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Interaction Theory

Summary

In this chapter we will derive how different fields and particles inter-
act with each other. This will enable us, for example, to describe how
electrons, interact with photons’.

We will be guided to the correct form of the Lagrangians by inter-
nal symmetries, which are in this context often called gauge symme-
tries®. The starting point will be local U(1) symmetry3 and we end up
with the Lagrangian

L = —m¥Y + ¥y, " + A FY + % (0" A3, A, — 3" AVD,A,) .

This is the Lagrangian of quantum electrodynamics. This Lagrangian
describes the interaction between charged, massive spin 3 fields and
a massless spin 1 field (the photon field). The Lagrangian is only then
locally U(1) invariant, if we avoid "mass terms" of the form mA, A*
in the Lagrangian. This coincides with the experimental fact that
photons, described by A¥, are massless. Using Noether’s theorem, we
can derive a new conserved quantity from U(1) symmetry, which is
commonly interpreted as electric charge.

Then we move on to local SU(2) symmetry. For this purpose a two
component object

Y= (l,[’1 le) ,
called doublet, is introduced. Such a doublet contains two spin %

fields, for example, the electron and the electron neutrino field that
are "rotated" by SU(2) transformations into each other.

Using this doublet notation we are able to write down a locally
SU(2) invariant Lagrangian*
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" From a different point of view: how
the electron field (= a massive spin 1
field) interacts with the photon field (=
a massless spin 1 field).

2 This name will be explained in a
moment.

3 This means we multiply the field at
each point in spacetime with a different
factor: e*(*), instead of using the

same transformation everywhere: ef®,

In other words: the transformation
parameter & = a(x) is now a function of
x and has therefore a different value for
different points in spacetime.

4 The object W]P " is for the three fields
W}‘ what F,, is for the U(1) gauge field
AH,
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L =Yy, (9" —igWH) ¥ — %Tr(W},VWW),

which contains three spin 1 fields W# = (WV)i%i, withi = 1,2,3.
We need three fields to make the Lagrangian locally SU(2) invariant,
because we have three SU(2) basis generators: |; = 4. We will

see that local SU(2) symmetry can only be achieved without "mass
terms" of the form m¥Y¥, mWH W,, with some arbitrary mass matrix
m, because ¥ is now a two-component object. So this time not only
are the spin 1 fields (W*); required to be massless, but the spin %
fields, too. Also allowed are equal masses for the two spin % fields,
but from experiments we know that this is not the case: The electron
mass is much bigger than the electron-neutrino mass. In addition,
we know from experiments that the three spin 1 fields (W*); are not
massless. This is commonly interpreted as the SU(2) symmetry being
broken.

This idea is the starting point for the Higgs formalism, which is
introduced afterwards. This formalism enables us to get a locally
SU(2) invariant Lagrangian that includes mass terms. This works by
adding the interaction with a spin 0 field, called Higgs field, into our
considerations. The final locally SU(2) x U(1) invariant interaction
Lagrangian describes the so called electroweak interactions. The no-
tion electroweak interactions contains the electromagnetic interaction
and a new type of interaction called the weak interaction. Through
the Higgs formalism the SU(2) x U(1) is broken to a remnant U(1)
symmetry. The weak interaction is mediated by three massive spin
1 fields, called W ,W™~ and Z and the remnant U(1) symmetry by
one massless spin 1 field 7. Using Noether’s theorem we will be able
to derive from SU(2) symmetry a new conserved quantity, called
isospin, which is the charge of weak interactions analogous to elec-
tric charge for electromagnetic interactions.

Lastly, we will consider internal local SU(3) symmetry, which will
lead us to a Lagrangian describing another new interaction, called the
strong interaction. For this purpose, we will introduce triplet objects

1
Q = lh ’
q3

that are transformed by SU(3) transformations and which contain
three spin % fields. These three spin % fields are interpreted as quarks
carrying different color, which is the strong interaction analogue to
the electrical charge of the electromagnetic interaction or isospin of
the weak interaction. Again, mass terms are forbidden, but this time
this coincides with the experimental fact that the 8 corresponding
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bosons?’, called gluons, are massless. In addition, we know from ex- 58 because SU(3) has 8 basis genera-
periments that the fields inside a SU(3) triplet have the same mass, tors.
This is a good thing, because local SU(3) symmetry forbids a term

with arbitrary mass matrix m for terms like mQQ, but allows a term

of the form Q (rg :1> Q, which means that the terms in the triplet

have the same mass. Therefore local SU(3) invariance provides no

new obstacles regarding mass terms in the Lagrangian and we there-

fore say the SU(3) symmetry is unbroken. From experiments we

know that only quarks (spin 3) and gluons (spin 1) carry color. The

resulting Lagrangian

2 = — 300G +QUi(2y — i8G,)7" —m)Q

will only be cited, because the derivation is completely analogous to
what we did before.

To summarize the summary:

u(l) 1 gauge field massless photons electric charge

SU(2) —— 3 gauge fields —— massive W- and Z-bosons (Higgs needed) —— isospin

SU(3) —— 8 gauge fields massless gluons color charge

7.1 U(1) Interactions

To derive the correct interaction terms in the Lagrangian, we are
going to use internal symmetrie that are usually called gauge sym-
metries. The notion gauge symmetry, is used for historic reasons and

doesn’t make much sense for the type of symmetry we are consider-

6 ¢ Frank Wilczek. Riemann-einstein

structure from volume and gauge sym-
"as a consequence of spacetime symmetry, specifically symmetry under metry. Phys. Rev. Lett., 80:4851-4854, Jun
local changes of length scale.” 1998. DOI: 10.1103/PhysRevLett.80.4851

ing here. Weyl tried to derive electromagnetism

Naming this kind of symmetry gauge symmetry makes sense, be-
cause this means, for example, that we can change the platinum bar
that defines a standard meter (and which was used to gauge objects
that measure length in experiments), arbitrarily without changing
physics. This attempt was unsuccessful, but some time later, Weyl
found the correct symmetry to derive electromagnetism and the
name was kept.
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7 Remember: ¥ = ¥1 .

8 Speaking more technically: A complex
number commutes with every matrix,
like, for example, vy

7.1.1 Internal Symmetry of Free Spin % Fields

Let’s have a look again at the Lagrangian that we derived for a free
spin % theory (Eq. 6.16)

PDirac = —m¥Y + i‘TJWB’“I’ = ‘Tf(i'yyaﬂ — m)‘I’ (7.1)

We derived it by demanding Lorentz symmetry, but if we take a
sharp look we can discover another symmetry of this Lagrangian.
The Lagrangian does not change if we transform the field ¥ as fol-
lows

¥ ¥ = ey

if we take into account that this implies that ¥ also gets transformed
ST 5V =91 = (") = Fe . (7.2)

The minus sign comes from the complex conjugation? and a is an
arbitrary real number. To see that the Lagrangian is invariant under
this transformation, we transform the Lagrangian explicitly:

Privac = —m¥'Y +i¥’ ’yﬁ”‘l"
= —m(¥e )(e"Y) +i(Fe )y,0" (e"Y)
= —m¥Y¥ e e +i¥y,0"¥ e e
=1 =1
= —m¥YY + ¥, 0"Y = Lirac, (7.3)

where we used that e is just a complex number, which we can move
around freely®. Remembering that we learned in Chapter 3 that all
unit complex numbers can be written as e and form a group called
U(1), we can put what we just discovered into mathematical terms,
by saying that the Lagrangian is U(1) invariant. This symmetry is an
internal symmetry, because it is clearly no spacetime transformation
and therefore transforms the field internally. This internal symmetry
does not look like a big thing. At a first glance it may seem like a
nice, but rather useless, mathematical side note. However, quite sur-
prisingly we will see in a moment that this observation is incredibly

important!

Now let’s have a deeper look at what we just discovered. We
showed that we are free to multiply our field with an arbitrary unit
complex number without changing anything. The symmetry transfor-
mation ¥ — ¥/ = ¥ is called a global transformation, because we
multiply the field ¥ = ¥(x) at every point x with the same factor e’®.

Now, why should this factor at one point in spacetime be cor-
related to the factor at another point in spacetime? The choice at



one point in spacetime shouldn’t fix this immediately in the whole
universe. This would be strange, because special relativity tells us
that no information can spread faster than light, as was shown in
Section 2.4. For a global symmetry the choice would be fixed imme-
diately for any point in the whole universe.

Let’s check if our Lagrangian is invariant if we transform each
point in spacetime with a different factor # = a(x). This is called a
local transformation.

If we transform

Y ¥ =ty
=¥ - ¥ =e Y, (7-4)

where the factor 2 = a(x) now depends on the position, we get the
transformed Lagrangian?

Lhirae = —mY"Y + ¥y, 0"
7m(q; e—ia(x)) (eiu(x) 11;) + i(qje—ia(x)),}/yay (eia(x)T)
\—_,1_/
Y 4 i (01) ¢ ) () i)
Product rule =1

—mYY + i‘I")/HaVT + i (aya(x))‘?’yy‘P # ZDirac

(7:5)

Therefore, our Lagrangian is not invariant under local U(1) symme-
try, because the product rule produces an extra term. As discussed
above, our Lagrangian should be locally invariant, but we just found
out that it isn’t. There is something we can do about it, but first we
must investigate another symmetry.

7.1.2 Internal Symmetry of Free Spin 1 Fields

Next, let’s take a look at the Lagrangian we derived for free spin 1
particles™®

Loroca = M AV, Ay — P AV, Ay + mP AN A, (7.6)

We can discover a global internal symmetry here, too. If we trans-
form
Ay = Ay = Ay +ay (7.7)

with some arbitrary constants a,'!, the Lagrangian reads'?

L broca = (" AV, A}, — 3 AV, AL) + AT A

nt
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9 Maybe you wonder if the Lagrangian
that includes both possible derivatives,
which we neglected for brevity, is
locally U(1) invariant: & = —m¥Y +
¥y, 0"Y 4 i(0"¥)y, Y. This Lagrangian
is indeed locally U(1) invariant, as

you can check, but take note that the
addition of the second and the third
term yields zero:

¥y, oY +i(0"¥)y, Y

\:/i(a"‘?)'yy‘I’ —i(0"¥) 1, ¥ =0.
egration by parts
The correct Lagrangian that includes
both possible derivatives has a minus
sign between those terms: Zpirac =
—m¥Y + ¥y, 'Y — i(0"¥)y, ¥ and is
therefore not locally U(1) invariant.

*See Eq. 6.26 and take note that we
neglect, for brevity, a conventional
factor % here.

"' Remember, as always, 1 = 0,1,2,3.

> The a, are constants and therefore
gV = 0 etc.

= O (AY + 09, (Ay + ay) — M (AY +2")0y (Ay + ) + m2(Ay + a, ) (A* + a¥)

= M AV, Ay — M AVOy Ay + m? (Ay + ay) (A +a). (7.8)
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We conclude this transformation is a global symmetry transforma-
tion of this Lagrangian, if we restrict ourselves to massless fields, i.e.
m = 0.

What about local symmetry here? We transform
and the transformed massless Lagrangian reads

g/Maxwell = (ayA/VaHA;/ - a”A/VaVA;:)
= 0"(A" +4a"(x))9u (Av + ay(x)) — 0"(A" +a"(x))0y (A + au(x))
=" AY9, Ay +0'a"0, Ay + ' AVyay(x) + 0Fa" (x)dy,ay (x)
—d'AY9, Ay — oF AV0yay (x) — ota¥ (x)dy Ay — oFa¥ (x)dyay(x),
(7.10)

which shows that A, — A}, = Ay, + ay(x) is not a local internal sym-
metry .

