)

n

where

I, :
Moy(w/2) = Z Ee—2'“”<w/2>/90 (8.114)
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is £2p—periodic. Similarly, we find

= = P onmitwrm 0 g 1
B(@) = D My Bpy1n(w) = D ——e DG (/27 H)
n n 2m+1

1 N
= WMQ(L«J/2m+1)(D(w/2m+1). (8.115)

Equation 8.113 can be iterated to obtain

P (w) = Mo(w/2)P(w/2) = My(w/2)Mo(w/HD(w/4) = ...
:HMo(w/zj)qS(O) =HM0(w/2j)‘/i. (8.116)
i e 27

This equation shows that knowledge of M is sufficient to determine the scaling
function (see also p. 182).
From the orthogonality condition (8.107) we obtain

I 3 Q
o= Z]: |®(w+ j20)|° = Z]: ‘Mo (w/2 + 17)

=D IMo(w/2 + jR0)I*|Dw/2+ jQ20)

J
& (w/2+ (j + %) 90>

2 2

. 2
@ (w/2+j?)

2 2

+;‘Mo (w/2+ (j + %) .QO)

= |Mo(w/2)P* D 1B (w/2+ j20)
J

£29
+ Mo W/2+7

2
DB+ 20)/2+ Q201

2
j| . (8.117)

J
29
MQ w/2+ 7

Example: Rectangular Scaling Function

_ ! My(w/2)?
_30|0(w/)|+

The simplest example of a scaling function is the rectangular function

1 bl b
d1) =17 for" 2)52 (8.118)
0 else
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with the scaled and translated functions

L _ 1 b
B, (1) = D(t — nb) = { 7 for )’0 (”1+ 2)1" =3 (8.119)
clse
1 _ ol <b
@y, (1) = V2D (21 — nb) = [ 7 for to (T +3) 2’ =3 (8.120)
clse
1 _ AN
By n(t) = V2" D 2"t — nb) = | b for" (n+3) 3| < 3
0 else

(8.121)

Obviously, the @,,,(¢) for fixed m are orthonormal and can be represented as linear
combination

1 1
¢m,n(t) = ﬁ¢m+l,2n(t) + ﬁdjm-‘rlln-‘rl(t)‘ (8122)

V.. 1s the space of functions which are piecewise constant on intervals |t — (n +
1/2)b/2™| < b/2"*!. Figure 8.16 shows the approximation of the parabola f (1) =
12 by functions in Vj ... V3.

The Fourier transform of the scaling function is

- 1 2sin (”—b) . Vb wb .
P(w) = — ——2Le W2 =~ ginc (—) g wb/2 (8.123)
V2rm wi/b NoY 2

Fig. 8.16 (Approximation
by piecewise constant 4+ .
functions) The parabola X
f(t) = 1% (dashed curve) is |
approximated by linear L 7
combination of orthonormal X
rectangular functions (8.121)
Sm () = Zn Dy (1)

J%0, @i () f (1)dt for =
m = 0 (black) m = 1 (red) I
m =2 (blue) m = 3 (green) - g

7

f(t)
\—1
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and from
b (w) = 1 2[2sin (wTh) cos (wa)]e—iwb/Z —é (w_b) cos (w_b) eiwb/4
V2T wv/b 2 4
(8.124)
we find
Wy wb —iwb/4
M, (5) = cos ( 2 )e . (8.125)

8.6.2 Construction of an Orthonormal Wavelet Basis

The approximation ™+ (¢) contains more details than £ (z). We would like to
extract these details by dividing the space

Vm+1 =V,+ W, (8126)

into the sum of V,, and an orthogonal complement W,, L V,,. The approximation
F™*+D () then can be divide into the approximation f plus the projection onto
W,., which provides the details. In the following we will construct an orthonormal
basis of W, in terms of wavelet functions ¥ (¢) which have the properties

() ¥ eV (8.127)
or
¥ =2 Cauiin (8.128)
and
() ¥ LV, (8.129)
or
[e9]
/ () Pyn(1)dt =0 Vn (8.130)
—00

which is equivalent to

/Oo U (W) Py (W)dw =0 Vn. (8.131)

o0
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(a) (b) ()

@ 4t @, (1) @, {1
D(t)

o
o
o

Njo
o
o

@, (1

Fig.8.17 (Haar wavelet) The rectangular scaling function (a) can be written as a linear combination
of translated scaling functions at the next higher resolution (b). This is also the case for the wavelet
function (c) which is orthogonal to the scaling function

