6

Free Theory

In this chapter we will derive the basic equations for a physical the-

ory of free (=non-interacting) fields' from symmetry. We will * Although we specify here for fields
we will see in a later chapter how the
e derive the Klein-Gordon equation using the (0,0) representation of equations we derive here can be used to

the Lorentz group, describe particles, too.

e derive the Dirac equation using the (3,0) & (0, ) representation of

the Lorentz group,

¢ derive the Proca equations from the vector (%, %) representation of

the Lorentz group which in the massless limit become the famous
Maxwell equations.

6.1 Lorentz Covariance and Invariance

In the following sections, we will derive the fundamental equations
of motion of the standard model of particle physics, which is the best
physical theory that we have. We want that these equations are the
same in all inertial frames, because otherwise would have a different
equation for each possible frame of reference. This would be useless
because there is no preferred frame of reference in special relativity.
The technical term for an equation that looks the same in all iner-

tial frames of reference is Lorentz covariant equation. An object is
Lorentz covariant if it transforms under a given representation of

the Lorentz group. For example, a vector Ay, transforms according
to the (%,%) representation and is therefore Lorentz covariant. This
means A, — A}, but not something completely different. On the
other hand, for example, a term of the form A; + Aj3 is not Lorentz
covariant, because it does not transform according to a representation
of the Lorentz group. This does not mean that we do not know how
it transforms. The transformation properties can be easily derived
from the transformation laws for A, but nevertheless this term looks
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2 Recall that we minimize the action and
the result of this minimization proce-
dure is the Euler-Lagrange equation,
which yields the equation of motion for
our system.

3 Discussed in Section 4.2: We only con-
sider terms of order 0,1 and 2 in ®. The
term with the lowest possible derivative
will become clear in a moment.

4The boundary terms, as usual, vanish,
because fields vanish at infinity. Recall
that this follows, because field config-
urations that do not vanish at infinity
correspond to infinite field energy,
which is non-physical (Section 2.3).

completely different in different inertial frames. In a boosted frame,
it may look like A + A4. An equation that involves only Lorentz
covariant objects is called a Lorentz covariant equation. For example,

Ay +7By+CyA'Dy =0

is a Lorentz covariant equation, because in another coordinate system
it reads

A;’,Au +7A;BV+A5CPAZAWAZD¢7 = A;l +7Bl/4 +C{/A/VD;4 =0.

We see that it looks the same. An equation containing only some
components of such objects is, in general, not Lorentz covariant and
therefore looks completely different in each inertial frame.

To make sure we only end up with Lorentz covariant equations,
we require the action S to be Lorentz invariant. This means it should
only contain terms that stay exactly the same when changing the
frame of reference. In other words: The action is only allowed to con-
tain terms that do not change under Lorentz transformations. We get
the equations of motion from the action® S. Now if S depends on the
frame of reference, so would the terms in the equations that follow
from it and therefore these equations can not be Lorentz covariant.

As already discussed in the last chapter, we can use the more
restrictive requirement that the Lagrangian should be invariant, be-
cause if the Lagrangian is invariant the action is, too.

6.2 Klein-Gordon Equation

We now start with the simplest possible case: scalars, which trans-
form according to the (0,0) representation of the Lorentz group. To
specify the equation of motion for scalars we need to find the corre-
sponding Lagrangian. A general Lagrangian that is compatible with
our restrictions? is

Z = A® + B® + CP? + D3, @ + £9,, D0V ® + FPI,D. (6.1)

Firstly, take note that we are considering the Lagrangian density
£ and not L itself and we get our physical theory from the action

5= / ix., (6.2)

where dx is to be understood as the integral over space and time.
Therefore a term like ®0d,,0"® would be redundant, because it is
equivalent to the term 9, 0" ®, as we can see if we integrate by
parts®.