Nevertheless, we can find a local internal symmetry by considering
the transformation A, — Aj = Ay + dya(x) instead. This means
we add the derivative of some arbitrary function 9,a(x) instead of an
arbitrary function. This transformation has the following effect on the

3 The symmetry of partial deriva- Lagrangian13
tives 0,9, = 9,9, is also known as
"Schwarz’s theorem".

L Maxwell = aVAWa;tA/v - ayAWavA;;
= M(AY +0"a(x))0, (Ay + dya(x)) — o# (A” 4 9"a(x))dy (A + dya(x))
= 0" AY9, Ay + 0" (0"a(x))0, Ay + 0¥ AY9,(9ya(x)) + 0¥ (0"a(x))d,(dva(x))
—d'AY9, Ay — dF AV9,(9ua(x)) — 0¥ (9"a(x))dy Ay — 0¥ (9"a(x))dy (dya(x))
= MA"0, A, — AV Ay = Ltaxwell - (7.11)

0y =09y dy and renaming dummy indices

We see this is indeed an internal local symmetry transformation.
Again this may look like a technical side note. Okay, we found some
internal, local symmetry; so what?

7.1.3 Putting the Puzzle Pieces Together

Let’s summarize what we found out so far:

* We discovered the Lagrangian for free spin % fields has an internal
global symmetry ¥ — ¥/ = e"¥. Formulated differently: the
Lagrangian for free spin % fields is invariant under global U(1)
transformations.



* We saw that this symmetry is not local (although it should be),
because for a = a(x), we get an extra term in the Lagrangian of the
form (Eq. 7.5).

—(9ua(x))¥y"Y. (7.12)

In other words: The Lagrangian isn’t locally U(1) invariant.

¢ In the last section we found an internal local symmetry for mass-
less spin 1 fields

Ay — Ay = Ay +0ua(x), (7.13)

which is only a local symmetry if we add the derivative of an
arbitrary function d,a(x), instead of an arbitrary function a,(x).

This really looks like two pieces of a puzzle we should put to-
gether. When we transform ¥, ¥ and Ay simultaneously, an addi-
tional term A, ¥9*¥ in the Lagrangian becomes

AY Y'Y — (Ap+0,ua(x))¥YH"Y = AF Y'Y + 0,a(x) ¥ Y. (7.14)

Compare the second term here to Eq. 7.12. The new term in the La-
grangian, coupling ¥, ¥ and A, together, therefore cancels exactly
the term which stopped the Lagrangian for free spin % from being
locally U(1) invariant. In other words: By adding this new term we
can make the Lagrangian locally U(1) invariant.

Let’s study this in more detail. First take note that it’s conventional
to factor out a constant g in the exponent of the local U(1) transfor-
mation: e’8?(Y). Then the extra term becomes

—(0ua(x))¥1"Y = —g(dpa(x))¥"Y. (7.15)

This extra factor g accounts for an arbitrary coupling constant'4, as
we will see now. We then add to the Lagrangian for free spin 3§ fields
the new term

gA}llTj’YV\Ijr

where we included ¥ to make the term Lorentz invariant'> and
inserted the coupling constant'® g. This yields the Lagrangian

PDirac+Extra-Term = -m¥YY + iqj’hzaﬂ‘y + gAy‘T"y"‘I’.

Transforming this Lagrangian according to the rules for local trans-
formations of ¥, ¥ and A, yields'”
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“ A coupling constant always tells us
how strong a given interaction is. Here
we are talking about electromagnetic
interactions and g determines its
strength.

> Otherwise A, has an unmatched
index p and therefore wouldn’t be
Lorentz invariant.

16 We can see here that ¢ determines
how strong ¥, ¥ and A, couple to-
gether.

7 The combined transformation of
¥, ¥ and Ay is called U(1) gauge
transformation.
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DiracsExtraTerm = —MY ¥ + i‘F/'YyaHT/ +8 A;T/'YMP/
= —m¥Y + ¥y, 'Y — g(9"a(x))¥v, ¥ + A, T Y
See Eq. 7.5
= —m¥YY + ¥y, 0"Y — g(0"a(x))¥7, ¥
+ g(Ay + dpa(x)) (e 8T ) (ef2 (X))
= —m¥Y + i¥y,0"Y — g(alepy¥7, ¥
+ AN + g (9,0l F7Y
= —m¥Y + ¥, 0"Y + gAYY'Y = Lhirac+Extra-Term-
(7.16)

Therefore, by adding an extra term we get a locally U(1) invariant
Lagrangian. To describe a system consisting of massive spin % and
massless spin 1 fields we must add the Lagrangian for free massless
spin 1 fields to the Lagrangian as well. This gives us the complete

8 We use here the conventional "nor- Lagrangian18

malization" with an additional factor %

in front of the last terms. J F J
gDirac+Extra—Term+Maxwell =-—m¥Y + IT’)’H MY + 8 AH\P’Y’/‘\P

1
- E(B”AVGVAV —d'AY9,Ay).  (7.17)

To unclutter the notation it is conventional to introduce a new
symbol
DV = io" —igA¥, (7.18)

called covariant derivative. The Lagrangian then reads

gDirac+Extra-Term+Maxwell = -—m¥Y + il?’)’]l (a# - lg All) ¥
—_————
=DH

1
- E(&”AVBVAV —d"AY9,Ay)
= —m¥YY + ¥y, D'Y
1
- E(&”A”BVAV — A", Ay). (7.19)
This is the correct Lagrangian for the quantum field theory of elec-
trodynamics, commonly called quantum electrodynamics. We are
able to derive this Lagrangian simply by making use of internal sym-

metries of the Lagrangians describing free spin 1 fields and free spin
1 fields.

The next question we have to answer is: What equations of motion
follow from this Lagrangian?
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7.1.4 Inhomogeneous Maxwell Equations and
Minimal Coupling

To spoil the surprise: This Lagrangian gives us the inhomogeneous
Maxwell equations in the presence of currents.

The process is again straightforward: we simply put the La-
grangian (Eq. 7.17)

G%Dirac+Extra—Term+Maxwell =-m¥¥ + l'\i/,hla}h{; + 8 quj’)ﬂqu
1
— 5 (0" AV, A, — 9" A0, Ay).

into the Euler-Lagrange equation for each field

27 o, (525 ) -0

oY 9(9,¥)
0 (02
o 3(0,%)
07 5 ( .Z ) _o
04, " \9(ds4p) '
This yields
Y (iyo! +m)+ gA ¥y =0 (7.20)
(iypd! —m)¥ + gAY =0 (7.21)
dy (0" A¥ — " AY) + g¥yHY = 0. (7.22)

The first two equations describe the behavior of spin % particles/fields
in an external electromagnetic field. In many books the derivation of
these equations uses the notion minimal coupling, by which is meant
that in the presence of an external field the derivative 0* has to be
changed into the covariant derivative

ot — DV = ot —igA¥ (7.23)

to yield the correct equations. The word "minimal” is used, because
only one gauge field A, with four components = 0,1, 2,3, is used.
Now that we have the equation that describes how Dirac spinors
behave in the presence of an external electromagnetic field (Eq. 7.21),
we can show something that we promised in Section 3.7.10. There
we claimed that a transformation, which we called very sugges-
tively charge conjugation, changes the electric charge of the object
it describes. In other words, if ¥ describes something of charge +e,
the charge conjugate spinor ¥© describes something of charge —e.

139



140 PHYSICS FROM SYMMETRY

Electrical charge determines the coupling strength of spin 1 parti-
cles/fields to an external spin 1 field and we therefore investigate
now, which equation of motion holds for ¥©. Afterwards we will talk
about the third equation, i.e. Eq. 7.22.

7.1.5 Charge Conjugation, Again

Before we can derive the corresponding equation, we need to find an
explicit form of the charge conjugation operator for Dirac spinors. We
derived in Section 3.7.10 the transformation (Eq. 3.244)

Y= (g}g) . (i;) . (7.24)

This transformation can now be described easily with the help of one
of the 7, matrices. Using the definition of -, in Eq. 6.13, we have

. we [ 0 o ¥
¥C = i, ¥ =z<_02 02> (%) (7.25)

because we can rewrite this, using that io, = € is exactly the spinor

Y X1\ _ [ €Cx
L) () e

This is equivalent to
— <5L> , (7.27)
XR

as was shown in Section 3.7.7, specifically Eq. 3.202. Therefore we

metric

start with Eq. 7.21:

(i —m)¥ + gAY = (yu (0 + gAY) —m)¥ =0,  (7.28)

and complex conjugate this equation, as a first step towards an equa-
tion for ¥C:

— (7;(—1'3# + gA*) —m)¥* = 0. (7.29)

Now, we multiply this equation from the left-hand side with 7, and
addal= ')/2_172 in front of ¥*:

— m2(Vp(—idt + gAF) —m) vy ¥ =0 (7.30)
=1
= (127577 (=i + gAF) —my ¥ =0 (7.31)
\"—/



9 (= yu(—io! +gA¥) —m) i, ¥* =0 (7.32)

Multiplying the equation with i —¥C see Eq. 7.25

= ((yp(i0" — gA") —m)¥< =0. (7.33)
This is exactly the same equation of motion as for ¥, but with op-

posite coupling strength ¢ — —g. This justifies the name charge
conjugation™.

Next, we turn to the third equation of motion derived in the last
section (Eq. 7.22) which is called inhomogeneous Maxwell equation
in the presence of an electric current. To make the notion "electric
current" precise we need again Noether’s theorem.

7.1.6 Noether’s Theorem for Internal U(1) Symmetry

In Section 4.5.5 we learned that Noether’s theorem connects each
internal symmetry with a conserved quantity. What conserved quan-
tity follows from the U(1) symmetry we just discovered? Noether’s
theorem for internal symmetries tells us that a transformation of the
form

Y—>9Y =Y+

leads to a Noether current
0.7
F=_——__ 6%
I = 56,9

which fulfils a continuity equation
ouJi = 0. (7.34)
A global®*® U(1) transformation is
Y ¥ =Y = (1+iga+t...)¥.

We stop the series expansion of the exponential function, as usual,
after the first term, because U(1) is a Lie group and arbitrary trans-
formations can be built of infinitesimal ones. An infinitesimal trans-
formation reads

Y —>9Y =Y+iga¥.
Therefore we have 0¥ = iga¥ and as we derived in Section 4.5.5 the
corresponding Noether current is

0.Z
JH= o 5Y
3(0,%)
_O(—mYY + ¥y, oY) -
- (0, ¥) &t
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9 It is important to note that ¥¢ #
V.9 = iy and ¥ = ¥ty =
(¥*)T7¢. Charge conjugation is the
correct transformation that enables

us to interpret things in terms of
antiparticles, as we will discuss later in
detail.

*° Recall that the Lagrangian for free
spin } fields was only globally U(1)
invariant. The final Lagrangian of the
last section was locally U(1) invariant.
Global symmetry is a special case of
local symmetry with a =const. There-
fore, if we have a locally U(1) invariant
Lagrangian, it is automatically globally
U(1) invariant, too. Considering global
U(1) symmetry here will give us a
quantity that is conserved for free and
interacting fields.
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** We keep the conventional constant
g, which is not arbitrary but has one
fixed value that is determined in
experiments.

> This can be seen by following the
same steps as in Eq. 4.39.

% Plural, because we have an equation
for each component p.

> We will see this explicitly in Chap-
ter 11.

We can ignore?' the arbitrary constant a, because the continuity equa-
tion holds for arbitrary a and therefore, we define

Jh=—g¥"Y. (7.36)

This is usually called the electric four-current. The zeroth component
is the electric charge density, which gives us if we integrate it, a
quantity that is conserved in time>?

Q= / Px p = / Px]’ = —g / Px¥"¥. (7.37)
~—~
Charge density

In the quantum framework the objects ¥ will be related to probability
amplitudes and this interpretation requires that [ d®x¥7%% = 1,
because the overall probability must be 100% = 1. Therefore, the
conserved quantity is in fact the coupling strength g, which is for
electromagnetism the electric charge. Therefore, global U(1) symme-
try leads to the conservation of electric charge.

If we now take a look again at Eq. 7.22, we can write it, using the
definition in Eq. 7.36, as

3y (3" AF — F AY) + ¢TI =0
hv—/
:7]#
— 9, (QVAF — AV = J. (7.38)

Using the electromagnetic tensor as defined in Eq. 6.23 this equation
reads
Q' = JH. (7:39)

These are the inhomogeneous Maxwell equations in the presence
of an external electromagnetic current. These equations?3, together
with the homogeneous Maxwell equations, which follow immediately
from the definition of F'¥, are the basis for the classical theory of
electrodynamics®4.

