18

Time-Dependent
Perturbation Theory

18.1. The Problem

Except for the problem of magnetic resonance, we have avoided studying phe-
nomena governed by a time-dependent Hamiltonian. Whereas in the time-indepen-
dent case the problem of solving the equation

iy =Hyd (18.1.1)

reduced to solving the eigenvalue problem of H, in the time-dependent case a frontal
attack on the full time-dependent Schrodinger equation becomes inevitable.

In this chapter we consider the perturbative solution to a class of phenomena
described by

H()=H"+H'() (18.1.2)

where H' is a time-independent piece whose eigenvalue problem has been solved
and H' is a small time-dependent perturbation. For instance, H° could be the hyd-
rogen atom Hamiltonian and H' the addition due to a weak external electromagnetic
field. Whereas in the time-independent case one is interested in the eigenvectors and
eigenvalues of H, the typical question one asks here is the following. If at =0 the
system is in the eigenstate |i°) of H°, what is the amplitude for it to be in the
cigenstate | f°) (f#1) at a later time ¢? Our goal is to set up a scheme in which the
answer may be computed in a perturbation series in powers of H'. To zeroth order,
the answer to the question raised is clearly zero, for the only effect of H° is to
multiply |i°) by a phase factor exp(—iE?t/#), which does not alter its orthogonality
to | /°>. But as soon as we let H' enter the picture, i.e., work to nonzero order, the
eigenstates of H° cease to be stationary and |i®> can evolve into a state with a
projection along | f°>.
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The next section begins with a simple derivation of the first-order transition
amplitude for the process i—f and is followed by several applications and discussions
of special types of perturbations (sudden, adiabatic, periodic, etc.). In Section 3 the
expressions for the transition amplitude to any order are derived, following a scheme
more abstract than the one used in Section 2. Sections 4 and 5 are concerned with
electromagnetic interactions. Section 4 contains a brief summary of relevant concepts
from classical electrodynamics, followed by a general discussion of several fine points
of the electromagnetic interaction at the classical and quantum levels. It therefore
has little to do with perturbation theory. However, it paves the way for the last
section, in which first-order perturbation theory is applied to the study of the inter-
action of atoms with the electromagnetic field. Two illustrative problems are consid-
ered, one in which the field is treated classically and the other in which it is treated
quantum mechanically.

18.2. First-Order Perturbation Theory

Our problem is to solve Eq. (18.1.1) to first order in H'. Since the eigenkets
[n®> of H® form a complete basis, we can always expand

ly(0)>=Y ci()|n") (18.2.1)

To find ¢,(r) given c¢,(0) is equivalent to finding [y (¢)) given |y (0)>. Now c,(1)
changes with time because of H° and H'. Had H' been absent, we would know

en(1) = ¢(0) e BRI (18.2.2)
Let us use this information and write

(0> =Y di(t) e 0"y (18.2.3)

If d, changes with time, it is because of H ! So we expect that the time evolution of
d, can be written in a nice power series in H'. The equation of motion for dy(f) is
found by operating both sides of Eq. (18.2.3) with (i#id/0t—H°— H') to get

0=Y [iid,— H'(1)d,) e "“*/"|n") (18.2.4)

and then dotting with { /| exp(iEjt/#):

ifidy=Y O H (1)) e“md (1) (18.2.52)

n



where

0__ 0
wf,,=Ef—hE-f (18.2.5b)

Notice that H° has been eliminated in Eq. (18.2.5), which is exact and fully equivalent
to Eq. (18.1.1). Let us now consider the case where at =0, the system is in the state
[i%, ie.,

dn(0) =38, (18.2.6)

and ask what d;(?) is. To zeroth order, we ignore the right-hand side of Eq. (18.2.5a)
completely, because of the explicit H', and get

d=0 (18.2.7)

in accordance with our expectations. To first order, we use the zeroth-order d, in the
right-hand side because H' is itself of first order. This gives us the first-order equation

d(0) =" S UH (D)% & (18.2.8)
the solution to which, with the right initial conditions, is
i t
di(1)= Sﬁ-—g f CLOUHN Y e dr (18.2.9)
0

Since we now know d to first order, we can feed it into the right-hand side of Eq.
(18.2.5a) to get an equation for d that is good to second order. Although we can keep
going to any desired order in this manner, we stop with the first, since a more
compact scheme for calculating transition amplitudes to any desired order will be
set up in the next section. At this point we merely note that the first-order calculation
is reliable if |d/(¢)| < 1(f#i). If this condition is violated, our calculation becomes
internally inconsistent, for we can no longer approximate d,(f) by 8, in the right-
hand side of Eq. (18.2.5a).

Let us apply our first-order result to a simple problem. Consider a one-dimen-
sional harmonic oscillator in the ground state |0>} of the unperturbed Hamiltonian
at t=—o00. Let a perturbation

H'(t)=—e€X e/ (18.2.10)

1 We shall denote the nth unperturbed state by |#> and not |»°) in this discussion.
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be applied between = —oco and +oco. What is the probability that the oscillator is
in the state |n) at 1= c0? According to Eq. (18.2.9), for n#0,

d,(20) :fﬁl j (—e&)nX 10> e /7 "t gy (18.2.11)

—

Since

12
X= (i) ((14‘(11)
2mao

only di(o0) #0. We find that it is (using d'0>=11>)

/ 172
d\(o0)= ted (——) j e T e dt

i \2mw
N
& # IN1/2  —wirl)
:l; (2ma)) (mr?) e (18.2.12)

Thus the probability of the transition 0—1 isi

R
&’

2moh

Py =ld|*= e 2 (18.2.13)

This result will be used shortly.
Exercise 18.2.1. Show that if H'(1)=—e&X/[1+(1/7)7], then, to first order,

202 2.2
et L.

Poy= e

2mwh

Exercise 18.2.2.* A hydrogen atom is in the ground state at r=—co. An electric field
E(f) = (k&) e /™ is applied until = oo. Show that the probability that the atom ends up in
any of the n=2 states is, to first order,

e& : 2‘5l12 2 —wlrl/2
P(n=2)=<h><_3loo)nr‘e @

where @ = (Eay,, — Eig0)/#. Does the answer depend on whether or not we incorporate spin in
the picture?

We now turn our attention to different types of perturbations.

1 Since d,(1) and c,(¢) differ only by a phase factor, P(n)=|c,|*= ld)*.



The Sudden Perturbation

Consider a system whose Hamiltonian changes abruptly over a small time inter-
val &. What is the change in the state vector as £—0? We can find the answer without
resorting to perturbation theory. Assuming that the change occurred around =0,
we get, upon integrating Schrodinger’s equation between 1= —g/2 and &/2,

tw(g/2)>—| V(—€/2)) =|Vatter) — | W before)

. &£/2
=%’j H(O)|w(D)) dt (18.2.14)

&/2

Since the integrand on the right-hand side is finite, the integral is of order ¢. In the
limit £—0, we get

‘ Wafter> = | l/]l:vefore> (18215)

An instantaneous change in H produces no instantaneous change in |y .} Now the
limit £€—0 is unphysical. The utility of the above result lies in the fact that it is an
excellent approximation if H changes over a time that is very small compared to the
natural time scale of the system. The latter may be estimated semiclassically; several
examples follow in a moment. For the present, let us consider the case of an oscillator
to which is applied the perturbation in Eq. (18.2.10). It is clear that whatever be the
time scale of this system, the change in the state vector must vanish as 7, the width
of the Gaussian pulse, vanishes. This means in particular that the system initially in
the ground state must remain there after the pulse, i.e., the 0—1 transition probability
must vanish. This being an exact result, we expect that if the transition probability
is calculated perturbatively, it must vanish to any given order. (This is like saying
that if an analytic function vanishes identically, then so does every term in its Taylor
expansion.) Turning to the first-order probability for 0—1 in Eq. (18.2.13), we see
that indeed it vanishes as 7 tends to zero.

A more realistic problem, where ¢ is fixed, involves a ls electron bound to a
nucleus of charge Z which undergoes B decay by emitting a relativistic electron and
changing its charge to (Z+1). The time the emitted electron takes to get out of the
n=1 shell is

TZ(I()/ZC (18216)

whereas the characteristic time for the 1s electron is

size of state _ao /'/ Zae=-—2 (18.2.17)

Z%ac

" velocity of e Z |
so that

t/T=Za

1 We are assuming H is finite in the integral (—&/2, £/2). If it has a delta function spike, it can produce
a change in |y ), see Exercise 18.2.6.
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For Z small, we may apply the sudden approximation and conclude that the state
of the atomic electron is the same just before and just after 8 decay. Of course, this
state is not an eigenstate of the charge (Z+ 1) ion, but rather a superposition of
such states (see Exercise 18.2.4).