Example: Haar Wavelet

With the rectangular scaling function

lif0<x <1
D(t) = [ 0 else (8.132)
the Haar wavelet [88] (Fig.8.17)
1 1
V()= —=P1o(t) — —=P10(t) (8.133)

V2 V2

is a linear combination of the translated functions @; , and orthogonal to all @ ,.
The family of scaled and translated daughter wavelets

1 1
lpm,n(l) = ﬁ(pm,n(t) - ﬁ(pm,n+l(l‘)

obeys
q/m.n € Vm+1 lIlm,n L Vm (8134)

Orthogonality Condition

After Fourier transformation, (8.131) becomes
0= / lil*(w)e—niaﬁﬂ'/f)m émo(w)dw

G+D2n , i
=3 [ B e G
J

T



8.6 Discrete Wavelet Transform and Multiresolution Analysis 173

Qu I -
=2 / U (w  j82)e I By 2w
i J0
J

2 . - ~
=/ e Hiw2m/ 82y, E g/*(w+j9m)®m0(w+j9m)dw
0 -
J

Qm . A
= / e 2T 2 G (w)dw = 2, G (). (8.135)
0

This expression looks like the Fourier coefficient of an §2,,-periodic function with
the Fourier sum (7.5 with w and ¢ exchanged)

o0
L 2
Gw = > ¢"G,) withi, =n9—7T. (8.136)

n=—00 m

But, since G (1) = 0, we obtain the orthogonality condition

Z@*(w+j9m)43m0(w+j9m) =0. (8.137)
J

Construction of the Wavelet

Now, ¥and @,,y both are in V,,,, therefore (8.113)

Bo = Myo(w/2" ) (w/2"H) (8.138)
U = My (w/2" T (w/2" ) (8.139)

whereM,, o and My are §2p—periodic.
Hence, from (8.137)

0=">" My W+ j2m)/2" T HOMpuo(w + j2m)/2" TP ((w + j2m) /2" TH)?
J
=" My /2" 4 j20/2) Mo (/2" + j20/2)| B (w/2" T + j$20/2)1?
J

= D> My /2" ) My (w/2"H12)| b (w /2" + 20/2)1

Jjeven

* m+1 20 m+1 20 z m+1 . 2

+ > My (w2t 4 =) Mo (w/2" T+ =2 ) 1@ (/2" + 20j/2)]

jodd
= My (/2" T Myo(/2"12) D7 1B w2+ 20j/2)

J even
+ M, (w/2m+1 + %) Mo (w/2m+1 + %) > 1b w2+ 20)/2)2
jodd
(8.140)


http://dx.doi.org/10.1007/978-3-319-61088-7_7
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From orthogonality of @, ,

- 1
DB /2" + j20)F = o (8.141)
J

we see that both sums have the same value

- - 1
DB/ 4 )/ = D B2 k@ = o (8.14)
; 0

jeven k
- - 1
D 1B/ 4 20j/2P = 31D w/2" + k20 + 20/ =
jodd k 0
(8.143)

and therefore

2 2
M /2" ) Mo (/2" 12) + M, (w/z’”“ + 70) Mo (wz’”“ + 70) =0

(8.144)
which can be satisfied by choosing [86]
m-+1 * m—+1 QO w2/ 82
My (/2" =M, (w/2 + - e 1 (8.145)
which implies
£ .
My (w/zm-&-l + 70) — M;;O(w/zm-ﬁ-l + Qo)el(w+9m+1/2)27r/9m+1
= — M} (w/2m e/ 2 (8.146)
Hence we obtain the solution
7, W27/ i1 A g m+1 20 = m+1
v, (w) =e Mo | w/2 + > D(w/2"T)
h:’ in'm i(n'+1D)w2m/ 21 & m+1
= Z We e g (w/2m L) (8.147)

which becomes in the time domain
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h:/
m+1

1 S, -
Wm(t) — (_1)n /dwelwtel(n +1)w27‘r/9m+]¢(w 2m+1)
; V2 2T /
= Z(—l)”’h,’;,\/zmﬂqb(zm“t + (n' + 1)b)

= > (D" By Pt w1 (1) (8.148)
=D (=D D). (8.149)

From the orthogonality condition (8.107) we obtain

= . 820
& w2+

2

2 2

- £2
2o+ 20 =37 ‘Moo (w/z +G+ 1>7°)
J
& (w2 42,520
((u/ + '17)

43(w/2+(2j+1)%)

2

. 2
:Z‘MOO (w/2+(zj+1)7)

+> ‘MOO (w/2+ ) +2)%)

2 2

2
£2 -
= ‘Moo (w/2+ 7‘)) ‘ > 16 w/2+ j20)

+ Moo (/DI D 1@ ((w + 20)/2 + j R0
_ 1 {ly e 2
= g ([ (24 )

But, since the scaling function obeys the orthonormality condition (8.107),

- 2
db(w/Z—l-]?)