Next we take a quick look at interactions of massive spin 1 and

spin 0 fields.

7.1.7 Interaction of Massive Spin O Fields
Take note that the Lagrangian we derived for spin 0 fields
1

L =59, P — m*®?)

is not U(1) invariant, as we can see by transforming ® — @' = e/*®.
Nevertheless, the complex scalar theory

Z = %(BHCD*B”CD — m*O*P). (7.40)
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has U(1) symmetry, because then we have ® — &' = e“® and
®* — (®*)' = e "*®*. Therefore it is possible to derive, analogous to
what we did in Section 7.1 for spin % fields, an interaction theory for

this Lagrangian. The derivation is completely analogous®> and one % The correct Lagrangian can

be computed by substituting

ot — Dt = oF —igA¥ as introduced in
Eq. 7.23.

gets
<z = %(((au +igAy) %) (9" — igAF)D) — m*D* D). (7.41)

Using the Euler-Lagrange equation

9L 5 (_9Z \_,
odr  M\a(0,@*))

we find the corresponding equation of motion
(0 —igAy) (" —igAF)D — m>® =0, (7.42)

which describes a charged spin 0 field coupled to a massless spin 1
field.

7.1.8 Interaction of Massive Spin 1 Fields

The interaction of a massive spin 1 field with a massless spin 1 field
is dictated by symmetry, too. The Lagrangian for massless spin 1
fields is given by (Eq. 6.25)

1
Alaxwell = *ZLF}WF}W-

To distinguish between a massless and a massive spin 1 field, we
name the massive field B* and define

GM := oFB" — 9"B*.

The Lagrangian for this massive spin 1 field reads (Eq. 6.19)
1
Lhroca = =7 GG + m?BVBy,.

Lorentz symmetry dictates the interaction term in the Lagrangian to
be of the form

ZProca-interaction = CG;WF w,
with a coupling constant C that we need to measure in experiments.
If you're interested you can derive yourself the corresponding equa-
tions of motion, by using the Euler-Lagrange equations.

7.2 SU(2) Interactions

Motivated by the success with U(1) symmetry we want to answer the
question: Is U(1) the only internal symmetry of our Lagrangians?
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26 To calculate the transformation

behavior of ¥, we use 01-* = 0;, which

we already noted in Eq. 3.213.

7 We neglect mass terms here, because
they are, in general, not invariant under
SU(2) transformations. The mass terms
would be —m;¥1¥; and —m, ¥, ¥,

and we could write them, using the
two component definition for ¥ and by

defining
L mq 0
- (0 mz)

gD1+D2 = -¥mY.
Such a term is not invariant under
SU(2) transformations, because, in
general,

as

- s —ig G in. %
LoD = V' m¥ =Fe iz meiz ¥,
N————
#m

For equal masses m; = my it would
be invariant, but we are going to see
how we can include arbitrary mass
terms without violating this symmetry.
We know from experiments that the
two fields in the doublet do not create
particles of equal mass, i.e. my # m,.
This will be discussed later in detail.

It turns out that we can find an internal symmetry for two mass-
less spin % fields. We get the Lagrangian for two spin % fields by
adding two copies of the Lagrangian that we derived in Section 6.3.
The final Lagrangian can be found in Eq. 6.16 and we recite it here
for convenience:

PDirac = 1[3(1'%,8?‘ — Wl)l[]

Here we neglect mass terms, which means m = 0, because other-
wise the Lagrangian isn’t invariant as we will see in a moment. We
will see later how we can include mass terms, without spoiling the
symmetry. The addition yields

LD14D2 = 1P17u0" 1 + P27, 0" 3 . (7-43)

This can be rewritten, if we define

Y= 1
P2
> = (f1 ),
where the newly defined object ¥ is called a doublet:
Lp1ip2 = ¥y, 0"Y. (7.44)
This Lagrangian is invariant under global SU(2) transformations2®
¥ ¥ = ey (7.45)
=¥ 5 ¥ = Fe 7, (7.46)

nen

where a sum over the index "i" is implicitly assumed, a; denotes
arbitrary real constants and 3 are the usual generators of SU(2),
with the Pauli matrices o;.

To see the invariance we take a look at the transformed Lagrangian®7

g[l)1+D2 = i‘F/'Yﬂay‘P/

iPeinF 'yp,a”ei“f 1y
=i¥7,0"'Y = Lops, YV (7.47)

where we got to the last line because our transformation e acts
on our newly defined two-component object ¥, whereas Ty acts on
the objects in our doublet, i.e. the Dirac spinors. We can express this
using indices

%) ] ] ) ] = ]



This symmetry should be a local symmetry, too. The SU(2) trans-
formations mix the two components of the doublet. Later we will
give these two fields names like electron and electron-neutrino field.
Our symmetry here tells us that it does not matter what we call
electron and what electron-neutrino field, because by using SU(2)
transformations we can mix them as we like. If this is only a global
symmetry, as soon as we fix one choicezs, which means we decide
what we call electron and what electron-neutrino field, this choice
would be fixed immediately for the complete universe. Therefore we
investigate if this is a local symmetry. Again we find that it isnt, but
as for local U(1) symmetry, we will do everything we can to make
the Lagrangian locally SU(2) invariant.

The problem here is again the derivative, which produces an extra

term. To unclutter the notation, we define U (x) = e i ®)7

Y->Y =UxY (7.48)
=¥ 9 =%Uu'(x). (7.49)

Our transformed Lagrangian then reads

$]§1+D2 = i‘f”«),ﬂaﬂ\}f’
= iPU" (x)7,0" (U(x)¥)
= i¥7,0"Y + ¥y U" () (9,U(x))Y # Loupa:  (7.50)

product rule

We can see that the Lagrangian is not invariant because we get an
additional term, i%¥, U (x)(9,U(x))¥, after the transformation.

So how can we modify our Lagrangian .#p,p, such that is in-
variant under local SU(2) transformations? In principle the same
method that we discovered in the last sections to ensure local U(1)
works again. However, some details are a bit more complicated. We
already noted in Eq. 7.23 that the essence of how we need to change
our Lagrangian can be summarized through the replacement of the
ordinary derivative 0¥, with a "covariant derivative" D¥ = o —igA¥.
With this in mind, we replace the derivative 0¥ in our Lagrangian
ZD1+D, With a new object D¥ and then try to derive how D¥ looks
like in order to ensure local SU(2) invariance.

Concretely, we now write

Zp1sD2 = 1YY, DIY (7.51)

and under a local SU(2) transformation this Lagrangian becomes
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# This is known as choosing a gauge.
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%HDz = i‘F/'Yﬂ (DV‘F),
= i¥U" (x)7,(D"Y)

= $D1+D2' (7-52)

We can see here that this new Lagrangian is invariant under the local
SU(2) transformation U(x) = e ™(¥)7 if (DF¥)’ = U(x)DHY¥,
*» The reason that we can change the because then®d

positions of U (x) and 7, as already

discussed in the text below Eq. 7.47, 97 _ g w\/
=iY DFY
is that -y, is a matrix that acts on the D1+D2 T ( )

components of the Dirac spinors, —ivut ( X)’)/y (D"¥)
whereas the SU(2) transformation - + ’
mixes the two Dirac spinors 7 and ¢, = lle')’]l u (x) U(x) DrY
inside the doublet ¥. ] g
= Zpup2 V- (753)

So our goal is to find an object D* that has exactly this transforma-
tion behavior (DF¥)" = U(x)D*Y¥. Take note that this property is

% The notion "covariance" was dis- the reason why we call D¥ the "covariant derivative"3°. The covariant
cussed in Section 2.6 and means

derivative of ¥, which we denote by D*Y, transforms exactly like
roughly that the form of an equa-

tion or an object is not changed under a ¥,ie. ¥ = U(x)¥. Thus the form stays the same and we don’t get
given transformation. additional terms, like we do if we use the ordinary derivative 0/3'.
?* This was demonstrated in Eq. 7.50. From our experience with local U(1) symmetry, we already know

that the crucial trick is to make use of spin 1 fields. However, there
is one crucial difference. We saw in Eq. 7.50 that again the reason
for the non-invariance is that the derivative d,, produces an ex-

tra term /¥, U" (x)(9,U(x))¥. Our local SU(2) transformations
U(x) = e~ ()7 are a bit more complicated than local U(1) trans-
formations U(x) = e~ (%), because of the generators 0;/2 in the
exponent. For local SU(2) transformations, we have

i

9,U(x) = d,e @7 = —i(ayai(x))%e_i”i(x)% (7.54)

32 We have here an implicit sum, in We can see here that we actually get three extra terms3?, one for
the sense of Einstein’s summation

! £ ! each Pauli matrix ;. Thus in contrast to the U(1) case, to make the
convention, over the index i.

Lagrangian locally SU(2) invariant we don’t need one additional spin
1 field, but three! In addition, we can see that the troublesome terms,
that are produced through the derivative in the Lagrangian 9, are
proportional to the generators 5.

To summarize: we need three spin 1 fields to cancel the terms that
make our Lagrangian non-invariant under local SU(2) transforma-
tions and must introduce these new fields in such a way that they are
able to cancel terms that involve the generators 5.
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We therefore try

DF =o' —ig— Wu” , (7.55)

where ¢? are the Pauli matrices and a = 1,2,3. With this ansatz,

!
the requirement (D*¥)" = U(x)D*¥, can now be translated into a
transformation law for the spin 1 fields W}

(DF¥) £ U(x)DFY
a
@ i T WY L U)o —ig T Wl
Eq. 7.55
! . Uu T U~ ! . a-ﬂ U
— MY — zg—W Y = U(x)(d" — lgiwa )Y

! . of
S UG)Y) — i T WIUG)¥ L () — ig WY
Eq. 7.48

(U (x))¥ + U} — ig— w’”u = U()*F — igl(x Wf‘I’

product rule
. o u ! . o’ u
— (0"U(x))¥ — ngWu U(x)¥ = —1gU(x)7Wa Y.
(7.56)

The Lagrangian should be invariant for arbitrary ¥ and therefore, we
write the last line in Eq. 7.56 without it

. of Lo oty
(U (x) —ig T WUR) = ~igU(x)Z WL . (7:57)

We can now calculate the correct transformation behavior of the spin
1 fields W by "solving" this equation for W,". To achieve this we
multiply Eq. 7.57 from the right with U~!(x), which yields

@ U)U(x) — ig W U U (x) £ —igli(x) WU (x) !
g e JW7 W) 2

Ua u ! Ua Hqp—1 1 u 1
_>7Wa :U(x)TWﬂU (x) — s (FU(x))U ™ (x)
—~
=d.=-1
ot L ot -1 Lo -1
ST LU TWIU ) + @ UE)U T ( (7:58)

This is how our gauge fields W, that we introduced in Eq. 7.55 as
part of the covariant derivative D¥ = o¥ — ig%” W}, need to trans-
form such that (D*¥)" = U(x)DM¥. We saw in Eq. 7.53 that this
transformation behavior is needed to get a locally SU(2) invariant
Lagrangian.

147
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3 This can be seen by using the ex-
plicit transformation behavior that we
derived in Eq. 7.58.

3 See, e.g. Eq. 7.58.

35 It will become clear in a moment,
why this is useful, although at a first
glance it seems to make things much
more complicated.

3 This property is known as "cyclic
property" of the trace. In words it
means that the trace stays the same
when we perform cyclic permutations
among the matrices A, B, C, D that
appear here. We always take the last
element that appears in the product and
put it at the beginning. However, take
note that arbitrary permutations do not
lead to the same trace. For example,
Tr(ACBD) # Tr(ABCD,).

There is one last thing, we need to take care of. We introduced
three new spin 1 fields W, and we saw that they need to have very
specific transformation properties when we want a locally SU(2)
invariant Lagrangian. However, the "naive" Lagrangian for these spin
1 fields (Eq. 6.25)

1 1 1
LixMaxwell = E(Wyv)l(ww)l + i(Ww)z(W”V)z + E(th(ww)?)
1
= 7 (Wi)i(WH); (7.59)
with

(an/)z‘ = a;t(WV)i - av(Wy)i
is not invariant under such transformations33.