Exercise 18.2.3.* Consider a particle in the ground state of a box of length L. Argue on
semiclassical grounds that the natural time period associated with it is T~m/L?/fiz. If the box
expands symmetrically to double its size in time v < 7 what is the probability of catching the
particle in the ground state of the new box? (See Exercise (5.2.1).)

Exercise 18.2.4.* In the B decay H* (two neutrons + one proton in the nucleus)—(He?®)*
(two protons + one neuron in the nucleus), the emitted electron has a kinetic energy of 16 keV.
Argue that the sudden approximation may be used to describe the response of an electron
that is initially in the 1s state of H’. Show that the amplitude for it to be in the ground state
of (He’)" is 16(2)'/?/27. What is the probability for it to be in the state

|n=16,1=3, m=0) 0f(H€3)+?

Exercise 18.2.5. An oscillator is in the ground state of H=H’+ H' where the time-
independent perturbation H' is the linear potential (—fx). If at r=0, H' is abruptly turned
off, show that the probability that the system is in the nth eigenstate of H® is given by the
Poisson distribution

'Aln 2
P(n) =° , where A= / 3
n! mo’h

Hint: Use the formula
exp[4 + B] = exp[A] exp[B] exp[~ 1[4, B]]
where [A4, B] is a ¢ number.

Exercise 18.2.6.* Consider a system subject to a perturbation H'(r)=H'5(r). Show that
if at 1=0" the system is in the state |{°), the amplitude to be in a state | /%) at r=0" is, to
first order,

df=—;;i<f°IH‘|i”> (f#i)

Notice that (1) the state of the system does change instantanecously; (2) Even though the
perturbation is “infinite” at =0, we can still use first-order perturbation theory if the “area
under it” is small enough.

The Adiabatic Perturbation

We now turn to the other extreme and consider a system whose Hamiltonian
H(t) changes very slowly from H(0) to H(t) in a time z. If the system starts out at
t=0 in an eigenstate |n(0))> of H(0), where will it end at time 7? The adiabatic
theorem asserts that if the rate of change of H is slow enough, the system will end



up in the corresponding eigenket |n(7)) of H(r).} Rather than derive the theorem
and the precise definition of “slow enough” we consider a few illustrative examples.

Consider a particle in a box of length L(0). If the box expands slowly to a
length L(7), the theorem tells us that a particle that was in the nth state of the box
of length L(0) will now be in the nth state of the box of length L(7). But how slow
is slow enough?

There are two ways to estimate this. The first is a semiclassical method and goes
as follows. The momentum of the particle is of the order {dropping factors of order
unity like 7, n, etc.)

~ 18.2.18
P, ( )

Toe—=——o (18.2.19)

We can say the expansion or contraction is slow if the fractional change in the length
of the box per cycle is much smaller than unity:

AL|pereyee  |dL/dt\mL* /% mL|dL
|ALlpercyere |dL/dtimL’/ =T-|f'l— <1 (18.2.20)
L L A | dt
This can also be written as
Dwalls (18.2.21)
Uparticle
The second approach is less intuitive§ and it estimates 7 as
1
T~— (18.2.22)
@ min

{ This is again a result that is true to any given order in perturbation theory. We shall exploit this fact
in a moment.

§ The logic behind this approach and its superiority over the intuitive one will become apparent shortly
in an example where we recover the results of time-independent perturbation theory from the time-
dependent one.
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where @i, is the smallest of the transition frequencies between the initial state i and
any accessible final state f'{; it is the smallest of

E}—E]

18.2.2
p (18.2.23)

@y =

In the present case, since E§= (n’#°n>/2mL?), energy differences are of the order #°/
mL* and

1 L’
TN—:% (18.2.24)
@D min

which coincides with Eq. (18.2.19). This is not surprising, for we can also write T’
in Eq. (18.2.19) as

> 1 1
7" (18.2.25)

Thus T in Eq. (18.2.19) is ~#/E}, while T in eq. (18.2.24) is ~HJ|E) = E|min . Since
the energy levels of a quantum system are all of the same order of magnitude (say
a Rydberg or fiw), energies and energy differences are of the same order of magnitude
and the two estimates for T are equivalent, unless the levels are degenerate or nearly
so. In this case, it is T~ 1/@m, that is to be trusted, for it exposes the instability of
a degenerate or nearly degenerate system. An explicit example that follows later will
illustrate this.

Let us consider one more example of the adiabatic theorem, an oscillator subject
to the perturbation

H'()=—e&X "™ (18.2.26)

between —o0 <t < co. We expect that if 7, which measures the time over which H !
grows from 0 to its peak, tends to infinity, the change in the system will be adiabatic.
Thus, if a system starts in the ground state of H(—o0)=H ® at t=—o0, it will end
up in the ground state of H(oo)=H(—ow)=H . Qur first-order formula, Eq.
(18.2.13), for P,_., conforms with this expectation and vanishes exponentially as
wT—20. Our formula also tells us what large T means: it means

or>1, t>1/w (18.2.27)
This is what we would expect from the semiclassical estimate or the estimate 7~ 1/
Wmin and the condition > T.

The adiabatic theorem suggests a way of recovering the results of time-indepen-
dent perturbation theory from time-dependent theory. Consider a Hamiltonian H(r)

¥ This is a state for which (f°|H'[i") #0.



which changes continuously from H® at t=—o0 to H°+ H"' at t=0:
H(t)=H’+e¢""H', —o0<1<0 (18.2.28)

As 7, the rise time of the exponential, goes to infinity, the adiabatic theorem assures
us that an eigenstate |n’> of H® at t=—o0 will evolve into the eigenstate |n) of H
at t=0. If we calculate the state at t=0 to a given order in time-dependent theory
and let 7— o0, we should get the time-independent formula for the state |n) to that
order. To first order, we know that the projection of the state at =0 along |m®)
(m+#n) is

d,.(0) =;~i jf (m®| H' ' n®y e'/" " dt
_ /A H (18.2.29)
1/t +iwu,
If we now let 7—oc, we regain the familiar result
<m°|n>=<L0“i{—]|ﬁo—Z (18.2.30)

E°—E°

In practice, 7— cc is replaced by some large 7. Equation (18.2.29) tells us what large
7 means: it is defined by

[1/7] <|®min|
or
51/ ®min (18.2.31)

Thus we see that T~ 1/, is indeed the reliable measure of the natural time scale
of the system. In particular, if the system is degenerate (or nearly so), T— o0 and it
becomes impossible, in practice, to change the state of the system adiabatically.

Let us wind up the discussion on the adiabatic approximation by observing its
similarity to the WKB approximation. The former tells us that if the Hamiltonian
changes in time from H® to H°+ H', the eigenstate |n°) evolves smoothly into its
counterpart |#) in the limit 7/7T— oo, where 7 is the duration over which the Hamil-
tonian changes and 7 is the natural time scale for the system. The latter tells us that
if the potential changes in space from V° to V', a plane wave of momentum p°=
[2m(E—V°)]"? evolves smoothly into a plane wave of momentum p'=
[2m(E—V")]"? in the limit L/A— oo, where L is the length over which ¥ changes
and A=2xn%/p is natural length scale for the system.

We shall return to adiabatic evolutions in Chapter 21.
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The Periodic Perturbation

Consider a system that is subject to a periodic perturbation, say an atom placed
between the plates of a condenser connected to an alternating current (ac) source or
in the way of a monochromatic light beam. While in reality these perturbations vary
as sines and cosines, we consider here the case

H'(ty=H'e"" (18.2.32)

Which is easier to handle mathematically. The sines and cosines can be handled by
expressing them in terms of exponentials.