In addition, Lorentz invariance restricts the Lagrangian to be a
scalar. Therefore, all odd powers in d;, like in 9, ® are forbidden.
What about the constants i.e. a and c etc. having a Lorentz index?
This would mean that a, c are four-vectors, specifying a direction
in spacetime and therefore violating the assumption of isotropy of
space. We can neglect the constant term, i.e. A = 0, because we get
our physical theory from the Euler-Lagrange equation and a constant
in the Lagrangian has no influence on the equation of motion>. In
addition, we ignore the term linear in ®, i.e. B = 0, because it leads,
using the Euler-Lagrange equation, to a constant in our equations
of motion®. At least in a free theory, the absolute value of the field
has no relevance and thus we can always perform a redefinition
® — @' = ® + const. such that the constant term vanishes from the
equation of motion”. What remains is

& = CP* + E0,P0/'D. (6.3)

As the heading of this chapter indicates we want to develop a free
theory, which means there is just one ® and no terms of the form
@ P,. Terms like this will be investigated in the next chapter, when
we develop a theory describing interactions.

There is one last thing to note: we are left with only two constants
C and E. By using variational calculus we are able to combine these
into just one constant, because an overall constant in the Lagrangian
has no influence on the physics®. Nevertheless, it is conventional to
include an overall factor J into the Lagrangian and call the remaining
constant? —m?. Therefore, we are finally left with

L = %(aycpa#cp — m*®?). (6.4)

If we now use the variational calculus machinery, which means
putting this Lagrangian into the Euler-Lagrange equation (Eq. 4.10),
we get the equation of motion

0L _y (0%
0@ "\ 0(0,®)

0 (1 0 1
S P — m2dP2) ) — _ 9 (2 U 1202
~0=3 (2(ayq>aq> mCI>)> a”(a(ay )<2(ayq>acp md>)>)
— 0= (9,0" + m*)P. (6.5)

This is the famous Klein-Gordon equation, which is the correct
equation of motion to describe free spin 0 fields and particles.
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5See Eq. 4.10: aa% — 0y (%) =0
and therefore .¥ — ¥ + A with
some constant A does not change

. ALrA) AL+A) _
anything: ==~ —dy ( 30,®) ) =

W o (sl

¢ — 2+ B® yields
(L +BP) _3 (a(z+3<1>)) _ 0L
% n\"a@® ) T @

Iy (%) + B = 0, which is just an
additional constant in the equation of
motion.

7 However take note that if the field
interacts with other fields, this is no
longer true, because such a field shift
then also affects the terms that de-
scribe the coupling between the fields.
This will be discussed in detail in Sec-
tion. 7.3 in the context of spontaneous
symmetry breaking.

8 ¥ — CZ yields

ACe ACL
(acp L I <a((a,1<1>))> =0

I(Z) I(ZL)\ _
o — O (a(a,p)) =0

9 The suggestive name of this constant
will become clear later, because we will
see that it coincides with the mass of
particles described by this Lagrangian.
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*° To spoil the surprise: there is an an-
tiparticle for each spin } particle. Using
complex fields is the same as consid-
ering two fields at the same time as
explained in the text below. Therefore
we are forced by Lorentz invariance to
use two (closely connected) fields at
the same time, which are commonly
interpreted as particle and antiparticle
fields.

" Anthony Zee. Quantum Field Theory in
a Nutshell. Princeton University Press,
1st edition, 3 2003. ISBN 9780691010199

2 We showed in Section 3.7.9 that a
parity transformation transforms the
(1,0) representation, into the (0, 1)
representation.

3 This was discussion in Section 3.7.9.

6.2.1 Complex Klein-Gordon Field

For spin 0 fields, we are able to construct a Lorentz invariant La-
grangian without using the complex conjugate of the scalar field.
This will not be the case for spin % fields ¥ and this curious fact will
have very interesting consequences'®. Nevertheless, nothing prevents
us from investigating the equally Lorentz invariant Lagrangian

L =0, 'y —mPPTp

as many textbooks do. This is simply the same as investigating two
scalar fields of equal mass at the same time

1 1 1 1
2 = Supnd" g1 — SuPi + 50,929 92 — Sm*g3,

2 2 2 2

because we have 1
= — +i¢r).
¢ \/E (¢1 (PZ)

Again Lorentz symmetry dictates the form of the Lagrangian. Ele-
mentary scalar (=spin 0) particles are very rare. In fact, only one is
experimentally verified: the Higgs boson. However this Lagrangian
can also be used to describe composite systems like mesons. We will

not investigate this Lagrangian any further and most textbooks use it
only for "training purposes".