We saw above that the demand for local U(1) symmetry was pow-
erful and yielded the correct Lagrangian that describes electromag-
netic interactions. Thus instead of discarding the transformation
behavior that successfully makes the spin % part of of the Lagrangian
invariant under local SU(2) transformations, because it is not a sym-
metry of the free spin 1 field Lagrangian, we try to find a better La-
grangian for these spin 1 fields which has the desired symmetry. In
other words, our final task is to derive a Lagrangian that describes
how these new spin 1 fields behave when they are on their own that
is invariant under the transformation in Eq. 7.58.

To find this Lagrangian, we need to note several things:

1. The new spin 1 fields (W, ); always appeared in the previous
Lagrangians34 in combination with the generators ‘771 It is thus
useful to introduce a new object W, = (Wy)l-%l. Next, we might
try to use this new object W, instead of (W),); in the Lagrangian
Eq. 7.5935. The important difference is that V), is a matrix, because
the generators are matrices. Therefore, when we define our field
strength tensor in terms of the new object W,

W],“/ - al,{Wy - ayW],{ ’ (760)

it becomes a matrix, too.

2. We want a Lagrangian that is invariant under local SU(2) trans-
formations, and therefore need to combine our fields in such a way
that their transformation behavior cancels exactly. Now that we
have new objects (W, W) that are matrices, we can try to make
use of the following nice property of the trace of matrices3®

Tr(ABCD) = Tr(DABC) = Tr(CDAB) = Tr(BCDA). (7.61)
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If we somehow manage that our field strength tensor transforms
as Wy — U(x)W,,U (), the term Tr(W,, Wy ) would be

invariant, because37 37 To get to the second line, we use the
cyclic property of the trace.

Tr(WWWW) %Tr(u(@wwuil (x)U(x)Wyvllfl (x))
Te (U (x)U (x) Wiy U () U (x) Wiy

Eq. 7.61 =1 =1

3. Unfortunately, the naive field strength tensor that we wrote
down in Eq. 7.60 does not transform so nicely. However, we
can construct a different field strength tensor that has exactly
the needed transformation behavior. Above, we derived the co-
variant derivative D that transforms exactly in the way we
need it to get a locally SU(2) invariant Lagrangian for the spin
1 fields: (D*¥)’ = U(x)D*¥. The spin 1 doublet ¥ transforms
as3® ¥ — U(x)¥. Therefore, we can conclude that the covariant ¥ See Eq. 7.48.
derivative transforms as D¥ — U(x)D*U~!(x), because

(D}x{‘{j), — DI‘H‘YI
= U(x)DF U Y (x)U(x)¥
=1 ~

=U(x)D'Y Vv (7.63) 39 At this point the way we introduce
this correct field strength tensor may
. . . . . seem a bit like magic. However, of
Now the final crucial trick to get a locally SU(2) invariant La- course, there is a deep reason why the
grangian for the spin 1 fields is the observation that the object3? correct field strength tensor must be the
commutator of the covariant derivative.
Unfortunately, a proper discussion lies

i v i —_y I beyond the scope of this text. It will
WP‘V = § [DH’ D ] - § (D} D" — D'D! ) (7.64) become clear in the a moment, why we
included the additional factor iq here.

has exactly the correct transformation behavior4® W, — U (x)W,, U~ (x):

Wy = D'DY — D'D*

wir—1 viT—1 _ vyr—1 uyr—1 4 Maybe you wonder why we use
- U(X)D L(x/)u_(x_)/D u U(X)D L(JC/)U_(JQD u DFDV — DVD# and not just D*DV. In

=1 =1 short: we need to include all terms that
- upyvy—1 vy 71 are allowed by our restrictions in the
- Ll(x) DiD"U U(x)D D*u Lagrangian. For the spin 1 fields this
— u(x) (DV DV — DVDF) u—l means that we not only need 9, W,
1 but also 9, W,. To correctly account for
=U(x)W JU” v 7.6 both these possibilities, we need to use
H 5 p

not only D¥DV, but also D”D¥. This
. . will be made explicit below.
4. When we now calculate explicitly how our field strength tensor
looks like in terms of the fields V,, we can see what we missed in
our naive definition in Eq. 7.604 # We include here an arbitrary test
function f(x), because our derivatives
must act on something.
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#In addition, we can see here, why we
included the factor é in the definition
of Wy, . this factor is exactly what we
need to cancel the factors that come
from the definition of D*.

4 For example, the electron e~ and
the electron-neutrino v,, described by
Y and the three bosons, described by
(WH);.

Wi f(x) = = (D'D¥ — D'D*) f(x)

/N 0q | =~

;<aﬂ — i) (8" — ig) - ;@” — i) (@ — igW”))f(x)

;}’4+ MW + WHYY — igWFWY
_ (% FOWH L W~ i W) ) ()

= (aﬂwu AR RS — iV
~—~

product rule

I
7N\

— (VWM IR W — igW”W”)) £(x)

- (a#wv — VW — igWFWY + igW”W”))f (x)
= ("W — d"WH —ig[WH WY]) f(x). (7.66)

The last term here is what we missed previously4?. It is important
for local SU(2) symmetry, because the W are now matrices and
therefore WHWY £ WYWH, In contrast, in order to ensure local
U(1) symmetry there was no need for such a term. There was
just one spin 1 field, hence no matrix and therefore this last term
vanishes.

This was quite a long journey, but now we have everything we
need to write down a Lagrangian that is invariant under local SU(2)
transformations:

- 1
ﬁocally SU(2) invariant — I‘IJ’)/H D'Y — Z Tr (pr WP“/) ’ (7~67)
where

D = o —igW¥
WHY = WY — QY WH — l'g[WV,WV]

wi = (W), 7 (7.68)

7.3 Mass Terms and "Unification" of SU(2) and
(1)

In the last section we couldn’t add mass terms like 7YY and iy (WH);(Wy,);
to the Lagrangian without destroying the SU(2) symmetry. From ex-
periments we know that the corresponding particles*3 have mass

and this is conventionally interpreted as the SU(2) symmetry being
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broken. This means the symmetry exists at high energy and sponta-
neously breaks at lower energies.

So far we derived a locally U(1) invariant Lagrangian and in this
context it’s conventional to name the corresponding spin 1 field By:

_ . . 1
ﬁocally U(1) invariant — —ml[)l[) + “P’Yy (a}l - ZgBM)lP - ZB}WBMV (7'69)

with
B* .= oMBY — 9VB#

The spin 1 field B¥ is often called U(1) gauge field, because it makes
the Lagrangian U(1) invariant.

The locally SU(2) invariant Lagrangian is (Eq. 7.67)

. 1
ﬁoeally SU(2) invariant — I‘Y’)/H D'y — ZTr (W}tvav) . (7'70)

As above, the three spin 1 fields (W, ); are called the SU(2) gauge
fields, because they make the Lagrangian locally SU(2) invariant.

We can combine them into one locally U(1) and locally SU(2)

invariant Lagrangian44 4 We use here again the notation
WH = %wj",
gSU(z) and U(1) — l.\?')/y (a” — l'gBV — ig,WV)‘Y — iTT’(W;WW}W) — EB;WB}W.
(7:71)

Now, how can we add mass terms to this Lagrangian without
spoiling the SU(2) symmetry? The only ingredient we haven’t used
so far is a spin 0 field; so let’s see. The globally U(1) invariant La-
grangian for a complex spin 0 field is given by (Eq. 7.40)

1
Zipino = 5 (3,009 — mp'9). (7:72)

We can add to this Lagrangian the next higher power in ¢ without
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violating any symmetry constraints4>. Thus we write, renaming the 4 Recall that only higher order deriva-

constants to their conventional names

tives were really forbidden in order to

get a sensible theory. Higher powers
of ¢ describe the self-interaction of the

o%pinO-&-extraTerm = 8}44)*8”47 + P2¢+¢ — )\(4)1'4))2' (7.73) field ¢ and were omitted in order to get

a "free" theory.
We already know from Eq. 7.41 how we can add a coupling term

between this spin 0 field and a U(1) gauge field B, which makes the
Lagrangian locally U(1) invariant:
D?gpin0+extraTerm+spinlC0upling = ((ay + igB}l)(P+) ((aﬂ - lgBH)(P)
+0%9 = A¢9'9)° (7.74)

with the symmetries46 # See Eq. 7.13 and recall that an overall

constant in the Lagrangian has no
influence.
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_ (P
Te= (4’2)

# We use again the abbreviation
U(x) = ™3 for our local SU(2)
transformations.

4 The reason is quite complicated and
will not be discussed in this book. In
technical terms: We need a locally
SU(2) symmetric Lagrangian to get

a renormalizable theory. You are
encouraged to read about this in the
books mentioned at the end of this
chapter.

V(D) V(®) V(@)

Jrﬂo p>0 p>0
Ooe

‘ @ @ >

Fig. 7.1: Two-dimensional illustration of
the Higgs potential for different values
of p, which is believed to have changed
as the universe cooled down as a

result of the expansion of the universe.
Figure adapted from "Spontaneous
symmetry breaking" by FT2 (Wikimedia
Commons) released under a CC BY-SA
3.0 licence: http://creativecommons.
org/licenses/by-sa/3.0/deed.en.
URL: http://commons.wikimedia.org/
wiki/File:Spontaneous_symmetry_
breaking_(explanatory_diagram).png,
Accessed: 8.12.2014

By — B, = By + dua(x) (7.75)
p(x) = ¢/ (x) = e"Wg(x). (7.76)

In the same way how we derived in the last chapter the locally
SU(2) invariant Lagrangian for spin % fields, we can write a locally
SU(2) invariant Lagrangian for doublets of spin 0 fields#7 as

Z5U(2) and U() = ((au + ig'Wh +i83y)¢+) ((3” —ig' Wt —igB”)q’)
+p*TP — A (DTD)? (7.77)

=-V(®)

with the doublet ® := <zl> and the symmetries*8 (Eq. 7.58)

2
WIS W = U(x)WIU - (x) + ;(Eﬂ‘u(x))u_l(x) (7.78)
and
- =Ux)P, D =dU'(x). (7.79)

We start with this locally SU(2) invariant Lagrangian and investigate
in the following how this Lagrangian gives us mass terms for the
fields WF = Wiy % and B'. Adding mass terms "by hand" to the
Lagrangian does not work, because these terms spoil the symmetry
and this leads to an insensible theory49.

The term we defined above
V(®) = —p*0T® + A(DTD)?
= 0’9191 + A(9191)" — 0°9392 + A(93¢2)°
Vi(¢1) + Va(¢2) (7.80)

is often called Higgs potential. A two-dimensional plot for different
values of p, with A > 0 can be seen in Fig. 7.1.

The idea is that at very high temperatures, e.g. in the early uni-
verse, the potential looks like in the image to the left. The minimum,
in this context called the vacuum expectation value, is without am-
biguity at ¢ = 0. With sinking temperature the parameters A and p
change, and with them the shape of the potential. After the temper-
ature dropped below some critical value the potential no longer has
its minimum at ¢ = 0, as indicated in the pictures to the right. Now
there is not only one location with the minimum value, but many.

In fact, the potential has an infinite number of possible minima. The
minima of the potential can be computed in the usual way

V(p) =—0*¢ o+ A(979)(¢T9) (7.81)
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a\ggp) = —20%" + 292" = 0 (7.82)
— ¢ (=202 +4Ap?) = 0 (7.83)

— g2 = % (7.84)

— |¢| = % (7.85)

Pmin = %el‘?. (7.86)

This is a minimum for every value of ¢ and we therefore have an
infinite number of minima. All these minima lie on a circle with
radius % This can be seen in the three dimensional plot of the
Higgs potential in Fig. 7.2. Like a marble that rolls down from the
top of a sombrero, spontaneously one new vacuum value is chosen
out of the infinite possibilities.