2

+ |Moo(w/2>2). (8.150)

1 2 2

- 2
o Z |®(w+ jRo)* = Z ’Moo (W/2 + jj)

=D IMoo(w/2+ jQ0)PI®w/2 + j20)I°

+Z‘Moo (w/Z—l— (j + %) 90) 2 @ (w/2+ (j + %) .QO)

= [Moo(w/2)* D1 (w/2 + jR0)I°
2
D 1P (W + 20)/2 + jS20)

£20
+ ‘Moo (w/2 + 7)
2
:| (8.151)

hence the wavelet also fulfills the orthonormality condition

= L\ Mow/)P + M PILL
=2 [Moo(w/2)]” + oo(w/ +7)




176 8 Time-Frequency Analysis
- . 2 1

2 1w+ i) = (8.152)
j 2

Therefore the translated wavelet functions

Woun (1) = Wi (t — n27"b) = D (=)™ ~'h* V2 @ (1 — n27"b) — n'b)

n'

=D =D Pt 2 (1) (8.153)

n

are orthonormal

/ Yo (O ()t = 6y (8.154)
Wavelets for different resolution m are orthogonal since they are by construction
in orthogonal spaces. The ¥,,,(¢) with m,n = —o0 ... 00 provide an orthonormal
basis of

o0

LR = ) Wa (8.155)

m=—0oQ

Alternatively, (8.155) is replaced by

L*(R) = Vo + | Wa (8.156)

m=0

which is more useful for practical applications with limited total observation time.
According to (8.156), starting from a basic approximation in Vj, more and more
details are added to obtain approximations with increasing accuracy.

Example: Meyer Wavelet

Meyer introduced the first non trivial wavelet (Fig. 8.18) which, in contrast to the Haar
wavelet is differentiable [89, 90]. It was originally defined by its scaling function in
Fourier space!! (here, b = 1)

L ifw < 2

. V2 3
P =1 Acos(3 (R -1)) itF<lwl<¥ (8.157)

: 4m
0 if lw| > 5

from which the mother wavelet can be derived

'There are different variants of the Meyer wavelet in the literature.
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0.5 71717 11— 71— 0.5
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o i | &
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S 03k 4 F Ho03 -2
Q Q
= 3 R =)
= =
S0zt 1 F 402 2
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frequency ® frequency ®

Fig.8.18 (Meyer wavelet in frequency space) Left scaling function Right magnitude of the wavelet
function

[ Een (s () i F i<k
V=) reos(3 (1)) e it il = (.159)

0 else.
Explicit expressions in the time domain (Fig. 8.19) were given in 2015 [91]

2, 4 e
g‘f‘g ift =0

¢(t) = sin %t+%tcos “T"t else (8159)
mt— 1843
2 T T T T T T T T T T T T 2
e 1.5 B = - 1.5 E
& 11 | =
g I 1T 1t
£ 05 B o 405 §
B I | | | =
00 -
£ ofF 1 r 10 3
3 ! 11 1z
131
205 4+ 405 %
I [ N RO B B B ] I R RO R B R B ] 1

6 4 2 0 2 4 6 6 4 2 0 2 4 6
time t time t

Fig. 8.19 (Meyer wavelet in the time domain) Left scaling function Right wavelet function
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T )y e
8.7 Discrete Data and Fast Wavelet Transform
Mallet’s algorithm [87] starts with function values

fn = f(nAt) (8.161)
sampled at multiples of

Aty = 1/f, = b/2mmex, (8.162)

We do not really approximate the function but from the series of sample values we
construct the linear combination

> i Pty n(0) (8.163)

which is an element of

Miax—1

Vit =Vo+ | Wa (8.164)

m=0

and can therefore be represented as a coarse approximation in Vj and a series of
details with increasing resolution

Miax—1

D P =D Poa®) + D D P (1). (8.165)
n n m=0 n

8.7.1 Recursive Wavelet Transformation

The approximation coefficients ¢, and detail coefficients d,,, are determined recur-
sively which avoids the calculation of scalar products.
Starting with

Citpaen = Jn (8.166)
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the details are extracted by expanding

Z gt Pt n (1) = Z e =10 Py =10 (1) + Z =10 V=10 (1)
n n n

(8.167)

Due to orthogonality, the coefficients at the next lower resolution can be determined
from