6.3 Dirac Equation

Another story told of Dirac is that when he first met Richard Feynman,
he said after a long silence "I have an equation. Do you have one too?"

- Anthony Zee™!

In this section we want to find the equation of motion for free spin
fields/particles. We will use the (3,0) & (0, 1) representation of the
Lorentz group, because a theory that respects symmetry under parity
transformations must include the (%,0) and (0, }) representations at
the same time™®. The objects transforming under this representation
are called Dirac spinors and combine right-chiral and left-chiral Weyl
spinors into one object"3:

¥ = (g) - (’é’j) . (6.6)

Now, we need to search for Lorentz invariant objects constructed
from Dirac spinors, which we can then put into the Lagrangian. The
first step is to search for invariants constructed from our left-chiral
and right-chiral Weyl spinors.



We will use the Van-der-Waerden notation, which was introduced
in Section 3.7.7. Two possibly invariants are’#

=i = ()8 = (xa)'8" = (x0)'er 6.7)
and
L= (CQ)TXa = ((gd)*)TXa = (gR)+XL/ (6.8)

because we always need to combine a lower dotted with an upper
dotted and a lower undotted with an upper undotted index, in order
to get a Lorentz invariant term. This was shown explicitly in Sec-
tion 3.7.7. Here we see again that right-chiral and left-chiral spinors
are needed in pairs.

Furthermore, we can construct two Lorentz-invariant combinations
involving first order derivatives, as we will see in a moment. But first
we need to understand how we can write the derivative of a spinor.
We learned in Section 3.7.8 how we can construct four-vectors from
spinors

T
Vyp = Ou0;

where v, transforms like a four-vector. The differentiation operator is
therefore in the spinor formalism

aab = ayg;/b . (6.9)
It is conventional to define 7° = I, & = —¢' and using this we can

construct the following Lorentz invariant terms
I = (xa) "0u(0") " xp = (x1) 00" X1 (6.10)

and
L= () T0u(0") 4" = (Er)"0u"er. (611)

In addition to (c#),;,
be dotted and the second index undotted to combine properly with

we need here also (0#). The first index must

the other spinor indices. We get (¢*)% by using the spinor metric
twice:

(1) = (")) = (o)) gfe)T

T
(0 Y (01
-1 0 -1 0
0 1 0 -1
= T =0
10 (") 1 0 - (6.12)
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4 There are two other possibilities,
which go by the name Majorana mass
terms. We already know how we can
move spinor indices up and down

by using the spinor "metric" €. We

can write down a Lorentz invariant
term of the form e(xr )t x1, because
e(x1)t = x has an upper-undotted
index. e(xr)! transforms like a right-
chiral spinor, but by writing a term like
this we have less degrees of freedom.
¢r and xr both have two components,
and therefore we have four degrees of
freedom in a term like (&g)¥x.. In the
term e(x2) XL = X“Xa, the object that
transforms like a right-chiral spinor is
not independent of 1 and we therefore
only have two degrees of freedom here.
There is a lot more one can say about
Majorana spinors and it is currently
under (experimental) investigation
which type of term is the correct one
for neutrinos. One more thing is worth
noting: a Majorana spinor is a "real"
Dirac spinor. I put real into quotation
marks, because usually real means

¥* = ¥. For spinors this condition

is not Lorentz invariant (because the
Lorentz transformations are complex
in this representation). If we impose

the standard condition (¥* < YY)

in one frame, it will, in general, not
hold in another frame. Instead, it is
possible to derive a Lorentz invariant
"reality" condition for Dirac spinors:
(i)e (€)> yr L ¥, which is commonly
interpreted as charge conjugation. This
interpretation will be explained in
Section 7.1.5. Therefore, a Majorana
spinor describes a particle which is
equivalent to its charge conjugated
particle, commonly called anti-particle.
Majorana particles are their own anti-
particles and a Majorana spinor is a
Dirac spinor with an extra-condition:

Yum = (e)chf) or¥y = (_gfﬁ)
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> Remember that we get the equations
of motion from the action, which is the
integral over the Lagrangian.