From Eq. 7.80 we see that for the doublet, both components have
this choice to make. We therefore have for the doublet the minimum

S (787)
$2min
An economical choice>° for the minimum is
Ppin = : 7 = 8 ’ (7.88)
i)\

where the factor % is just a convention to make computations easier

and we define for brevity v = \/? . We will learn later that in quan-
tum field theory computations are always done as a series expansion
around the minimum, because no exact solutions are available. In
order to get sensible results, we must therefore shift the field & to the
new minimum. We therefore consider the field

P1r +igrc
b = . .
% + ¢or + 1o (7 89)
This can be rewritten as>®
(D _ 191? 0
= e '1)+]’l 7 (790)
V2
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Im(®)

Fig. 7.2: 3-dimensional plot of the
Higgs potential. Figure adapted from
"Mexican hat potential polar" by Rupert
Millard (Wikimedia Commons) released
under a public domain licence. URL:
http://commons.wikimedia.org/wiki/
File:Mexican_hat_potential_polar.
svg , Accessed: 7.5.2014

5 Recall that symmetry breaking means
that one minimum is chosen out of the
infinite possibilities.

5' This form is very useful as we will see
in a moment.
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52 For different computations, different
gauges can be useful. Here we will
work with what is called the unitary
gauge, that is particularly useful to
understand the physical particle content
of a theory.

53 Take note that this is only possible,
because we have a local SU(2) theory,
because our fields 6 = 6(x), of course
depend on the location in spacetime.
For a global symmetry, these compo-
nents can’t be gauged away, and are
commonly interpreted as massless
bosons, called Goldstone bosons.

54 The local SU(2) symmetry is nothing
that can be measured in experiments.
This is merely a symmetry of our equa-
tions and the gauge freedom disappears
from everything that is measurable in
experiments. Otherwise there would
be no possible way to make predictions
from our theory, because we would
have an infinite number of equivalently
possible predictions (that are connected
by SU(2) transformations). Neverthe-
less, this symmetry is far from being
useless, because it guides us to the
correct form of the Lagrangian.

5 Such a factor changes nothing, be-
cause it corresponds simply to a redefi-
nition of the coupling constant 1¢ = g.
Thus, strictly speaking, we should use
¢ here instead of §g. However, the name
of the constant doesn’t matter and we
continue to call the coupling constant

simply g.

because if we consider the series expansion of the exponential func-
tion and the explicit form of the Pauli matrices o; (Eq. 3.80), we can
see that in first order

0% [0 1 0
e’ <v+h> ~ (1+l§91‘¢7i) <v+h>
V2 V2
0
+

1 1 1
(1+ 1591(71 + 15920'2 + 1593‘73) (th)
V2

o 1+iles il + 16, 0
i3 — 30, 1-id0; ) \°F
h

_ ((i%(’l + %@)%)
(1- i%%)%

P1r +irc
% + (P2r + i¢2c ’

redefinitions — = (

(7.91)

Writing the complex spin 0 doublet in this form is useful, because
we can now use the local SU(2) (gauge) symmetry to make com-
putations simpler. In order to get physical results one gauge must
be chosen and we prefer to work with a gauge that makes life the
easiest>?.

A general local SU(2) transformation is

d @ =iV, (7.92)
which enables us to eliminate the exponential factor in Eq. 7.90, by
choosing appropriate b;(x). The complex scalar doublet is then, in
this unitary gauge

0
Dy = <z]+h> . (7.93)
V2

Another possible way to understand this is that of the original four
components that appeared in our complex scalar doublet, three are
equivalent to our SU(2) gauge freedom33. Therefore, these three
fields aren’t physical>* and can’t be measured in experiments. What
remains is one physical field /, which is called the Higgs field.

Next, we want to take a look at the implications of this symmetry
breaking on the Lagrangian. We recite here the Lagrangian in ques-
tion for convenience, which was derived in Eq. 7.74 and include an
additional factor % in front of the field B, to unclutter the notation in
the calculations that follow>>



AL .1 .0 Nl
¥ = ((BH +ig %(Wy)i + lEgBy)dD“L) ((aV —ig %(Wﬂ)i — zEgBV)QD)
- V(P). (7.94)

We now substitute the field ® with the shifted field in the unitary
gauge, which was defined in Eq. 7.93. Of particular interest for us
will be the newly appearing terms that include the constant vacuum
value v. The other terms describe the self-interaction of the Higgs-
field and the interaction of the Higgs field with the other fields,
which we will not examine any further. If we put in the minimum

0
value ® — Oy = ( v ), which means we ignore /1, we get
V2

.0 1 .0 1
<(aﬂ +igg (Wi + IEgBM)qDInin) ((ay —ig' 5 (WH)i — ligBy)q)min)

= | (" +ig’%(W”)i+i%gB’*)d>mm) i

RS
2

=S l(waosm o ()

Now using that we have behind B¥ an implicit 2 x 2 identity matrix
and the explicit form of the Pauli matrices>® ¢; yields

:vj’ gWY +¢B"  ¢WI'—igW)\ (0 ’2
81 \g/W' +ig/W)  —g'Wl +¢Br ) \1

_PY((8WE - igWy P2
SIS0 s )]
Z)2

= (@R (v W2 ) + @wE - gB?) o)

Next we define two new spin 1 fields from the old ones we have
been using so far

1 .

Wl = E(W{[ — iWy) (7.96)
1 .

WL = E(W{* +iW3), (7.97)

where W/ is the complex conjugate of W". The first term in Eq. 7.95
is then

(WI')2 + (Wh)2 = 2(WH), (W™)¥ (7.98)
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57 We will see in a moment that a
diagonalized matrix gives us terms
that look exactly like the other mass
terms. This enables us to interpret the
corresponding fields as physical fields
that can be observed in experiments.
We could work with fields W; and By,
but the physical interpretation would
be much harder.

5 Which means length 1, i.e. 7-7 = 1.

and thus we have, including the constants,
2
/
v -
5 Wy (7.99)

~—
=my

which then looks like a typical "mass" term.

The second term in Eq. 7.95 can be written in matrix form
g% s8¢\ (W3
(§WL —gB*)? = (W, B . (7.100)
3 ( 3 V) —-g g/ gZ B”
—_——
=G

In order to be able to interpret this as mass-terms, we need to diag-
onalize>7 the matrix G. The standard linear-algebra way to do this

needs the eigenvalues Ay, A; and normalized58 eigenvectors 7y, U of
the matrix G, which are

0= L 8
)\1_0_>’U]_ /*gz_i_g/z <gl>
1 g
Ay = 24 %) o Up = —— .
(8" +8%) e \ g
The matrix G is then diagonalized by the matrix M build from the
eigenvectors as its columns, i.e. Ggjq = M~1GM, with

M—é g 8 (7.101)
Vg -8 '

A O 0 0
Gaiag = <0 /\2> = <0 (g2+g,2)> . (7.102)

The matrix M is orthogonal (MT = M™1), because we work with

and

normalized eigenvectors:

MM — L g & 1 g &
/gz + g/2 g/ -8 /gZ + gIZ g/ -9
1 g +¢% g8 —s¢ 10
= — = . (7.103)
(82 +g7) (gg’ -g8' & +g”? 01 .

We therefore add two unit matrices 1 = MT M, into Eq. 7.100:

A 1A
(W) B ) MMEGMMT (75 ) = (W) B, ) MMTGMMT (75 ).
1 T\ By S By
= = =Ydiag
(7.104)
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4
definition of two new fields, which have easily interpretable mass

The remaining task is then to evaluate M7 , in order to get the

terms in the Lagrangian:

T Wy _ 1 g ¢\ (W)
Bu) g?+g?\& —g) \Bu
_ 1 (§Wh +¢'BM)\ _ (A
Ve rg? \ (Wi —¢B) ) —\Z, )~
We can therefore write the second term as

iz '
(Au Zu) Guiag (2) = (A” Zy) (8 (g24(:g/2)> <1§u>

= (& +87)(2')? +0- (AM). (7.106)

To summarize: We started with a Lagrangian, without mass terms
for the spin 1 fields WZ.V and B* (Eq. 7.71)

1

Jun . . 1
Lsu(2) and U@y = 1¥ 7y (0F —igBH —igWH)Y — ZTV(WWWW) - ZBWBW-

(7.107)

Then we included interactions with a doublet of spin 0 fields (Eq. 7.77)

and after the process of spontaneous symmetry breaking, we have
new terms in the Lagrangian that are interpreted as mass terms>®

1 _ 1 1

18P W) (W)l + 20 (82 +8) Zi+ 50200 A% (7.108)
—— ————— ———

- M%\, :% M2 photon mass =0

We can see that one of the spin 1 fields A, remains massless after
spontaneous symmetry breaking. This is the photon field of electro-
magnetism and all experiments up to now verify that the photon is
massless °°. An important observation is that the field responsible for
Z-bosons Z;, and the field responsible for photons A, are orthogonal
linear combinations of the fields B, and Wﬁ. Therefore we can see
that both have a common origin!

The same formalism can be used to get mass terms for spin %
fields without spoiling the local SU(2) symmetry, but before we
discuss this, we need to talk about one very curious fact of nature:
parity violation.

(7.105)
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59 For the first term here, we combine
Eq. 7.95 with Eq. 7.98.

¢ Take note that I omitted some very

important notions in this section:
Hypercharge and the Weinberg angle.
The Weinberg angle 6}y is simply

i = 8
defined as cos(6yy) e or
i = _ 8  Thi
sin(fw) v This can be used

to simplify some of the definitions
mentioned in this section. Hypercharge
is a bit more complicated to explain
and those who want to dig deeper

are referred to the standard texts

about quantum field theory, some of
which are recommended at the end of
Chapter 9.
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% We will discuss at the end of this
section why this means that parity is
violated

62 We will see in a moment that massive,
left-chiral particles always get a right-
chiral component during propagation.
It is known from experiments that
neutrinos have mass and therefore we
would expect a right-chiral neutrino
component. Nevertheless, this right-
chiral component does not participate
in any known interaction.

% We will not discuss this here, because
the details make no difference for the
purpose of the text. The message to
take away is that it can be done. A very
nice discussion of these matters can

be found in Alessandro Bettini. Intro-
duction to Elementary Particle Physics.
Cambridge University Press, 2nd edi-
tion, 4 2014. ISBN 9781107050402

7.4 Parity Violation

One of the biggest discoveries in the history of science was that na-
ture is not invariant under parity transformations. In layman’s terms
this means that some experiments behave differently than their mir-
rored analogue. The experiment that discovered the violation of
parity symmetry was the Wu experiment. A full description of this
experiment, although fascinating, strays from our current subject, so
let’s just discuss the final result.

The Wu experiment discovered that the particles mediating the
weak force (the WH, W™, Z bosons) only couple to left-chiral parti-
cles. In other words: only left-chiral particles interact via the weak
force®™. All particles produced in weak interactions are left-chiral.
Neutrinos interact exclusively via the weak force and therefore it is
possible that there are no right-chiral neutrinos®2. All other particles
can be produced via other interactions and therefore can be right-
chiral, too.

Up to this point, we used left-chiral and right-chiral as labels for
objects transforming according to different representations of the
Lorentz group. Although this seems like something very abstract, we
can measure the chirality of particles, because there is a correlation to
a more intuitive concept called helicity®3.

In fact, most of the time particles do not have a specified chirality,
which means they aren’t definitely left-chiral or right-chiral and the
corresponding Dirac spinor ¥ has both components. Parity viola-
tion was no prediction of the theory and a total surprise for every
physicist. Until the present day, no one knows why nature behaves so
strangely. Nevertheless, it’s easy to accommodate this discovery into
our framework. We only need something that makes sure we always
deal with left-chiral spinors when we describe weak interactions.