Let us say the system comes into contact with this perturbation at 1=0. The
amplitude for transition from |i®) to | £°) in time ¢ (i#f) is

di(1)= (%) f COH N eten @ dr (18.2.33)
0
7 z'(coﬁ—co)t_l
= LOH Y (18.2.34)
h (w;— o)

The probability for the transition i—fis
2
1 oo sin[(@s—@)t/2
Pry=ldli = |<f°|H‘|z°>|~{————[( A= O)lf }} £ (18239)
#i ((Dﬁ — (J)) 3t
Since the function (sin® x)/x* is peaked at the origin and has a width Ax~rx, we
find that the system likes to go to states f such that

(oi—w)t/2| <n
or
Ejt=(Elt+hot)+2kn

or

E})—E?zﬁa):tzﬁ—ﬂ=ﬁco(l:i:gﬁ> (18.2.36)
! wt

For small ¢, the system shows no particular preference for the level with
E)=E?+#w. Only when wt>2r does it begin to favor Ef=E}+ #iw. The reason
is simple. You and I know the perturbation has a frequency @, say, because we set
the dial on the ac source or tuned our laser to frequency ®. But the system goes by
what it knows, starting from the time it made contact with the perturbation. In the
beginning, it will not even know it is dealing with a periodic perturbation; it must
wait a few cycles to get the message. Thus it can become selective only after a few
cycles, i.e., after w¢>2x. What does it do meanwhile? It Fourier-analyzes the pulse



into its frequency components and its transition amplitude to a state with
E}=E}+ 1w, is proportional to the Fourier component at @ = a;. The ¢ integral
in Eq. (18.2.33) is precisely this Fourier transform.

What happens if we wait a long time? To find out, we consider the case of a
system exposed to the perturbation from t=—7/2 to 7/2 and let T—co. Equation
(18.2.33) becomes

7/2

dy=lim — Hb @ gy (18.2.37)
Tveo -7/2
—2mi
= Hpd(ws— ) (18.2.38)
and
4n? 112
Pry=— [H}I?8 (05~ 0)8(0~ ) (18.2.39)

We handle the product of é functions as follows:

1 T2
§6=lim 5(w;— o) E—f en= o gy (18.2.40)
T

T 0 —T

Since the & function in front of the integral vanishes unless ;= o, we may set @;=
o in the integral to obtain

06 =6(ws— ) lim T (18.2.41)

Too 27T

Feeding this into Eq. (18.2.39) for P..,, and dividing by 7, we get the average
transition rate:

2 )
Rey= 2522 £\ B (B - B o) (182.42)

This is called Fermi’s golden rule and has numerous applications, some of which will
be discussed later in this chapter and in the next chapter. You may be worried about
the & function in R, and in particular whether first-order perturbation theory is to
be trusted when the rate comes out infinite! As we will see, in all practical applications
the & function will get integrated over for one reason or another. The validity of the
first-order formula will then depend only on the area under the § function. (Recall
Exercise 18.2.6.)

{ The inability of a system to assign a definite frequency to an external perturbation until many cycles
have elapsed is a purely classical effect. The quantum mechanics comes in when we relate frequency to
energy.
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18.3. Higher Orders in Perturbation Theoryi

In Section 18.2 we derived a formula for the transition amplitude from |i®) to
[/ to first order in perturbation theory. The procedure for going to higher orders
was indicated but not pursued. We address that problem here, using a more abstract
formalism, desirable for its compactness and the insight it gives us into the anatomy
of the perturbation series. '

The basic idea behind the approach is the same as in Section 18.2: we want to
isolate the time evolution generated by H', for H® by itself causes no transitions
between its own eigenstates |i°> and | /). To do this, we must get acquainted with
other equivalent descriptions of quantum dynamics besides the one we have used so
far. The description we are familiar with is called the Schrédinger picture. In this
picture the state of the particle is described by a vector |ys(7)). (We append a
subscript S to all quantities that appear in the Schrodinger picture to distinguish
them from their counterparts in other pictures.) The physics is contained in the inner
products {(@s| ws(r)) which give the probabilities

P(o, 1) =Ko ys()))? (18.3.1)

for obtaining the result @ when Q is measured. Here |ws) is the normalized eigenket
of the operator Qg(Xs, Ps) with eigenvalue . Since Xs and Ps are time independent
so are Qg and |@s). Thus the physics is contained in the dot product of the moving
ket |ws(#)> with the stationary kets |@s).

The time evolution of |ws(r)) is given in general by

]
i () = Hslyst0) (18.3.2)
and in our problem by
d (
i ys0) = [H + HYO] ys() (18.3.2b)

The expectation values change according to
L d
it :Zt Qs> ={[Qs, Hs]) (18.3.3)

If we define a propagator Us(t, to) by

lws(0)> = Us(t, 1)l ws(to)) (18.3.4)

1 This section may be skimmed through by a reader pressured for time.



it follows from Eq. (18.3.2) [because |y s(fo)) is arbitrary] that

dU
i 'Zif:HSUS (18.3.5)

Here are some formulas (true for all propagators U) that will be useful in what
follows (recall Eq. (4.3.16)):

U'u=r1
U(ts, b)U(ts, t)=U(ts, 1)
3 25 0 3, 0 (18.3.6)
U, t)=1

U'(ty, 1) =U(ts, 1)

The Interaction Picture

Since Us(t, to) is a unitary operator, which is the generalization of the rotation
operator to complex spaces, we may describe the time evolution of state vectors as
“rotations” in Hilbert space.! The rotation is generated by U(t, t,) or equivalently,
by Hs(t)= HS$+ H(t). Imagine for a moment that H is absent. Then the rotation
will be generated by U$(¢), which obeys

dus
it ~§TS=H%U‘§ (18.3.7)

the formal solution to which is U%(t, 1o) =e "0~ /% If Hi(¢) is put back in, both
H% and H(t) jointly produce the rotation Us.

These pictorial arguments suggest a way to freeze out the time evolution gener-
ated by H’s. Suppose we switch to a frame that rotates at a rate that U% (or HY)
by itself generates. In this frame the state vector moves because H s#0. Let us verify
this conjecture. To neutralize the rotation induced by US, i.e., to see things from
the rotating frame, we multiply |ws(£)> by (U%) to get

lwdt)y =1UYe, )]y s(n) (18.3.8a)

The ket |y ,(£)) is the state vector in the rotating frame, or in the interaction picture.
If we set t=1, in the above equation, we did

lwi(t0)) =|ws(t)) (18.3.8b)

I In this section we use the word “rotation” in this generalized sense, and not in the sense of a spatial
rotation.
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i.e., the interaction and Schrodinger kets coincide at 7= t,, which is that instant we
switch to the moving frame. The time evolution of |y (1)) is as follows}:

ot
S
dt
=—USHYys>+ US(HY+HY)|vs)
=UYHY s>
=USHUSUY ys>
=USHIUY v (1))

lysy+ Ui

L d L d dysy
h— H>=ih B
i dt|lI/1()> L &

Now

(UYHAHUS=H (1) (18.3.9)

is the perturbing Hamiltonian as seen in the rotating frame. So we can write
L d .
if o lwAnD>=Hi(O)lyl1)) (18.3.10)

So, as we anticipated, the time evolution of the state vector in the interaction picture
is determined by the perturbing Hamiltonian, H;. Despite the fact that the state
vector now rotates at a different rate, the physical predictions are the same as in the
Schrodinger picture. This is because P(w, t) depends only on the inner product
between the state vector and the eigenket of Q@ with eigenvalue @, and the inner
product between two vectors is unaffected by going to a rotating frame. However,
both the state vector and the eigenket appear different in the interaction picture.
Just as

lys(0)> = US' (¢, t)lws(D)>=1wi1))
so does
los)y—US'(1, to)l@sy=| @A) (18.3.11)
However,

Coslys(1)) =<ad)ydt)) (18.3.12)
The time-dependent ket |w,(¢)) is just the eigenket of the time-dependent operator
Q) =UYQsUS (18.3.13)

which is just © as seen in the rotating frame:
QD w0 =UTQUUT 05> = USQslosy =wlod))  (18.3.14)

1 Whenever the argument of any U is suppressed, it may be assumed to be (¢, 7).



The time dependence of ; may be calculated by combining Eq. (18.3.13), which
defines it, and Eq. (18.3.7), which gives the time evolution of U%:

ot 0
in B 5 9Us QU+ US Qi aUs
dt dt dt
= US'[Qs, HYIUS=[Q,, HY) (18.3.15)

In the interaction picture, the operators evolve in response to the unperturbed Hamil-
tonian HY.I Whereas in the Schrédinger picture, the entire burden of time evolution
lies with the state vectors, in this picture it is shared by the state vectors and the
operators (in such a way that the physics is the same).