6 We will see this more clearly when
we derive the corresponding equations
of motion. We get the same equations
regardless of where we put d,, and we
could put both possibilities into the
Lagrangian. This would be longer, but
doesn’t gives us anything new.

7 We get the matrix with lowered index
by using the metric: v, = 707" =

o (0 (TV> _ < 0 UpL/U'V> _
gy 0 Huw 0 0

0 7 ,
( 6‘) , because 1,y0" =

Ou
1 0 0 0 o0
0 -1 0 0 ol
0 0 -1 0 o2
0 0 0 -1/ \¢&

0.0

7(71 —
= 2| T

—o3

8 Remember that 0y is just the unit
matrix and we have ¢y = 0.

9 Take note that 079, = 9,0%, because
o are constant matrices.

20 Recall that these were: maximum
order two in ¥ and only the lowest,
non-trivial order in d,, which is here
order 1.

For example, for 03, we have

0 1\[(1 o0 0 -1\ (-1 0
-1 0/\o =1/\1 o) \o 1)’
N——— N———

=07 =03=-03

Don't let yourself get confused why 9, acts only on one spinor. We
are going to use these invariants in Lagrangians, which we always

evaluate inside of integrals’> and therefore, we can always integrate
by parts to get the other possibility. Therefore, our choice here is no

restriction®.

When we introduce the matrices'”

0 o 0 o
7= ((_T O“) == <U 0”) , (6.13)
I3 H

we can write the invariants we just found using the Dirac spinor
formalism. Using the matrices 7, and Dirac spinors our invariants
can be written as
t t
Y'Y and ¥'y07"0,Y, (6.14)

because

Yt = ((XL)+ (CR)Jr) (O ¢'70> (XL> = (xr)"o0&r + (&r) 00X -

o 0/ \Cr
=l =D

These are exactly the first two invariants we found earlier and®

Y0719, ¥ = ((XL)+ (§R)+) (fo ?) ((ﬂ‘oay UM08H> (%(;)

= (xr)to"duxe + (Er) 000”9,k

=I3 =I

gives the other two invariants'®, as promised. To avoid writing v all
the time it is conventional to introduce the notation

¥ = ()"0 (6.15)

Now we have everything we need to construct a Lorentz-invariant
Lagrangian using Dirac spinors that is in agreement with the restric-
tions?° discussed in Section 4.2:

£ =AY Y + B¥Y 0710, ¥ = AYY + B¥1"0, Y.



Putting in the constants (A = —m, B = i) gives us the final Dirac-
Lagrangian
Lirac = —m¥Y +i¥9y"0,¥ = ¥(iv"9, —m)¥. (6.16)

Take note that what appears here in our Lagrangian are two distinct
fields, because ¥ is complex®'. This is a requirement, because other-
wise we can’t get something Lorentz invariant. More explicitly, we
have

Y=Y +1i%

with two real fields ¥; and ¥5. Instead of working with two real
fields it is conventional to work with two complex fields ¥ and ¥, as
two distinct fields.

Now, if we put this Lagrangian into the Euler-Lagrange equation,
which we recite here for convenience

0L o (32 \_g
oY M\a(a,Y))

—m¥ —i0, ¥y" =0 — (i0"¥y, + m¥) =0. (6.17)

we get

With the Euler-Lagrange equation for the field ¥

0L o (92 \_,
oF ~ "\9(9,%))

we get the equation of motion for ¥
(iyuo" —m)¥ = 0. (6.18)

This is the famous Dirac equation, which is the equation of motion
for spin % particles and fields. Take note that this is exactly what we
get if we integrate the Lagrangian by parts

—m¥Y +i¥y, 'Y = —m¥Y — (i0"Y)y, ¥
TITYotY = ( )Vn
Integrate by parts. Just imagine here the action integral.

and then use the Euler-Lagrange equation,
— —m¥ +id, 'Y =0.
So it really makes no difference and the way we wrote the Lagrangian
is no restriction, despite its asymmetry?2.
6.4 Proca Equation

Now, we want to find the equation of motion for an object transform-
ing according to the (%, %) representation of the Lorentz group. We
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** Therefore the left-chiral and right-
chiral spinors inside each Dirac spinor,
are complex, too.