Recall that the symbols x and ¢ denote Weyl spinors (two compo-
nent objects), P Dirac spinors (four component objects, consisting of
two Weyl spinors)

p= (1" (7.109)

Cr

and ¥ doublets of Dirac spinors

P1
Y= . (7.110)

(wz

Then the "something” we need is the projection operator Pp:
Py =P () = (M) = yr. (7.111)
Cr 0



Such a projection operator can be constructed using the matrix®4

-1 0

0 1 (7.112)

Y5 = iY0717273 =

The matrix s is called the chirality operator, because states of pure

chirality AL or

0 ¢r
and +1 respectively.

are eigenstates of 5 with eigenvalue —1

The projection operator Py can then be written®>

1— s 1 0
P = = 3
L 7 0 0 (7.113)

and we can define analogously

_1+9s (0 0
2 Mo 1

Pg (7.114)

Now, in order to accommodate for the fact that only left-chiral
particles interact via the weak force, we must simply include P; into
all terms of the Lagrangian that describe the interaction of Wyi and
Z, with different fields. The corresponding terms were derived in
Section 7.2, and the final result was Eq. 7.67, which we recite here for
convenience:

. 1
ﬁocally SU(2) invariant — ZT'Y]/I D'y — ETT’ (WMVW’W)
3 ) 1
= ¥y, (0" —igWH)¥ — ZTr(WWWW). (7.115)

The relevant term that describes the interaction is g%, W"¥ and we
simply add P;:

- 1
— & =¥y, (o —igWHPL)¥ — ETr(WWW?“’). (7.116)
Here P;, acts on a doublet and is therefore
P 0
pY=|F Y1) _ (1) . (7.117)

0 P/ \¢2 (¥2)L

One Py is enough to project the left-chiral component out of both
doublets ¥ and ¥. To see this we need three identities:

e (P)? = Pr, which is obvious from the explicit matrix form and
because every projection operator must have this property®. Pro-
jecting twice must be the same as projecting one time.
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% Recall the definition of the vy, matri-
ces in Eq. 6.13 and don't let yourself get
confused about the missing y4 matrix.
There is an alternative convention that
uses 4 instead of 7y and to avoid inter-
ference between those conventions, the
matrix here is commonly called 7s.

% Maybe you wonder why we define Pj,
as so complicated and do not start with
the explicit matrix form right away. We
do this, because it’s possible to work
in a different basis where the matrices
Yu look completely different. (For more
information about this have a look
at Section 8.10). Take note that in the
Lagrangian the Dirac spinors appear al-
ways in combination with the matrices
Tu- We can alwaysaddal = u-u,
with some arbitrary invertible ma-
trix U, between them. For example,
¥ Y =0, YU Uy, U'UY =
=1 =1

oy N Ll'y#l,I*1 EX Physics is of

N ———

=¥’ ¥’

'Y;i
course completely independent of such
transformations, but we can use this to
simplify computations. The basis we
prefer to work with in this text is called
Weyl Basis. In other bases the two com-
ponents of a Dirac spinor are mixtures
of x1 and Gr. Nevertheless, the projec-
tion operator defined as P;, = 17%,
always projects out the left-chiral

Weyl
component, because P FigWeyl —
Weyl 1L
TLEY = Pi‘{f’ = % ¥ o=
~—~
g Weyl

1=UiygU MUy U Uy UM UysU ™ gy Weyl
: 5 uyWeyl =
U*UIWgAYWz’Ys gWeyl _ 1 (17275 ) pWeyl _

U =, v

% Another defining condition of any
projection operator is P, Pr = PrP;, =0,
which is here fulfilled as you can check
by using the explicit form of P;,Pr and

5.
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 Or using another identity {y,, 7/} =
YuYv + VWY = %77]“/, where 177,y is the
Minkowski metric and the definition
Y5 = 0717273

% This means an experiment, whose
outcome depends on this term of

the Lagrangian, will find a different
outcome if everything in the experiment
is arranged mirrored.

% The parity operator for spinors was
derived in Section 3.7.9. Using the

¥u matrices, we can write the parity
operator derived there as P = vy =

0 o) _(0 1
[} 0 1 0
7° The parity operator for vectors is
1 0 0 0
. 0 -1 0 0
Slmply Pyector = 0 0 1 0

0 0 0 -1
as already mentioned in Eq. 3.140.

* {75, 7%} = ¥57u + Yuys = 0, which you can check by brute force
computation®?.

e (P.)t = P, because 75 is real, as can be seen from the explicit

matrix form: _ (10
Y5 = 0 1

The second identity simply tells us that y57y, = —7,7s, i.e. that
we can switch the position of 5 and any 1y, matrix, as long as we
include a minus sign. This tells us

1= 14175

) Yu = PrYy- (7.118)

')’yPL =Tu

We can now rewrite the relevant term of Eq. 7.116:

§¥y WHPLY = g%y, WH P ¥
~~
=P
= ¥ K
g Y QEI;W PL‘P
¥ PRy k43
= g¥" PR 1, WYL
——
Pryo
Ny ,(PLT)-I-'YO'WW%TL
Using Pf=P;, and (AB)'=((AB)T)*=(BTAT)*=BtA?
= g(PL¥) yoy WY
g(\lﬂ() YOYu L
=1L

= g‘?L’YﬂWH‘PL v (7.119)

We can see here that one projection operator is really enough to
guarantee that both ¥ and ¥ are left-chiral.

Now we know how we can describe mathematically that only left-
chiral fields interact via the weak force, but why does this mean that
parity is violated? To understand this we need to parity transform
this term, because if it isn’t invariant, the physical system in question
is different from its mirror image®. Here we need the parity operator
for spinors69 Pgpinor and vectors”® Pyector. The transformation yields

R k4 Yu WHEPLY — (Pspinor\P)+'70'7y (PvectorWV)PL(PspinorT)

= (T)+'YO7O')/}4 (Pyector W) PLyo ¥

=) 7070770 (Prector W) PRY.
1-7s

using {75,970} = 0 and P, = 5%

(7.120)



Then we can use Yp¥0Y0o = Yo and Yp7YiYo = —7i, as you can check
by looking at the explicit form of the matrices. Furthermore, we have
Pyector WO = WY and Pyector W' = —W!, which follows from the explicit
form of Pyector- We conclude these two minus signs cancel each other
and the parity transformed term of the Lagrangian reads:

(Pspinorlf)t)/()')’y (Pyector W) Pr (Pspinor‘P) = ‘"IJ’)’}! WHEPRY # ‘?'ﬁlwy rY
(7.121)
Therefore this term is not invariant and parity is violated.

Parity violation has another important implication. Recall that
we always write things below each other between two big brackets
if they can transform into each other”*. For example, we use four-
vectors, because their components can transform into each other
through rotations or boosts. In this section we learned that only left-
chiral particles interact via the weak force and the correct term in the
Lagrangian is ‘T”yu WHPLY = ‘T’L'WWV‘I’L. In physical terms this
term means that the components of the left-chiral doublets, which
means the two spin 3 fields (1), and (i), can transform into each
other through weak-interactions. Right-chiral fields do not interact
via the weak force and therefore (¢)g, (¥2)r aren’t transformed into
each other. Therefore writing them below each other between two
big brackets makes no sense. In mathematical terms this means that
right-chiral fields form SU(2) singlets, i.e. are objects transforming
according to the 1 dimensional representation of SU(2), which do not
change at all”?. So let’s summarize:

e Left-chiral fields are written as SU(2) doublets: ¥ = (Ezl;L> ,
2)L

because they interact via the weak force and therefore can trans-
form into each other. They transform under the two-dimensional
representation of SU(2):

NS

Y =¥ =2, (7.122)

* Right-chiral fields are described by SU(2) singlets: (¢1)r, (¢2)r,
because they do not interact via the weak force and therefore can’t
transform into each other. Therefore they transform under the
one-dimensional representation of SU(2):

(Y1)r = (¥1)k =" (¥1)r = (¥1)r
(Y2)r = (Y2)% =€ (Y2)r = (P2)& - (7.123)

Now we move on and try to understand how mass terms for spin
% particles can be added in the Lagrangian without spoiling any
crucial symmetry.

INTERACTION THEORY 161

7' This is explained in Appendix A.

72 This was explained in Section 3.6.2.
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73 The Dirac spinors 1y and yr are
defined using the chiral-projection
operators introduced in the last section:
r = Prip and g = Prip. And we have
as always ¢ = ¢ty.

7 Remember & — &) = eli()idp;
and o] = ¢;

7.5 Lepton Mass Terms

At the beginning of Section 7.2, we discovered that we can’t include
arbitrary mass terms ¥m¥ without spoiling the SU(2) symmetry.
Now we will see that parity violation makes this problem even big-
ger. After discussing the problem, we will see that again the Higgs
mechanism is a solution.

In the last section we talked a bit about the chirality of the cou-
pling term: ‘T"YHUJ-W]H Pr¥. What about the chirality of a mass term?
Take a look again at the invariants without derivatives for spinors,
which we derived in Eq. 6.7 and Eq. 6.8:

L= ()¢ = (x)'ér and b= (89 xa = Er)'xL  (7.124)

We can write these invariants using Dirac spinors as”3

P = PLYr + PrRYL

B 0 oy 0 0 oo (XL
o) (29 (o) @ (S 0) (%)
=xier+chxr v (7.125)

We can see that Lorentz invariant mass terms always combine left-
chiral with right-chiral fields. This is a problem, because left-chiral
and right-chiral fields transform differently under SU(2) transfor-
mations, as explained at the end of the last section. The left-chiral
fields are doublets, whereas the right-chiral fields are singlets. The
multiplication of a doublet and singlet is not SU(2) invariant. For
example

\IJL PYr — ‘I”Ll/)% = ‘?Le_ibi%wR # quwR (7.126)
M~~~
doublet singlet
From the experience with mass terms for spin 1 fields, we know
what to do: Instead of considering terms as above, we add SU(2)
invariant coupling terms with 0 fields to the Lagrangian. Then, by
choosing the vacuum value for the spin 0 field we break the symme-

try and generate mass terms.
A SU(2), U(1) and Lorentz invariant term, coupling a spin 0 dou-

blet and our spin J fields together, is given by

YL PYr. (7.127)

To see the invariance we transform this term with a SU(2) trans-
formation”4



‘?Lq)lpR s q;/Lq)/lPR _ \I;Le—ibi(x)(fjeibi(X)Uiq)lpR = \I’Lq)l)[;R v
and equally for a U(1) transformation:
quq)l)bR — ‘?2@1’0}{ = ‘?Le_iﬂ(x)q)em(x)lplq = ‘TILqW’UR v

The spin 0 field does not transform at all under Lorentz transfor-
mations’> and therefore the term is Lorentz invariant, because we
have the same Lorentz invariant terms as in Eq. 7.125.

This kind of term is called Yukawa term and we add it, with the

equally allowed Hermitian conjugate to the Lagrangian7® — A,
¥ = —)\2(‘?Lq3l/JZR + l/_JZR(iDTL). (7.128)

The coupling constant A, is called a Yukawa coupling. This extra
term does not only describe the interaction between the fermions and
the Higgs field, but also leads to mass terms for the spin 3 fields after
the symmetry breaking. We put the expansion around the vacuum
expectation value (Eq. 7.88)

qb\ﬁ(vih)

into the Lagrangian, which yields

L = :\é ((‘EL,‘EL) (v _?_ h) Y2r + Par (O’U * h> <$;i>>

_ 7@ (TZL#)ZR + lpZRTZL) . (7.129)

V2

Equation 7.125 tells us this is equivalent to

Ao (ZJ + h) _
= - .130
/2 P22 (7.130)
Ay, /\fh -
= ——= - — . 131
ﬂ(ll’zll’z) ﬂ(ll’zll’z) (7.131)
——— ——
Fermion mass term Fermion-Higgs interaction

We see that through the Higgs mechanism we get indeed the re-
quired mass terms. Again, we used symmetry constraints to add a
term to the Lagrangian and this yields after spontaneous symmetry
breaking mass terms for the spin } fields. Take note that we only
generated mass terms for the second field inside the doublet 5.
What about mass terms for the first field ¢?

To get mass terms for the first field ¢; we need to consider cou-
pling terms to the charge-conjugated”” Higgs field ® = e®*, because
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75 By definition a spin 0 field transforms
according to the (0,0) representation

of the Lorentz group. In this represen-
tation all Lorentz transformations are
trivially the identity transformation.
This was derived in Section 3.7.4.