Let us now address the original problem, of obtaining a perturbation series for
the transition amplitude. We define a propagator Uf(t, ;) in the interaction picture:

lwi(0)) = Udt, to)l w (o)) (18.3.16)

which, because of Eq. (18.3.10), obeys

if ‘%JEH}U, (18.3.17)

Once we find Ufr), we can always go back to Us(¢) by using
US(t> [0) = Ug(t9 tO) Ul(t, tO) (183'18)

which follows from Egs. (18.3.8) and (18.3.16).
Since H; depends on time, the solution to Eq. (18.3.17) is not U;=
exp(—iH }(t—1,)/#). A formal solution, with the right initial condition, is

ULt, to) =1-% f H(ULL, to) d (18.3.19)
Iy

as may be readily verified by feeding it into the differential equation. Since U; occurs
on both sides, this is not really a solution, but an integral equation, equivalent to the
differential equation (18.3.17), with the right initial condition built in. So we have
not got anywhere in terms of the exact solution. But the integral equation provides
a nice way to carry out the perturbation expansion. Suppose we want U, to zeroth
order. We drop anything with an H; in Eq. (18.3.19):

Ult, to) =1+ O(H}) (18.3.20)

1 Actually, H?=UYHUS=HY since [H3, U3 =0 in this problem.
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This is to be expected, for if we ignore H;, the state vectors do not move in the
interaction picture.

To first order, we can keep one only power of H}. So we use the zeroth-order
value for U, in the right-hand side of Eq. (18.3.20) to get

ULt, to) =1-% J HNYdt + O(H?Y) (18.3.21)

)

Before going to the next order, let us compare this with Eq. (18.2.9) for the transition
amplitude dr(#), computed to first order. Recall the definition of dy(f): it is the
projection along { % exp[iE(t —t;)/#] at time ¢, of a state that was initially (at 1=
o) lisyi:

(1) = £ O U(t, 10)]8) (18.3.22)
=S US(, ) Ust, 10)i8)
= fHULL 10)]is) (18.3.23)

If we feed into this our first-order propagator given in Eq. (18.3.21), we get

d(t) = {3 ULL, to)lisy

rt

=8;—= | (SfYHN)isydr

=8,—= | (SYUS, ) HUS(T, to)lisy dr’

o

=8p~— | (Hy)pe™ " ™ dr (18.3.24)

fo

which agrees with Eq. (18.2.9) if we set f,=0.
Let us now turn to higher orders. By repeatedly feeding into the right-hand side
of Eq. (18.3.19) the result for U, to a known order, we can get U; to higher orders:

. I3 re r
Udt, t0)=1—éf HY) di +(—i/h)’ J J HYWYHW") dt’ dt”

o L]

! ¢ "
+(~i/h)3jf J HWOH(H (™) dt dt” de” + - - - (18.3.25)

0oV Y

1 We have set =0 in Section 18.2.
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Figure 18.1. A pictorial representation of the perturbation series. The hatched circle represents the full
propagator between times # and 1. The hatched circle is a sum of many terms, each of which corresponds
to a different number of interactions with the perturbation, H. Between such interactions, the particle
evolves in response to just HY, i.e., is propagated by US.

Premultiplying by U$(#, t) and expressing H | in terms of H§, we get the Schrédinger
picture propagator

Us(t, to) = US(t, to) — f 3t ) U, t) HSUYE, 10) dY

+(—i/h)? f J US(t, to) US(, 1) HSUNT, 1) US (", 1)
x HYUNY, to) de dt” +- - - (18.3.26)

Us(t, to) = U%t, to)u—i'( e, OYHSUNKY, 1) dr

+(""/ﬁ) f j U, 1)H U (t, t")HSU (¢, te)ydt' dt"+- - -

The above series could be described by the following words. On the left-hand side
we have the complete Schrodinger picture propagator and on the right-hand side a
series expansxon for it. The first term says the system evolves from f, to ¢ in response
to just U, i.e., in response to H3. The second term, if we read it from right to left
(imagine it acting on some initial state) says the following: the system evolves from
totot':in response to U%, there it interacts once with the perturbation and thereafter
responds to U§ alone until time ¢. The integral over ¢ sums over the possible times
at which the single encounter with H s could have taken place. The meaning of the
next and higher terms is obvious. These are represented schematically in Fig. 18.1.

If we consider specifically the transition from the state |i®) to |f°) (we drop
the subscript S everywhere) we get

. t
. —i — -1 O - . gy ,
<f0lU(t, to)|lo>=6ﬁ€ FEP(1 !o)/ﬁ+_ﬁ_j e iEf(t l)/ﬁ<f0,Hl'l()>e PEQ(r goj/ﬁdt
1

0

_A\2 peopr
+<E!) J' ‘[ Ze—iE}(r—r)/ﬁ<fo|H1lno>
v ®

x e EXCOR O (Y10 ¢ ENT /R gy gy (18.3.27)
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upon introducing a complete set of eigenstates of H’ in the second-order term. The
meaning of the first term is obvious. The second (reading right to left) says that
between 1, and ¢ the eigenstate i) picks up just a phase (i.e., responds to H$ alone).
At ¢ it meets the perturbation, which has an amplitude { f°|H'|i%) of converting it
to the state | f°). Thereafter it evolves as the eigenstate | f°) until time z. The total
amplitude to end up in |f°) is found by integrating over the times at which the
conversion could have taken place. Thus the first-order transition corresponds to a
one-step process i—f. At the second order, we see a sum over a complete set of states
|n®>. It means the system can go from |i°) to |f°> via any intermediate or virtual
state |n°) that H' can knock |i°) into. Thus the second-order amplitude describes
a two-step process, i—»n—f. Higher-order amplitudes have a similar interpretation.

The Heisenberg Picture

It should be evident that there exist not just two, but an infinite number of
pictures, for one can go to frames rotating at various speeds. Not all these are worthy
of study, however. We conclude this section with one picture that is very important,
namely, the Heisenberg picture. In this picture, one freezes out the complete time
dependence of the state vector. The Heisenberg state vector is

lwalt)y = Ut o)l ws(t)> =y s(to)) (18.3.28)

The operators in this picture are

Qu(t) = UsQsUs (18.3.29)
and obey
o)
it ~dt~”= [Qs, Hil (18.3.30)

Exercise 18.3.1.* Derive Eq. (18.3.30).

Thus in the Heisenberg picture, the state vectors are fixed and the operators
carry the full time dependence. (Since the interaction picture lies between this Heisen-
berg picture and the Schrodinger picture, in that the operators and the state vectors
share the time dependence, it is also called the intermediate picture. Another name
for it is the Dirac picture.)

Notice the similarity between Eq. (18.3.30) and the classical equation

dw
—={w, # 18.3.31
dt { j ( )

The Heisenberg picture displays the close formal similarity between quantum and
classical mechanics: to every classical variable @ there is a quantum operator Q,
which obeys similar equations; all we need to do is make the usual substitution
w—Q, { }->(—i/fA)[ , ]. The similarity between Egs. (18.3.30) and (18.3.31) is even
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Hy==""4 - maox%, (18.3.32)
2m 2

Since X, Py are obtained from X, Ps by a unitary transformation, they satisfy the
same commutation rules

[Xu(), Pu(D)]= U, t0)[Xs, Ps]Us(t, to) = ULiiIUs=ihl  (18.3.33)

Note that the time arguments must be equal in X and Py. Hence Eq. (18.3.33) is
called the equal-time commutation relation. From Eq. (18.3.30),

X ) i\ iiPy P
Xu=—2[Xu, H,,]=<—~i>’4’=-f (18.3.34a)
fi i/ m m
and likewise
Py=—mo’Xy (18.3.34b)
which are identical in form to the classical equations
P
T om
(18.3.35)
OH R
=———=—mo’x
Ox

This is to be expected, because the recipe for quantizing is such that commutators
and PB always obey the correspondence [recall Eq. (7.4.40)]

{w,l}=yﬁ—%[9, Al=T (18.3.36)

Although the Heisenberg picture is not often used in nonrelativistic quantum mech-
anics, it is greatly favored in relativistic quantum field theory.

Exercise 18.3.2. In the paramagnetic resonance problem Exercise 14.4.3 we moved to a
frame rotating in real space. Show that this is also equivalent to a Hilbert space rotation, but
that it takes us neither to the interaction nor the Heisenberg picture, except at resonance.
What picture is it at resonance? (If B= Bok + B cos wti— B sin wtj, associate B, with H% and
B with H.)
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18.4. A General Discussion of Electromagnetic Interactions
This section contains a summary of several concepts from electro-dynamics that

are relevant for the next section. It also deals with certain subtle questions of basic
interest, not directly linked to the rest of this chapter.