. _ *
Cilpax =10 = 2 et < Pt =10 | Prtyen >= E CotpaenPn o
n n
*
= E Cmm(,X,n+2n’hn (8168)
n

n—1
dm,,,,”—l,n’ = E Crippax n < l’[Im,m,x—l,n’|¢mnmx.n >= E Cln,,,”,n(_l) h2n’—n—l

n n

(8.169)

which can be written as

* * : * n—1
dmmax—l,’l' = z Conpaz nGn—2n = z Crpax . n+2n'9p with 9n = (=D hon-1.

n n

(8.170)

Iterating this recursion allows the calculation of the wavelet coefficients even with-
out explicit knowledge of the scaling and wavelet functions. Equations (8.168) and
(8.170) have the form of discrete digital filter functions with subsequent downsam-
pling by a factor of two (dropping samples with odd n’).!> This can be seen by
defining the down sampled coefficients

Cop =D el (8.171)
dy = ca(=1)""hw (8.172)

and applying the z-transform to (8.168) and (8.170). For the approximation filter we
obtain

12For the more general class of bi-orthogonal wavelets, a different filter pair is used for reconstruc-
tion.
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Jfe(@) = Z z Bz ™

n'=—o00 n=—00
=D " D e = (Z hnz—") D =@k (8173
n n' n n'
hence in frequency space the signal is multiplied with the filter function
h(E@“?) = hye ™4 = V2Mo(w). (8.174)
Similar we obtain for the detail filter

fd(z) = ch(_l)nilhn’—n—lzin/ == ZCﬂzin(_l)nilhn/_n_]znin,. (8175)

Since only even values of n’ are relevant, we may change the sign by (—1)" to obtain

Dot D T a2 = 2 h(=2) e(2) = g7 (@) e(2) (8.176)

where

9@ =D (="', 2= (=D TR =2 ) k(=)

=z (Z h,,(—z)_”) = zh™(—2). (8.177)

8.7.2 Example: Haar Wavelet
For the Haar wavelet with!3
h, = 0else (8.178)

gn = O else (8.179)

13The standard form of the Haar wavelet with gg = 1/+/2, g1 = —1/+/2 differs from (8.179) by a
shift and time reversal. The resulting wavelet basis, however, is the same.
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Fig. 8.20 Haar filter pair 2

2

filter function If(w)!
T

L L Sl L | L
-1 -0.5 0 0.5 1
frequency 0/

ax

we obtain the filter functions

h(z) = % (1 i+ %) 9(z) = %(Z — 2. (8.180)
On the unit circle,

|h(e“41))? = 1 + coswAt (8.181)

19> = 1 — coswA? (8.182)

which describes a low and a high pass forming a so called quadrature mirror filter
pair (Fig. 8.20) [92].

8.7.3 Signal Reconstruction

The wavelet transformation can be inverted using the expansion

zcm,n(pnz,n(t) = Zcm—l,ném—l,n(t) + zdm—l,nlpm—l,n(t) (8183)

n n

where the coefficients at the higher level of approximation are obtained from
Cmn’ = zcm—l,n < d)m,n’|¢m—1,n > +de—l,n < (pm,n/“pm—l,n >

= Zcmfl,nhnLZn + defl,n(_l)n/ilhznfn’fl

= Cmotnhw—an + D dnra(=1"""h3, . (8.184)
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This can be formulated as upsampling and subsequent filtering. Formally, we insert
zeros and define the up sampled coefficients

Chy = Cntn Chpy =0 (8.185)
dj, = i, =0 (8.186)
2n — %m—1.n 2n+1 — Y .
Then,

Zcm ln n' 2]‘1_Zczn n' 2n—zc hn —n (8187)

de—l-"(_l)” _lh;n n'—1 _( 1)”—1 Zd2nh2n —n'—1

n

= (="' ngh: w1 = D (=1)"dygu (8.188)

where due to (8.186) the alternating sign can be omitted. Z-transformation then gives

> eahwnz =D enz " = h(2) e(2) (8.189)
D dugw-n = 9(2)d(2) = zh*(=2) d(2). (8.190)

8.7.4 Example: Analysis with Compactly Supported Wavelets

Wavelet analysis has become quite popular for processing of audio and image data.
In Problem 8.3 we use Daubechies wavelets [93] to analyze a complex audio signal
consisting of a mixture of short tones, sweeps and noise (Figs. 8.23, 8.24). Daubechies
satisfies (8.117) by taking

N
Mo(w/2) = B (1 +ei“’/2)] Qe W% (8.191)

with a trigonometric polynomial Q. This leads to a class of compactly supported
orthonormal wavelet bases, which for N = 1 include the Haar wavelet as the simplest
member. For N = 2,