76 The strange name —A, and why only
add g here will become clear in a
moment, because terms including ¢z
and —Aq will be discussed afterwards.

77 Charge conjugation is explained in
Section 3.7.10.
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0 _ 0 vth
= <v+h> S d = et = ( ’ 1) <y+h> - <ﬁ> (7.132)
V2 10\ 0

Following the same steps as above with the charge conjugated Higgs
field leads to mass terms for ;:

¥ = */\f(l?qul)blR + 1I71Rq=>TL)
/\l B B v+h _ v+h TlL
=——= (Y1 ¥ V2 ¥+ P | V2
\/E <( 1L ZL) ( 0 1R 1R 0 ‘PZL

/\1(U+h) = =
—— 2 (Y ¥ + ¥Y1rY . .1
7 (Y1r¥1r + Y1rY1L) (7.133)

To understand the rather abstract spin % doublets better, we

78 A neutrino is always denoted by a v. rewrite them more suggestively78
In this step we simply give the two
fields in the doublet ¢; and ¢, their

conventional names: electron field e and [ Ve
Y= (7.134)

electron-neutrino field v,.
and equivalently for the other leptons y, v, and 7, v;. This form of
the doublets is suggested by experiments, because an electron e is
always transformed by weak interactions into another electron e, with
possibly different momentum, or an electron-neutrino v, plus other
particles. In weak interactions e and v, (equivalently y and v, or T
and vr) always appear in pairs. This can be understood by looking
at the coupling term ¥y, WFPLY = ¥, (WH); S PLY. As discussed
in the last section this can be rewritten using the explicit matrix form

7 This gives us once more of the Pauli matrices”® 0;, which then gives us terms coupling the
2 "
oW = Ws Wy — il components of the doublets together:
H W' +iWy —Wi

which we can rewrite using
W = o (W1 F Wy):

V2
_ o Wi V2w e
= gW!'= <\/‘%‘§:’7 \iiv‘\’]\gj) ‘I”yy(fjW]Z‘PL‘Y = (1/6 e) Yu (\@5\/— —W3V+> P (1;)
— (@) (e Wy ﬁm) <<ve>L>
using Eq. 7£EZE)L (E)L> i (\/EW_ _WSH (e)L
= (Te) Ly Wh (V)1 + (Te) LYu V2W4 (€)1
+ (@) L7uV2W- (Vo)L — (@) L7 W5 (o)1 (7.135)

If we want to consider all lepton generations at once, i.e. e, y and T,
we need to write down three terms like this into the Lagrangian:

YeruoiW) PL¥e + ¥y oW, PLYy + ¥y W) PLY,  (7.136)



which can be written more compactly by introducing ¥; = (?) ,
where | =¢,u, T

‘le’)/yO'joﬂpL‘Pl.

Iy
Ir
and the electrically charged spin % fields after spontaneous symmetry

Using the notation | = < > the coupling term between the spin 0

breaking reads

A - AMho
— 2% = ().
V2 V2
~~ ~~
Fermion mass m, Fermion-Higgs interaction strength cy

The terms for the corresponding neutrinos follow analogously®°.

This Lagrangian enables us to predict something about the Higgs
field h that can be tested in experiments. For a given lepton /, the
mass is given by

_

2
m; = —>/\l:ml\f

1
3 5 (7.137)
and the coupling strength of this lepton to the Higgs is given by

)Llh mlh
g="22 - M (7.138)
~~ v
ﬁEq- 7137
The last equation means that the coupling strength of the Higgs
to a lepton is proportional to the mass of the lepton. The heavier the
lepton the stronger the coupling. The same is true for all particles

and the derivation is completely analogous.

There are other spin % particles, called quarks, that interact via
the weak force. In addition, quarks interact via a third force, called
the strong force and this will be the topic of Section 7.8, but first
we want to talk about mass terms for quarks. Luckily, these can be
incorporated analogous to the lepton mass terms.

7.6  Quark Mass Terms

We learned in the last section that an SU(2) doublet contains the
particles that are transformed into each other via the weak force. For
quarks®" these are the up- and down quark:

u
q= ( d) (7.139)
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% As already mentioned above, we

can only write down such mass terms
if there are right-chiral neutrinos.
However, so far right-chiral neutrinos
were never observed in experiments,
although we know that neutrinos have
mass. This is one of the open problems
of the standard model.

8 If you've never heard of quarks
before, have a look at Section 1.3.
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8 This is defined in Eq. 7.132:

vth
P =ed* = (ﬁ)
~—~ 0

8 We defined the doublets as <§> .
Multiplication of this doublet with

0

O = < v+h ) always results in terms
V2

proportional to d.

0

8P = ( o+h | and equivalently for the
V2

charge-conjugated Higgs field.

and equally for the strange and charm or top and bottom quarks.

Again, we must incorporate the experimental fact that only left-
chiral particles interact via the weak force. Therefore, we have left-
chiral doublets and right-chiral singlets:

ur
~—~ L

doublet

efid gy (7.140)

URr — Ur
~—
singlet

d R — d R-
v
singlet

(7.141)

Again, right-chiral particles do not interact via the weak force and
therefore they aren’t transformed into anything and form a SU(2)
singlet (=one component object).

The problem is the same as for leptons: To get something Lorentz
invariant, we need to combine left-chiral with right-chiral spinors.
Such a combination is not SU(2) invariant and we use again the
Higgs mechanism. This means, instead of terms like

qrug + qodr + Arqr + drqr, (7.142)
which aren’t SU(2) invariant, we consider the coupling of the quarks
to a spin 0 field doublet ®:

ML ®Pug + AgqrPdr + Ayiig®qr + AydrPqy, (7.143)

with coupling constants A, A; and the charge conjugated Higgs
doublet®? which is needed in order to get mass terms for the up
quarks®3.

Then, everything is analogous to the lepton case: We put the
expansion of the Higgs field around its minimum?® into the La-
grangian, which gives us mass terms plus quark-Higgs coupling
terms.

7.7 Isospin

Now it’s time we talk about the conserved quantity that follows from
SU(2) symmetry. The free Lagrangians are only globally invari-

ant and we need interaction terms to make them locally symmet-

ric. Recall that global symmetry is a special case of local symmetry.
Therefore we have global symmetry in every locally invariant La-
grangian and the corresponding conserved quantity is conserved for



both cases. The result will be that global SU(2) invariance gives us
through Noether’s theorem, a new conserved quantity called isospin.
This is similar to electric charge, which is the conserved quantity that
follows from global U(1) invariance.

Noether’s theorem for internal symmetry (Section 4.5.5, especially
Eq. 4.57) tells us that

0.Z
3 _
ao/d xa(ao )J‘I’ 0 (7.144)

-Q

The Lagrangian is invariant under transformations of the form

¥ ety = (1+ iai% +..)¥ (7.145)

Therefore our infinitesimal variation is §¥ = ia; %Y, with arbitrary
a;. This tells us we get one conserved quantity for each generator,
because the Lagrangian is invariant regardless of if two of the three
a; are zero and one isn’t. For example, 4 = a3 = Oand a; # 0 or

a1 = ap = 0 and a3 # 0. Of course we get another conserved quantity
for ay # 0, ap # 0 and a3 # 0, which is just the sum of the conserved
quantities we get from the individual generators. In other words: we
get three independently conserved quantities, one for each generator
of SU(2).

The globally invariant, free Lagrangian (Eq. 7.44) is

ZD14D2 = iqj')/yaylf

The corresponding conserved quantities Q;, for example for the
electron-neutrino doublet, are®

Qi =i¥70 %‘Y

1.
(Y o; [0
= ( e> 20705 ( ">- (7.146)
e ] —~~ e
=1

Recall that only o3 is diagonal. This means we are only able to
assign a definite value to the two components of the doublet (v, ¢)
for the conserved quantity i = 3. For the other generators, oy and o7,
our two components v, and e aren’t eigenstates. We are of course free
to choose a different basis, where for example 0 is diagonal. Then
we can simply redefine what we call v, and e and get the same result.
The thing to take away is that although we have three conserved
quantities, one for each generator, we can only use one at a time to
label our particles/states.
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% See Eq. 7.144 and as always defined
without the arbitrary constants a;.
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8 Tn a later section we will learn that
the same can be done for triplets and
the conserved quantities following from
SU(3) invariance.

8 This can be seen by noting that there
are no commuting generators in su(2).
Only commuting generators can be
diagonalized at the same time.

For i = 3 we have

o-(0)5()
AT )0

- Ee*e (7.147)
This means we can assign Q3(v,) = % and Q3(¢) = —1 as new
particle labels. In contrast for i = 1, we have
+
_[Pe) 01 [Te
-1.
B 1 Ve 0 1 Ve
2 \e 1 0/ \e
= 1ZJJre + 1eJrvg (7.148)

2°¢ 2
and we can’t assign any particle labels here, because the matrix oy
isn’t diagonal.

7.7.1 Labelling States

Recall that in Section 3.5, we introduced the notion of Cartan genera-
tors, which is the set of diagonal generators of a given group. In the
last section we learned that these generators become especially use-
ful if we want to give new labels to our particles inside a doublet®

object. A typical SU(2) doublet is of the form

<03> : (7.149)
e

We can’t diagonalize two or more elements of the Lie algebra su(2)
at the same time and thus the "Cartan subalgebra" consists of only
only one element®7. It is conventional to choose J3 = %03 as diagonal.
The corresponding eigenvalues are +% and —%. A left-chiral neutrino

v
((;) is an eigenstate of this generator, with eigenvalue —l—% and a
. 0 . . I
left-chiral electron an eigenstate of this generator, with eigen-
e

value —%. These are new particle labels, which are called the isospin
of the neutrino and the electron.



Following the same line of thoughts we can assign an isospin
value to the right-chiral singlets. These transform according to the
one-dimensional representation of SU(2), and the generators are
in this representation simply zero®: J; = 0. Therefore, in this one-
dimensional representation, the singlets are eigenstates of the Cartan
generator [3 with eigenvalue zero. The right-chiral singlets, like eg
carry isospin zero. This coincides with the remarks above that right-
chiral fields do not interact via the weak force. Just as electrically
uncharged objects do not interact via electromagnetic interactions,
fields without isospin do not take part in weak interactions.

Finally, we can assign isospin values to the three gauge fields
Wi, W, WY The three gauge fields form a SU(2) triplet

(7.150)

which transforms according to the three dimensional representation
of SU(2). In this representation the Cartan generator J3 has eigenval-
ues®? +1,—1,0 and therefore we assign Q3(W_;,:) =1, Q3(Wﬁ) = -1,
Q3(W3V ) = 0. This is the isospin of the W, and the W_ bosons.

Take note that the triplet (le W) Wy ) simply belongs to a differ-
ent basis, where J3 isn’t diagonal. This can be seen as another reason
for our introduction of W¥.

If this is unclear, have a look at how we introduced the three gauge
fields Wiy . They were included into the Lagrangian in combination
with the generators o; Wl.y . This can be seen as a basis expansion of
some objects W in terms of the basis 0;:

WH = O'Z‘Wiy = 0'1W1y +U’2W§ + 0'3WH,
analogous to how we can write a vector in terms of basis vectors:
T = v1€1 + 02€3 + V3€3.

The generators o; live in the Lie algebra® of SU(2) and consequently
our object W¥ lives there, too. Therefore, if we want to know how
WH transforms, we need to know the representation of SU(2) on this
vector space, i.e. on its own Lie algebra. In other words: We need to
know how the group elements of SU(2) act on their own Lie algebra
elements, i.e. its generators. This may seem like a strange idea at
first, but actually is a quite natural idea. Recall how we defined a
representation: a representation is a map9' from the group to the
space of linear operators over a vector space. So far we only looked
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8 The right-chiral singlets do not trans-
form at all as explained in Section 3.7.4.

% This can be seen directly from the
explicit matrix form of J3 in Eq. 3.129:

10 0
=10 0 o0 |.
0 0 -1

9 The Lie algebra is a vector space!

9 To be precise: A homomorphism,
which is a map that satisfies some
special conditions.
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9 A group itself is in general no vector
space. Although we can take a look at
how the group acts on itself, this is not
a representation, but a realization of the

group.