Classical Electrodynamics

Let us begin with an extremely concise review of this subject.} The response of
matter to the electromagnetic field is given by the Lorentz force on a charge g:

F=q(E+!XB> (18.4.1)
C

The response of the fields to the charges is given by Maxwell’s equations:

V-E=41p (18.4.2)
| 0B
VxE+- 2=0 (18.4.3)
¢ ot
V-B=0 (18.4.4)
1 E 4
VxB—- =T (18.4.5)
¢ Ot C

v-i+P=o (18.4.6)

Exercise 18.4.1. By taking the divergence of Eq. (18.4.5) show that the continuity equa-
tion must be obeyed if Maxwell’s equations are to be mutually consistent.

The potentials A and ¢ are now introduced as follows. Equation (18.4.4), com-
bined with the identity V-V x A=0, tells us that B can be written as a curl

B=VxA (18.4.7)

I For any further information see the classic, Classical Electrodynamics by J. D. Jackson, Wiley, New
York (1975).



Feeding this into Eq. (18.4.3), we find that

V><<E+l§é>=0 (18.4.8)
c Ot

Based on the identity VX V¢ =0, we deduce that E+(1/c)0A/0t can be written as
a gradient, or that

E=—-"-V¢ (18.4.9)

If we replace E and B by the potentials in the other two Maxwell equations and use
the identity VXV x A=V(V+A)—V’A (true in Cartesian coordinates) we get the
equations giving the response of A and ¢ to the charges and currents:

)
V2¢+li(v.A)=_4ﬂp (18.4.10)
¢ 0t
2 .
via-LIA_yly. a4l 28)_ _4ni (18.4.11)
&’ o ¢ Ot c

Before attacking these equations, let us note that there exists a certain arbitrariness
in the potentials A and ¢, in that it is possible to change them (in a certain way)
without changing anything physical. It may be readily verified that A and ¢ and

A'=A-VA (18.4.12)

¢’=¢+16—/t\ (18.4.13)
4

where A is an arbitrary function, lead fo the same fields E and B.

Exercise 18.4.2.* Calculate E and B corresponding to (A, ¢) and (A/, ¢') using Egs.
(18.4.7) and (18.4.9) and verify the above claim.

Since the physics, i.e., the force law and Maxwell’s equations, is sensitive only
to E and B, the transformation of the potentials, called a gauge transformation, does
not affect it. This is known as gauge invariance, A is called the gauge parameter, and
(A, ¢) and (A’, ¢') are called gauge transforms of each other, or said to be gauge
equivalent.

Gauge invariance may be exploited to simplify Eqs. (18.4.10) and (18.4.11). We
consider the case of the free electromagnetic field (p = j=0), which will be of interest
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in the next section. In this case the gauge freedom allows us (see following exercise)
to choose A and ¢ such that

V-A=0 (18.4.14)
¢=0 (18.4.15)

This is called the Coulomb gauge and will be used hereafter. There is no residual gauge
freedom if we impose the above Coulomb gauge conditions and the requirement that
|A| -0 at spatial infinity. The potential in the Coulomb gauge is thus unique and
“physical” in the sense that for a given E and B there is a unique A.

Exercise 18.4.3.* Suppose we are given some A and ¢ that do not obey the Coulomb
gauge conditions. Let us see how they can be transformed to the Coulomb gauge.
(1) Show that if we choose

A(r,1)=~c [ o(r,7)dr

—x

and transform to (A’, ¢') then ¢'=0. A’ is just A— VA, with V- A’ not necessarily zero.
(2) Show that if we gauge transform once more to (A", ¢") via

A 1 J V-A(r, 1) '
[r—r

then V-A”=0. [Hint: Recall V¥(1/lr—r'|)=—475°(r—1').]

(3) Verify that ¢” is also 7ero by using V-E=0.

(4) Show that if we want to make any further gauge transformations within the Coulomb
gauge, A must be time independent and obey VA =0. If we demand that |A] -0 at spatial
infinity, A becomes unique.

In the Coulomb gauge, the equations of motion for the electromagnetic field
(away from charges) simplify to

V2A~12§f}=0 (18.4.16a)
C t

V-A=0 (18.4.16b)

V-A=0 (18.4.16¢)

The first equation tells us that electromagnetic waves travel at the speed ¢. Of special
interest to us are solutions to these equations of the form{

A=Aqcos(k'r—wt) (18.4.17)

1 Here k denotes the wave vector and not the unit vector along the z axis.
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Figure 18.2. The electromagnetic wave at a given time. E, >
B, and k (the wave vector) are mutually perpendicular. B
Feeding this into the wave equation we find
@*=kKc
or
w=ke (18.4.18)

The gauge condition tells us that
0=V-A=—(k-Ayp) sin(k-r—cot)
or
k-A;=0 - (18.4.19)

This means that A must lie in a plane perpendicular to the direction of propagation,
i.e., that electromagnetic waves are transverse. The electric and magnetic fields corre-
sponding to this solution are

oA
E=—l—-=—(9>Ao sin(k-r— 1) (18.4.20)
¢ ot c)
B=VxA=—(kxA) sin(k'r— wr) ©(18.4.21)

Thus E and B are mutually perpendicular and perpendicular to k (i.e., they are also
transverse)—see Fig. 18.2. They have the same magnitude:

|E| =|B] (18.4.22)

The energy flow across unit area (placed normal to k) per second is (from any
standard text)

2
IS == [(E x B)| =2~ | Aq|? sin’(k-r — ) (18.4.23a)
4r dre
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The time average over a cycle is

Sav==——|Ao|’ (18.4.23b)
8re

The energy per unit volume is
u=(1/87) [|E"+B|’] (18.4.24)

Notice that |S| equals the energy density times the velocity of wave propagation.

The Potentials in Quantum Theory

We now ask if quantum mechanics also is invariant under gauge transformations
of the potentials. Let us seek the answer to this question in the path integral approach.
Recall that

Urt,vt)=N S expliS/f] (18.4.25)

paths

where N is a normalization factor and the action

M~ t /1 \
S=J gdr“={ (Emli‘lz-{—gv-A—qu)dt” (18.4.26)
” C

ooy

is to be evaluated along each path P that connects (r', #') and (r, t). Suppose we
perform a gauge transformation of the potentials. Then

S-’SAZS_J g(v.vA+(i_/l\/)dt” (18.4.27)
v C ot
But
veva+ A _dA (18.4.28)
ot dt”

is the total derivative along the trajectory. Consequently

Sy=S+L (AW, 1)~ Alr, 1)] (18.4.29)
C

It is clear that S and S, imply the same classical dynamics: varying S and varying
Sa (to find the path of least actions) are equivalent, since S and S, differ only by



(9/¢)A at the end points, and the latter are held fixed in the variation. Going on to
the quantum case, we find from Egs. (18.4.25) and (18.4.29) that

UsUy=U- éxp{;—q [A(F, £)— A, t)]} (18.4.30)
C

Since

Ulr, 60, )= U, ) (18.4.31)

we see that effect of the gauge transformation is equivalent to a change in the.

coordinate basis:

1> = rA) = e M) py, (18.4.32)

which of course cannot change the physics. (Recall, however, the discussion in Sec-
tion 7.4.) The change in the wave function under the gauge transformation is

—igA(r,t)/Fic

y=Crlyd—ya={aaly)=e v (18.4.33)
This result may also be obtained within the Schrédinger approach (see the following
exercise).

Exercise 18.4.4 (Proof of Gauge Invariance in the Schrédinger Approach). (1) Write H
for a particle in the potentials (A, ¢).

(2) Write down H,, the Hamiltonian obtained by gauge transforming the potentials.

(3) Show that if w(r, 1) is a solution to Schrédinger’s equation with the Hamiltonian H,
then wA(r, t) given in Eq. (18.4.33) is the corresponding solution with H->H,.

Although quantum mechanics is similar to classical mechanics in that it is insen-
sitive to gauge transformations of the potentials, it is different in the status it assigns
to the potentials. This is dramatically illustrated in the Aharonov-Bohm effect,
depicted schematically in Fig. 18.3.] The experiment is just the double-slit experiment
with one change: there is a small shaded region (B#0) where magnetic fluxes comes
out of the paper. (You may imagine a tiny solenoid coming out of the paper, inside
which are confined the flux lines. These lines must of course return to the other end
of the solenoid, but this is arranged not to happen in the experimental region.) The
vector potential (in Coulomb gauge) is shown by closed loops surrounding the coil.
At a classical level, this variation in the double-slit experiment is expected to make
no change in the outcome, for there is no magnetic field along the classical paths P,
and P,. There is, of course, an A field along P, and P, but the potential has no
direct significance in classical physics. Its curl, which is significant, vanishes there.