[(1+«/_) ( ﬁ) e‘iw/z] (8.192)

l\)l'—‘

My(w/2) = B (1 +e—iw/2)]
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e R O B RO B
(8.193)
with the four nonzero scaling parameters
ho = %(1 +/3) = 0.48296 (8.194)
hy = “/?5(3 ++/3) & 0.83652 (8.195)
hy = “/;(3 —/3) % 0.22414 (8.196)
hy = %(1 —V/3) ~ —0.12941. (8.197)

This defines the wavelet basis which is known as Daubechies 2. There are no analytic
expressions for the scaling and wavelet functions available. They can be calculated
numerically from the infinite product (8.116) or a corresponding (infinitely) nested
convolution in real space. Figures 8.21 and 8.22 show the fast convergence.

o
[

o
o

0.05 7

scaling function ®(t)

time t

Fig. 8.21 (Daubechies 2 scaling function) The scaling function is calculated numerically in the
time domain from the Fourier transform of (8.116) with a finite number of factors. The blue curve
shows the result for j,,q.x = 7, red dots show results for j,,x = 5, black dots for j, 4, = 3. Delta
functions are replaced by rectangular functions of equal area
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wavelet function y(t)

time t

Fig. 8.22 (Daubechies 2 wavelet function) The wavelet function is calculated numerically in the
time domain from the Fourier transform of (8.116) and (8.147) with a finite number of factors.
The blue curve shows the result for j,,q.x = 7, red dots show results for j,q.x = 5, black dots for
Jmax = 3. Delta functions are replaced by rectangular functions of equal area

Problems

Problem 8.1 Short Time Fourier Transformation

In this computer experiment STFT analysis of a frequency modulated signal

f(t) =sin®(t) = sin (wot + aﬂ(l — cos wlt)) (8.198)
wi

with a momentaneous frequency of

0P
w(t) = rr = wo(1 + a sinw;t) (8.199)
is performed and shown as a spectrogram (Figs. 8.10, 8.11). Sampling frequency is
44100 Hz, number of samples 512.
You can vary the carrier frequency wy, modulation frequency w; and depth a as
well as the distance between the windows. Study time and frequency resolution

Problem 8.2 Wavelet Analysis of a Nonstationary Signal

In this computer experiment, a complex signal is analyzed with Morlet wavelets over
6 octaves (Fig. 8.14). The signal is sampled with a rate of 44 kHz. The parameter d of
the mother wavelet (8.61) determines frequency and time resolution. The frequency
wo of the mother wavelet is taken as the Nyquist frequency which is half the sampling
rate. The convolution with the daughter wavelets (8.76) is calculated at 400 times
with a step size of 0.726 ms (corresponding to 32 samples)
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t, =ty +nAt (8.200)
and for 300 different values of the scaling parameter
sm = 1.015™. (8.201)

The signal consists of two sweeps with linearly increasing frequency of the form
. 12 o
S12(t) = sin [w1,2t + Tt ] (8.202)

and another component which switches between a 5 kHz oscillation and the sum of
a 300Hz and a 20kHz oscillation at a rate of 20Hz

_ ) sin(waoka:t) + sin(wsponz?) if sin(waop 1) <0
S = [ sin(wsg.t) else. (8.203)

Study time and frequency resolution as a function of d

Problem 8.3 Discrete Wavelet Transformation

In this computer experiment the discrete wavelet transformation is applied to a com-
plex audio signal. You can switch on and off different components like sweeps, dial
tones and noise. The wavelet coefficients and the reconstructed signals are shown.
(see Figs.8.23, 8.24).

wavelet coefficients

time (sec)

Fig. 8.23 (Wavelet coefficients of a complex audio signal) From Top to Bottom The black curve
shows the input signal. The finest details in light green, red and blue correspond to a high fre-
quency sweep from 5000-15000 Hz starting at 0.7 s plus some time dependent noise. Cyan, orange
and maroon represent a sequence of dial tones around 1000Hz, dark green and magenta show
the signature of several rectangular 100 Hz bursts with many harmonics. The black curve at the
Bottom shows the coefficients of the coarse approximation, which essentially describes random
low frequency fluctuations. The curves are vertically shifted relative to each other
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e e

reconstructed signal

0 0.5 1 1.5
time (sec)

Fig. 8.24 (Wavelet reconstruction) The different contributions to the signal are reconstructed from
the wavelet coefficients. Color code as in Fig. 8.23. The original signal (Top black curve) is exactly
the sum of the coarse approximation (Bottom black curve) and all details (colored curves). The
curves are vertically shifted relative to each other
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