9 As already noted in Section 2.4,
Capital Roman letters A, B, ... are
always summed from 1 to 8.

% See Eq. 3.79 and the following text
plus equations, where the basis was
given by the 2 x 2 Pauli matrices.

97 It can be shown that in general for
SU(N) the Lie-Algebra is N — 1
dimensional.

at "external" vector spaces like Minkowski space. The only intrinsic
vector space that comes with a group is its Lie algebra9® ! Therefore
it isn’t that strange to ask what a group representation on this vector
space looks like. This very important representation is called the
adjoint representation.

Gauge fields (like W, W_, W3) are said to live in the adjoint rep-
resentation of the corresponding group. For SU(2) the Lie algebra is
three dimensional, because we have three basis generators and there-
fore the adjoint representation is three dimensional. Exactly how we
are able to write the components of a vector between two brackets93,
we can write the component of W# between two brackets94, which is
what we call a triplet . The generators in the adjoint representation
are connected to the three dimensional generator we derived earlier
through a basis transformation.

In the following section we move on to the "next higher" internal
symmetry group SU(3). Demanding local SU(3) invariance of the
Lagrangian gives us the correct Lagrangian which describes strong
interactions.

7.8 SU(3) Interactions

For three fermion fields we can find a locally SU(3) invariant La-
grangian in exactly the same way we did in the last chapter for two
fields and SU(2). This symmetry is not broken and the correspond-
ing spin 1 fields, called gluon fields, are massless. SU(3) is the group
of all unitary 3 x 3 matrices with unit determinant, i.e.

Uu=uu'=1  detU=1. (7.151)
As usual for Lie groups we can write this as an exponential func-
tion9>

U = e'Tafa, (7.152)

The defining equations (Eq. 7.151) of the group require, as for%°
SU(2), the generators to be Hermitian and traceless

Th=Ta (7.153)

tr(Ta) =0. (7.154)

A basis for those traceless, Hermitian generators is, at least in one
representation, given by eight%7 3 x 3 matrices, called Gell-Mann
matrices:



010 0 —i 0 1 0 O
M= 1 0 0 Ay = i 0 O Az3=1]1 0 -1 O
0 0O 0 0 O 0 0 O
0 01 0 0 i 0 00
Aq=1| 0 0 O As = 0 0 O Ae=1 0 0 1
1 00 —i 0 0 010
00 O 1 1 0 0
Az=1 0 0 —i Ag=—=1]1 01 O (7.155)
0 i O V3 00 -2

The generators of the group are connected to these Gell-Mann ma-
trices, just as the Pauli matrices were connected to the generators?®
of the SU(2) group via Ty = %/\ A- The Lie algebra for this group is
given by

[Ta, Tg] = ifABCTC, (7.156)

where we adopted the standard convention that capital letters like
A, B, C can take on every value from 1 to 8. f4BC are called the struc-
ture constants of SU(3), which for SU(2) were given by the Levi-
Civita symbol €;j;. They can be computed by brute-force computa-
tion, which yields%

2 =1 (7.157)

1
FUWT 156 _ g6 _ 257 _ 345 367 . (7.158)

FA8 — 678 §, (7.159)

where all others can be computed from the fact that the structure

fABC

constants are antisymmetric under permutation of any two

indices. For example

fABC _ _fBAC _ _fCBA- (7160)
All other possibilities, which cannot be computed by permutation,
vanish.

Analogous to what we did for SU(2) in Section 7.2, we introduce a
triplet of spin % fields
n
Q=% (7.161)
93
and exactly as for SU(2) we get new labels for the objects inside this
triplet. We will discuss these new labels in the next section.
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% J; = %, see Eq. 3.81 and the explana-
tions there.

9 This is not very enlightening, but we
list it here for completeness.
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1 Remember: the sum over capital
letters (A, B,C,...) runs from 1 to 8

°* Recall, Cartan generators = diagonal
generators.

1
102 The eigenvectors are of course | 0 |,

0
0 0
1]and |0].
0 1
13 Corresponding to the same eigenvec-

R

To make the Lagrangian

£ =iQ0,v"Q — QmQ (7.162)

locally SU(3) invariant, one again adds coupling terms between the
spin 1 fields and new spin 1 fields. The derivation is analogous as for
SU(2), but the computations are quite cumbersome, so we just quote

the final Lagrangian'®

% = —1G,4G" + QD — m)Q, (7:163)

and the field strength tensor G, for the spin 1 gluon fields G, = TCGS
is defined as

Gup = 92Gp — 9pGu — 81Gn, Gpl - (7.164)
Here T denotes the generators of SU(3) that were defined at the
beginning of this section. Furthermore, D, is defined as

D, =0, — igTCGE =0y — 1904 . (7.165)

As you can check every term here is completely analogous to the
SU(2) case, except we now have different generators with different
commutation properties.

7.8.1 Color

From global SU(3) symmetry we get through Noether’s theorem
new conserved quantities. This is analogous to what we discussed
for SU(2) in Section 7.7. Following the same lines of thought as for
SU(2) tells us that we have 8 conserved quantities, one for each gen-
erator. Again, we can only use the conserved quantities that belong
to the diagonal generators as particle labels. SU(3) has two Cartan®**
generators ;A3 and 1Ag. Therefore, every particle that interacts via
the strong force carries two additional labels, corresponding to the

eigenvalues of the Cartan generators.

1 0 O
The eigenvalues™®* of %)\3 = % 0 -1 0 | are +%, —%,0. For
0 0 O
1 0 0
_ 1 ; 103 11 =1 _
Ag = NG 8 (1) O2 the eigenvalues'®3 are NN There

fore if we arrange the strong interacting fermions into triplets (in the
basis spanned by the eigenvectors of the Cartan generators), we can
assign them the following labels, with some arbitrary spinor :

(—I—l 1) for
2"2\/3 ¥

o O =



where one usually defines red:= (%, 21%) This means something of
¥
the form | 0
0

is called red'®+. Analogously

0
(—1 1) for [ 1|y
2'2\/3
0
with blue:= (’71, 2%/5) and for the third possibility we define

green:= (0, \7—%)

Completely analogous to what we did for SU(2) we assign the
color-charge zero to all SU(3) singlets, which are then particles that
do not interact via the strong force. Formulated differently: they
are colorless. In addition, one can use the (8-dimensional'®>) adjoint
representation of SU(3) to assign color to the gauge fields fol, ie.
the gluons, completely analogous to how we assigned isospin to the
W-Bosons in Section 7.7.

7.8.2 Quark Description

Recall that spin § particles'®, which interact via the strong force are
called quarks. If we want to talk about quarks we have to consider
quite a lot of things:

* Quarks are SU(3) triplets, denoted by Q. Inside a triplet we have

Uy
the same quark, say an up-quark, in different colors: U = | u,

g
The triplets always appear in pairs QQ in order to get something
SU(3) invariant, exactly as we always need doublet pairs in order
to get something SU(2) invariant. Instead of writing QQ, we can
use an index notation: QQ = {4, where the index ¢ stands for
colorc=r,g,b.

e In addition, left-chiral quarks are SU(2) doublets, because they
interact via the weak force, too. Each object in this doublet’®”

Uc .
Pk This can become very confus-
c

ing, very fast and therefore the color index c is suppressed unless

(=each quark) is a triplet: ¢ =

strong interactions are considered.

e As if this weren’t enough, we need to remember that each quark
is described by a Dirac spinor, which consits of two Weyl spinors
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o4+ Although we use here the famil-

iar sounding labels "red", blue" and
"green", there is absolutely no connec-
tion with the usual meaning of these
words. In the context of SU(3) inter-
actions, we use these words simply as
convenient labels. For a nice discussion
on why we use color labels, see Chapter
1 in Francis Halzen and Alan D. Martin.
Quarks and Leptons: An Introductory
Course in Modern Particle Physics. Wiley,
1st edition, 1 1984. ISBN 9780471887416.

15 The adjoint representation of SU(3)
is 8 dimensional, because we have 8
generators.

196 Spin 1 are created by spin 1 fields,
as we will learn in Chapter 6.

7 Each quark doublet consists of two
different quarks, for example an up-
and a down-quark or a top- and a
bottom-quark.
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L
Ue = (E?{‘; C) . The upper Weyl-Spinor describes a left-chiral and
uj)c

the lower component the same quark with right-chirality.

Having talked about this, let’s return to SU(3) interactions. Hap-
pily, there is no experimental need for mass terms for the gauge
bosons in the Lagrangian, because all experiments indicate that the
gauge bosons of SU(3), called gluons, are massless. Therefore SU(3)
is not broken.

Furthermore, the SU(3) symmetry poses no new problems regard-
ing mass terms for the fermions in the triplet, because a term of the

form
QmQ (7.166)
is SU(3) invariant, as long as all particles in the triplet have equal
. 10 0y mass. This means m is proportional to the unit matrix'8. The objects
e 8 (1) (1) - instead of inside a triplet describe the same quark in different colors, which
m 0 0 indeed have equal mass. For example, for an up-quark the triplet is
m=m| 0 my O
0 0 ms Uy
U= |u|, (7.167)
g

where u, denotes a red, u; a blue and ug green up-quark, which all
have the same mass.

The other spin % particles, like electrons or neutrinos, do not carry
color and therefore do not couple to gluons. The interactions fol-
lowing from local SU(3) invariance are called strong interactions,
because the coupling constant is much bigger than for electromag-
netic (U(1)) or weak (SU(2)) interactions.

7.9 The Interplay Between Fermions and Bosons

This section summarizes what we discovered in this chapter and
puts it in a more physical context. We will learn later that spin %
fields create and destroy spin % particles. Analogously, spin 1 fields
create and destroy spin 1 particles. In this chapter we derived the
Lagrangians that describe how different fields and therefore particles
interact with each other.

As already mentioned in Section 1.3 we call spin % particles
fermions and spin 1 particles bosons. The standard interpretation
is that fermions make up matter and bosons mediate the forces be-
tween matter. We can now understand how this comes about.
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We started the chapter with Lagrangians describing free fields,
which we derived in Chapter 6. Then we discovered internal sym-
metries for the Lagrangian describing one, two or three free spin %
fields. These internal symmetries are only global symmetries, which
is quite unconvincing because of special relativity. More natural
would be local symmetries.

We then discovered that we could make the Lagrangians locally
invariant by introducing additional coupling terms. These coupling
terms describe the interaction of our spin % fields with new spin 1
fields. For historic reasons the internal symmetries here are called
gauge symmetries and we therefore call these new spin 1 fields,
gauge fields. Through Noether’s theorem we get for each inter-
nal symmetry new conserved quantities. These are interpreted as
charges, analogous to electric charge that follows for U(1) symmetry.

e To get alocally U(1) invariant Lagrangian, we need one gauge
field A¥. The final Lagrangian describes correctly electromagnetic
interactions. U(1) symmetry tells us that electric charge is con-
served.

e To get a locally SU(2) invariant Lagrangian, we need three gauge
fields le , W; , W; . The final Lagrangian describes correctly weak
interactions. SU(2) symmetry tells us that isospin is conserved.

* To get a locally SU(3) invariant Lagrangian, we need eight such
fields G{l ,G),.... The final Lagrangian describes correctly strong
interactions. SU(3) symmetry tells us that color is conserved.

Different gauge bosons (spin 1 particles) are responsible for a
different kind of force. The electromagnetic force is mediated by
photons, which is created by the U(1) gauge field A;. The weak
force is mediated by W, W~ and Z bosons and the strong force by 8
different gluons, which are created by the corresponding SU(2) and
SU(3) gauge fields.

In addition, we discovered that SU(2) symmetry forbids mass
terms in the Lagrangian. From experiments we know this is incorrect.
The solution that enables us to include mass terms without spoiling
any symmetry is the Higgs mechanism. It works by including addi-
tional terms, describing coupling of our spin 1 and spin % fields to a
new spin 0 field, called the Higgs field. By breaking SU(2) symme-
try spontaneously and expanding the Higgs field around a new, no
longer symmetric minimum, we get the required mass terms in the
Lagrangian.
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