Consider now the quantum case. In the path integral approach, a particle emitted
by the source has the following amplitude to end up at a point r on the screen,
before B is turned on:

y(r) = yp(r)+ype(r) (18.4.34)

1 For the actual experiment see R. G. Chambers, Phys. Rev. Lett., 5, 3 (1960).
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Screen

7
Z

Figure 18.3. An experiment (sche-
matic) that displays the Aharonov-
Bohm effect. It is just the double-
slit experiment but for the small
coil coming out of the paper carry-
ing magnetic flux (indicated by the
shaded region marked B#0).

NN

where yp, (i=1,2) is the contribution from the classical path P; and its immediate
neighbors. The interference between these two contributions produces the usual inter-
ference pattern. Let us turn on B. Now each path gets an extra factor

exp['l‘g"J (v:A) dt’}=exp(ﬁj A-dr") (18.4.35)
fic ), h

source

Since V x A=0 near P, and P,, by Stoke’s theorem the integral is the same for P,
and its neighbors and P, and its neighbors. But the integral on P, is not the same
as the integral on P,, for these paths surround the coil and

)

A'dr—J‘ A-dr= § A'dr=J (VxA)-ds
P s

2 1

:JB.dS:@¢0 (18.4.36)

where s is any surface bounded by the closed loop P, + P, and @ is the flux crossing
it, i.e., coming out of the paper in Fig. 18.3. Bearing this in mind, we get

/- .
w(r)= e:xp(E J A dr”) yvplr)+ exp(lq J A-dr”) W p, (1) (18.4.37)
fic ), fic

Py

Pulling out an overall phase factor, which does not affect the interference pattern,
we get

\

_[overall iq m
o= 0 vexn{ 2§ Ayt |

~(0e )y + expliga /ey (6] (18.4.38)
\ factor /

By varying B (and hence @) we change the relative phase between the contribu-
tions from the two paths and move the interference pattern up and down. Whenever
(q®/%c) =2nm, the pattern will return to its initial form, as if there were no field.



In other words, an integral multiple of the flux quantum

®,= "¢ (18.4.39)

will not make any observable difference to the quantum mechanics of the particle.
This idea is very frequently invoked; we shall do so in Chapter 21.

Let us understand how the particle discerns the magnetic field even though the
dominant paths all lie in the B=0 region. Suppose I show you Fig. 18.3 but cover
the region where the coil is (the shaded region marked B#0); will you know there
is magnetic flux coming out of the paper? Yes, because the circulating A lines will
tell you that § A-dr= | B-ds#0.] The classical particle, however, moves along P; or
P,, and can have no knowledge of §A'dr. The best it can do is measure V x A
locally, and that always equals zero. The quantum particle, on the other hand, “goes
along P, and P,” (in the path integral sense) and by piecing together what happens
along P; and P, (i.e., by comparing the relative phase of the contributions from the
two paths) it can deduce not only the existence of B, but also the total flux. Notice
that although the particle responds to A and not directly to B, the response is gauge
invariant.

18.5. Interaction of Atoms with Electromagnetic Radiation

We will make no attempt to do justice to this enormous field. We will consider
just two illustrative examples. The first is the photoelectric effect in hydrogen (in
which the incident radiation knocks the electron out of the atom). The second is the
spontaneous decay of hydrogen from an excited state to the ground state (decay in
the absence of external fields), which can be understood only if the electromagnetic
field is treated as a quantum system.

Photoelectric Effect in Hydrogen

Consider a hydrogen atom in its ground state |100) centered at the origin, and
on which is incident the wave

A(r, )= A, cos(k T — @) (18.5.1)

For energies %o sufficiently large, the bound electron can be liberated and will
come flying out. We would like to calculate the rate for this process using Fermi’s

1 This is like saying that you can infer the existence of a pole in the complex plane and its residue, without
actually going near it, by evaluating 1/27i § f(z) dz on a path that encloses it.

499

TIME-DEPENDENT
PERTURBATION
THEORY



500

CHAPTER 18

golden rule:
2
R, ,=rate of transition i—>f=—h7E [<f°|H'|i“>|25(E/9—E?— fiw) (18.5.2)

Two points need to be explained before the application of this rule:

(1) For the final state, we must use a positive energy eigenstate of the Coulomb
Hamiltonian H’= P*/2m —¢*/r. Now we argue on intuitive grounds that if the ejected
electron is very energetic, we must be able to ignore the pull of the proton on it and
describe it by a plane wave |p,> in Eq. (18.5.2), with negligible error. While this
happens to be the case here, there is a subtle point that is worth noting. If we view
the Coulomb attraction of the proton as a perturbation relative to the free-particle
Hamiltonian P?/2m, we can write the eigenstate of H® as a perturbation series:

|£°> =|p,> + higher-order terms

We are certainly right in guessing that |p,> dominates the expansion at high energies.
But we are assuming more: we are assuming that when we evaluate the matrix
element in Eq. (18.5.2) the leading term |p,> will continue to dominate the higher-
order terms. Clearly, the validity of this assumption depends also on the initial state
|i% and the operator H'. Now it turns out that if the initial state is an s state (as
in the present case) the higher-order terms are indeed negligible in computing the
matrix element, but not otherwise. For instance if the initial state is a p state, the
contribution of the first-order term to the matrix element would be comparable to
the contribution from the leading term |p,>. For more details, you must consult a
book that is devoted to the subject.}

(2) The rule applied for potentials of the form H'(t)=H'e ™', whereas here
[recall Eq. (14.4.11)].8

H (=" (A-P+P-A)
2me
=£ AP (because V:-A=0)
mc
e
=—cos(k'r—wt)Ay' P
mc
=[P (18.5.3)

I For example, Section 70 of H. Bethe and E. Salpeter, Quantum Mechanics of One and Two Electron
Atoms, Plenum, New York (1977). This is also a good place to look for other data on this subject. For
instance if you want to know what the expectation value of r * is in the state |n/m) of hydrogen, you
will find it here.

§ We do not include in H' the term proportional to [A|”, which is of second order. The spin interaction
—¥S+B is of the first order, but negligible in the kinematical region we will focus on. This will be
demonstrated shortly.



Of the two pieces, only the first has the correct time dependence to induce the
transition i—f with E,> E;; the second will be killed by the energy-conserving delta
function. Hereafter we ignore the second term and let

H](t) — E‘i eik'er.P e—ia)l
mc

=H' et (18.5.4)

With these two points out of the way, we can proceed to evaluate the transition
matrix element in the coordinate basis:

1/2
e 1 1 e
Hy=rm s ( --------- ) JeﬂW"”e**Aow—ﬁhV)eﬂ”°d% (18.5.5)

nag
Consider the factor ¢'*". Recall from Chapter 5 that multiplication of a wave function
by ¢®"/* adds to the state a momentum po. Thus the factor ¢*" represents the fact
that a momentum #k is imparted by the radiation to the atom.] For any transition
between atomic levels, this momentum transferred is neglible compared to the typical
momentum p of the electron. We see this as follows. The energy transferred is of
the order of a Rydberg:

i ~é*/a, (18.5.6)
so that the photon momentum is
ﬁ 2
fk="2a (18.5.7)
¢ aec

On the other hand, the typical momentum of the electron, estimated from the uncer-
tainty principle, is

i
p~— (18.5.8)
ap
Thus
ik &1
LI (18.5.9)
p ke 137

In the present case #iw is a lot higher because we have a liberated, high-energy.
electron. But there is still a wide range of @ over which 7ik/p <1. We will work in

{ You may be worried that there is the (—i#iV) operator between ¢’** and the atomic wave function. But
since V+A=0, we can also write A-P as P-A, in which case the ¢'*" will be right next to the atomic
wave function.
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this domain. In this domain, the ratio of the spin interaction we neglected, to the
CHAPTER 18 orbital interaction we are considering, is roughly

((e/2me)S-B) _(fis-V x Ay Tk _ (18.5.10)
{(e/mc)A-P) (AP  p

which justifies our neglect.
The domain we are working in may also be described by
kay <1 (18.5.11)
[Eq. (18.5.9)]. This means that the phase of the wave changes little over the size of

the atom. Since the integral in Eq. (18.5.5) is rapidly cut off beyond r~ao by the
wave function ¢/, we may appropximate ¢*" in the integral as

(18.5.12)

This is called the electric dipole approximation.} The reason is that in this approxima-
tion, the atom sees a spatially constant electric field,

(18.5.13)
¢
and couples to it via its electric dipole moment p=—eR
H'()=-p-E="2%ApRe ™ (18.5.14)
2c
This must of course coincide with Eq. (18.5.3) in this approximation:

e i

H' (t)=—Ag-Pe ™ (18.5.15)
2mc

I By keeping higher powers of k*r in the expansion, one gets terms known as electric quadrupole, magnetic

dipole, electric octupole, magnetic quadrupole, etc. contributions.
§ We ignore the “wrong” frequency part of A.