2 You are free to use the longer La-
grangian that includes both possibili-
ties, but the results are the same.
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already saw that this representation is the vector representation and
therefore this task is easy. We simply take an arbitrary vector field
Ay and construct all possible Lorentz-invariants from it that are in
agreement with the restrictions from Section 4.2. We must combine
an upper with a lower index, because we defined the scalar product
of Minkowski space in Section 2.4 this way and scalars are what we

3 Again, a term of the form 9,9# A" A, need in the Lagrangian. The possible invariants are?3
is redundant, because we can integrate

by parts and get 0* AY0, A,.
P K e I =MAY,A,  , L =03'A"d,A,

Iy = A'A, , Iy =d"A,
and the Lagrangian reads
Lproka = ClaHAVayAv + CzaﬂAvavAy + CgAyAy + C4BVA;4. (6.19)

We can neglect the term 0* A, because has no influence on the equa-
tions of motion, as can be seen by looking at the Euler-Lagrange

%9y (a(a%i:?’)’)) =0. equation®4. Therefore order 1 in 9, is trivial.

If we now want to compute the equations of motion using the
Euler-Lagrange equation for each field component independently

WL, (o
04, " \9(ds4,) )’

we need to be very careful about the indices. Let us take a look at
the right-hand side of the Euler-Lagrange equation and pick the term
involving C;:
d
0o | 55— (C10"A"9, A
o (a(ag'Ap) (Cl H 1/)>
— a(a” AV) U AV
= cian (A g 1) + 04 3t

product rule

(3 A,) (9, A)
_ UK JUA k4N WAV H
Cidr | (0pAn)g"s 557305 + (0A") >

lowering indices with the metric
= C10, ((8”A1,)g”"g“§,‘g(5ﬁ + (aﬂAV)csg(sﬁ)
= C190 (37 AP + 37 AP)
= 2C10,07 AP (6.20)

Following similar steps we can compute

?
e ee— ‘u v = p o
ER (a(agAp)(Cza A aVAH)) 2C,0°(9,A7) .

Therefore the equation of motion, following from the Lagrangian in
Eq. 6.19 reads

2C3AP = 2C1050" AP + 2C,9° (9,A7),



which gives us, when we put in the conventional constants?>
— m2AP = 9, (3" AP — P A7). (6.21)

This is called the Proca equation, which is the equation of motion
for massive spin 1 particles and fields. For massless (m = 0) spin 1
particles, e.g. photons, the equation reads

— 0= 0,(37AP — 3P A7). (6.22)

This is the inhomogeneous Maxwell equation in absence of electric
currents. To unclutter the notation it is conventional to define the
electromagnetic tensor

FoP =97 AP — 9P A”. (6.23)
Then the inhomogeneous Maxwell-equations read
0, F° =0 (6.24)
and we can rewrite the Lagrangian for massless spin 1 fields
Daxwell = %(SVAVBFAV — " AY9,Ay)
as

v
gMaxwell = —FV Fyv

[ N

— (9" AY — 3V AF) (3, Ay — By Ay)

I

(9" AV, A, — D' AYD, A, — 3" AFD, A, + 0" AFD,A,)

1
= (0MAYO Ay — AT Ay — IMATD Ay + 0N AV AL)

renaming dummy indices

- i(ZBVAVByAV — 20MAYD,A,)

PMaxwell = %F " F,y is the conventional way to write the Lagrangian.
Equivalently, the Lagrangian for a massive spin 1 field can be written
as

1

gProca = 1

(A9, Ay — M AVIy Ay) +mP A AF
(6.26)
In this chapter we derived the equations of motion that describe

N —

free fields and particles. We want to understand what we can do with
these equations in order to get predictions for experiments. However
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5 Maybe you wonder why we use

C; = —C,. The reason for this it that
with C; = —C; the Lagrangian in

Eq. 6.19 has a special internal symme-
try. This symmetry will be crucial in
our discussion of how different fields or
particles interact with each other. This
will be discussed in Section 7.1.2 ff.
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first, we need to derive some more equations, because experiments
always work through interactions. For example, we are only able to
detect an electron if we use another particle, like a photon. Therefore,
in the next chapter we will derive Lagrangians that describe the
interaction between different fields and particles.
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