The equivalence of Eqs. (18.5.14) and (18.5.15) can be demonstrated in a general
situation as follows. Since for any

P’

H=""+I(R) (18.5.16a)
2m
it is true that
o IF
[R,H]="—P (18.5.16b)
m
we find
P =% CfUIRH~ H'R|i®
l
m .
= (E7—ED{SOIRII®Y
=imw{ fO|R|i®> (18.5.17)
so that

PO =S Ao Pl =2 A+ ¢ SURII®
2mce 2¢
={f%(-p-E)|i®>  [byEq.(18.5.14)] (18.5.18)

Consider now the evaluation of the matrix element H }; in the dipole approximation:
Hj=N Je‘“’f"/’*Ao- (—ifiVye " d’r (18.5.19)
where N is a constant given by

3/2 1/2

e 1 1
N=[ ¢ )1 o 18.5.20
! (2mc>(2ﬂh> (mz3> ( )

If we integrate the V by parts, we get

H},»=NA0-pffe-"w"fﬁ e 'y (18.5.21)

503

TIME-DEPENDENT
PERTURBATION
THEORY



504

CHAPTER 18

é/detector
z

y Figure 18.4. The photoelectric effect. In any
realistic experiment, the resolution in energy and
angle are finite. One asks how many electrons
come into the cone of solid angle dQ with magni-

«incidert wave tude of momentum between p and p+dp.

(It should now be clear why we prefer the Ay-P form of H' to the Ay*R form.) If
we choose the z axis along py, the r integral becomes

0 1 2
J J f e s O/h gmrlan gy d(cos 0) de
0 -1v0

20 —ipr/f__ [p_/r,/ﬁ

e € .

=2r j (i ) e gy
0 —ipsr/h

% - L "y
—_—_p_ l:__ 5(16/7_):' f [e—(l,fao+1pf/’h)r__e—(],fao—- lpf/ﬁ)r] dr
s 0 0
- 87'[/610
[(1/a0)* + (ps/B)*)?

(18.5.22)

Feeding this into Eq. (18.5.5), and the resulting expression into the golden rule, we
get the transition rate

R _y_<e>z 11 |Agpl’64n’as
=g 87°H may [1+(prao/ BT

x 8(E}— E—fiw) (18.5.23)

2mc

Now the time has come to tackle the § function. The § function gives a singular
probability distribution for finding a final electron in a state of mathematically precise
momentum py. This probability is of little interest in practice, where one sets up a
detector with a finite opening angle dQ and asks how many electrons come into it
with magnitude of momentum between p,and p,+ dp, (see Fig. 18.4). The § function
tells us that electron momenta are concentrated at

2

B—I—=E?+ﬁa)
2m



The contribution from this region is obtained by integrating the § function over p;.
Using

2
(L~ 52— |="" 5 (am(22+ o) (18.5.24)
2m pr

we get the rate of transition into the detector to be

2
R,‘_,dﬂ =?ﬂ IH};l 2ﬂ1pfdQ

_ 4ae’p/lAccp |’
mrk 1 + (pfao/ﬁ)z]4

(18.5.25)

{In this and all following expressions, p,=[2m(E{+#i®)]/>.} Note that the rate
depends only on the magnitude of the applied field Ao, the angle between the polariza-
tion Ao and the outgoing momentum, and the magnitude of p, or equivalently o,
the frequency of radiation. The formula above tells us that the electron likes to come
parallel to Ay, that is, to the electric field which rips it out of the atom. The direction
- of the incident radiation does not appear because we set '*"=1. If we keep the ¢'*"
factor it will be seen that the electron momentum is also biased toward k, reflecting
the ik momentum input.

Exercise 18.5.1.* (1) By going through the derivation, argue that we can take the e'**
factor into account exactly, by replacing p, by p,~ 7k in Eq. (18.5.19).
(2) Verify the claim made above about the electron momentum distribution.

If we integrate R;_,q over all angles, we get the total rate for ionization. Choos-
ing A, along the z axis for convenience, we find

4a3e’py| Ao)®
ma [+ (prag/h)*

_ l6ae’pi Al
3mA* [l + (prao/h)*)*

Ria=

T Ji[cosz Od(cos 0) d¢

(18.5.26)

Since this is the rate of ionization, and each ionization takes energy #iw from the
beam, the energy absorption rate is

dEabs .
dt

fiw - R,;.a“ (18527)

Now the beam brings in energy at the rate w’|Ao|’/8xc per unit area. Suppose we
place, transverse to this beam, a perfectly absorbing disk of area o. It will absorb

505

TIME-DEPENDENT
PERTURBATION
THEORY



506

CHAPTER 18

energy at the rate

—— 18.5.28
dt 8me ( )

By comparing Eqs. (18.5.27) and (18.5.28), we see that we can associate with the
atom a photoelectric cross section

8ne
C':
|Ao|2602

“fiw - Rioan (18.5.29)

_ 128a37zezp}
3miwcll +pras/ 7]

(18.5.30)

in the sense that if an ensemble of N (N large) nonoverlapping (separation > ag)
hydrogen atoms is placed in the way of the beam, the ensemble will absorb energy
like a perfectly absorbent disk of area No. We can also associate a differential cross
section do /dQ, with the energy flowing into a solid angle dQ:

d
g 8”20 s Ao R, a0
dQ Ao w°
32aye’p; cos” 6
e WL E T (18.5.31)
mew [+ prag/#7)
In the region where pyao/#fi> 1, the formula simplifies to
do 326 cos® 0
g0 et 7 (18.5.32)

daQ B mca)p}ag

Exercise 18.5.2.*% (1) Estimate the photoelectric cross section when the ejected electron
has a kinetic energy of 10 Ry. Compare it to the atom’s geometric cross section ~maj.

(2) Show that if we consider photoemission from the s state of a charge Z atom, oot Z %,
in the limit pyao/ZA> 1.

Field Quantization

The general formalism, illustrated by the preceding example, may be applied to
a host of other phenomena involving the interaction of atoms with radiation. The
results are always in splendid agreement with experiment as long the electromagnetic
field is of macroscopic strength. The breakdown of the above formalism for weak
fields is most dramatically illustrated by the following example. Consider a hydrogen
atom in free space (the extreme case of weak field) in the state |2, /, m>. What is the
rate of decay to the ground state? Our formalism gives an unambiguous answer of

1 The treatment of this advanced topic will be somewhat concise. You are urged to work out the missing
steps if you want to follow it in depth.



zero, for free space corresponds to A=0 (in the Coulomb gauge), so that H'=0
and the atom should be in the stationary state |2, [, m) forever. But it is found
experimentally that the atom decays at a rate R~ 10° second ™', or has a mean lifetime
7210"° second. In fact, all excited atoms are found to decay spontaneously in free
space to their ground states. This phenomenon cannot be explained within our
formalism.

So are we to conclude that our description of free space (which should be the
simplest thing to describe) is inadequate? Yes! The description of free space by A=
A =0 is classical; it is like saying that the ground state of the oscillator is given by
x=p=0. Now, we know that if the oscillator is treated quantum mechanically, only
the average quantities {0|X|0> and <0|P|0)> vanish in the ground state, and that
there are nonzero fluctuations (AX)*={0|X?0> and (AP)*= (0| P’|0) about these
mean values. In the same way, if the electromagnetic field is treated quantum mechan-
ically, it will be found that free space (which is the ground state of the field) is
described by <A> <A> 0 (where A and A are operators)] with nonvanishing fluc-
tuations (AA)?, (AA) . The free space is dormant only in the average sense; there
are always quantum fluctuations of the fields about these mean values. It is these
fluctuations that trigger spontaneous decay.

As long as we restrict ourselves to macroscopic fields, the quantum and classical
descriptions of the field become indistinguishable. This is why in going from classical
to quantum mechanics, i.e., in going from #' = (e/mc)A-p to H'=(e/mc)A-P, we
merely promoted p to the operator P, but let A continue to be the classical field.
For this reason, this treatment is called the semiclassical treatment. We now turn to
the full quantum mechanical treatment in which A will become an operator as well.

The basic idea behind quantizing the field is familiar: one finds a complete set
of canonical coordinates and momenta to describe the classical field, and promotes
them to operators obeying canonical commutation relations. One then takes #,
which is just the field energy written in terms of the canonical variables, and obtains
H by the usual substitution rule. But there are many obstacles, as we shall see.

Let us start with the coordinaters of the field. If we decide to describe it in terms
of the potentials, we have, at each point in space r, four real coordinates (¢(r), A(r)).§
Now, we already know that these coordinates are not entirely physical, in that they
can be gauge transformed with no observable consequences. For them to be physical,
we must constrain them to a point where there is no residual gauge freedom, say by
imposing the Coulomb gauge conditions. Although we shall do so eventually, we
treat them as genuine coordinates for the present.

What are the momenta conjugate to these coordinates? To find out, we turn to
the Lagrangian:

»5”—8— j[lEl B dir=L H-l A _ve

8x ¢ Ot

2

—|V><A|2} d’r| (18.5.33)

{ We depart from our convention here and denote classical and quantum field variables by the same
symbols, because this is what everyone does in this case.

§ Now r is just a label on the field coordinates and not a dynamical variable,

| If you are unfamiliar with this % : Recall that the field energy is | (1/87)[|E|*+|B|*] d°r, Eq. (18.4.24).
Write this in the gauge ¢ =0 and change the sign of the term that corresponds to “potential energy.”
The above result is just the generalization to the gauge with ¢ #0.
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which, when varied with respect to the potentials, gives Maxwell’s equations.f The
momentum conjugate to each “coordinate” is the derivative of % with respect to
the corresponding “velocity.” It follows that the momentum conjugate to ¢(r) van-
ishes (at each point r in space), for ¢(r) does not appear in %. The fact that we are
dealing with a coordinate whose conjugate momentum vanishes identically tells us
that we can not follow the canonical route. But fortunately for us, we have the
freedom to work in a gauge where ¢=0. So hereafter we can forget all about ¢ and
its vanishing conjugate momentum. In particular, we can set ¢ =0 in Eq. (18.5.33).

Consider now the coordinates A(r). To find IT(r,), the momentum conjugate
to A{rp), we use the relation

&

H[ = .
)= e

In differentiating % with respect to 4,(ro), we treat the integral in Eq. (18.5.33) over
r as a sum over the continuous index r. The partial derivative picks out just the term
in the sum carrying the index r=r, (because the velocities at different points are
independent variables) and gives§

1 E;
IT(ro) = — Ai(re) = ~Edr) (18.5.34)
4rc 4re
or in vector form (dropping the subscript 0 on r)
I . E
Hry=—A=—— 18.5.35
® dnc® drc ( )

Note that IT is essentially the electric field.

The natural thing to do at this point would be to promote A and IT to quantum
operators obeying canonical commutation rules, and obtain the quantum Hamil-
tonian H by the substitution rule. But if we did this, we would not be dealing with

1 See for example, H. Goldstein, Classical Mechanics, Addison-Wesley, Reading, Massachusetts (1965),
page 366.
§ A more formal treatment is the following. If, say, & =Y, 47, then we know

k4 a4, . .
pj"—-—Zqurq——Z 24:5,=24,
aq} 4 og;

Likewise if

y=JZ Ai(r) dr

2 [rain 0
BA( o) J. T2

= j Y 24,(r)8,;8°(r—10) d’r=2A,ro)



electrodynamics. The reason is classical and is as follows. Consider the Lagrangian
in Eq. (18.5.33) with ¢ set equal to 0. By varying it with respect to the components
of A we get the vector equation

2
A
V2A-l2 a—z—V(V-A)=O (18.5.36)
4 t
which is just
c Ot

in the gauge with ¢=0. Two other equations

V:-B=0

V><E-|—l a—BzO
¢ Ot

are identically satisfied if we write E and B in terms of A. (Recall how the potentials
were introduced in the first place.) As for the other Maxwell equation, Gauss’s law,

V-E=0

it does not follow from anything. (We would get this if we varied % with respect to
¢, but we have climinated ¢ from the picture.) It must therefore be appended as an
equation of constraint on the momentum II, which is just E times a constant. (In
contrast to an equation of motion, which has time derivatives in it, an equation of
constraint is a relation among the variables at a given time. It signifies that the
variables are not independent.) The constraint

V-II=0 (18.5.37)

tells us that the components of momenta. at nearby points are not independent.
(Think of the derivatives in V as differences.) We deduce an important feature of
the constraint if we take the divergence of Eq. (18.5.36):

1 &
-

0=V-V’A—— —
¢ ot

V-A—VzV-A-»g (V-I=0 (18.5.38)

In other words, the theory without the constraint has a conserved quantity V-I1,
and electrodynamics corresponds to the subset of trajectories in which this constant
of motion is zero. Furthermore, if we limit ourselves to these trajectories, we see
that V-A is also a constant of motion. [Write Eq. (18.5.37) as V-A=0.] We shall
choose this constant to be zero, i.e., work in Coulomb gauge.

How are we to quantize this theory? One way is to ignore the constraints and
to quantize the general theory and then try to pick out the subset of solutions (in
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the quantum theory) that correspond to electrodynamics. This can be done but is
very hard. Let us therefore tackle the constraints at the classical level. The first
problem they pose is that they render the variables A and TT noncanonical, and we
do not have a recipe for quantizing noncanonical variables. Let us verify that the
constraints indeed imply that A and IT are noncanonical. Had they been canonical,
they would have obeyed the generalizations of

{qi’ pj} = 50
(with all other PB zero), namely,
{AAD), TI(r)} = 6,6’ (r—T') (18.5.39)

(with all other PB zero.) But if we take the divergence of A with respect to r or II
with respect to r’, we get zero on the left-hand side but not on the right-hand side.

What we would like to do is the following. We would like to trade A and II
for a new set of variables that are fewer in number but have the constraints built
into them. (This would be like trading the variables x, y, and z constrained by
x*+y*+z° =4’ for the angles 6 and ¢ on a sphere of radius a.) These variables and
the corresponding momenta would be canonical and would automatically reproduce
electrodynamics if we start with # written in terms of these. To quantize, we promote
these variables to operators obeying canonical commutation rules. The Hamiltonian
and other operators would then be obtained by the substitution rule.

Now the problem with the constraints

V-A=0, V-II=0 (18.5.40)

called transversality constraints (for a reason that will follow) is that they are not
algebraic, but differential equations. To render them algebraic, we will trade A and 1
for their Fourier transforms, since differential equations in coordinate space become
algebraic when Fourier transformed. It is our hope that the algebraic constraints
among the Fourier coefficients will be easier to implement. We will find that this is
indeed the case. We will also find a bonus when we are done: the Fourier coefficients
are normal coordinates; i.e., when we express the Hamiltonian

%zsij[mnzcszHVXAiz] d’r (18.5.41)
4

(which is obtained from % by changing the sign of the potential energy term and
eliminating A in favor of IT) in terms of these, it becomes a sum over oscillator
Hamiltonians of decoupled oscillators. This result could have been anticipated for
the following reason. If we use the relation |V x A|*=—A-V’A, valid when V-A=0,
we get

e}f=8L j Y Y [1672°CTL(r) § T1(r) — A(r) V28 ,4,r)] d°r (18.5.42)
V3 [



which is of the same form as Eq. (7.1.10). [Remember that when we sandwich the
derivative operator or the identity operator between two elements of function space,
there will be only one (explicit) sum over the continuous index r, the other one being
eaten up by the delta functions in the matrix elements.] As the normal modes are
the eigenvectors of V? (which we know are plane waves) the passage to the Fourier
coefficients is the passage to normal coordinates.

With all these preliminaries out of the way, let us turn to the Fourier transform
of the unconstrained A:

A(r)= ( [a(k) ™" +a*(k) e "]’k (18.5.43)

Y

This expansion deserves a few comments.

(1) Since we are Fourier transforming a vector A, the Fourier coefficients are
vectors a(k). [You may view Eq. (18.5.43) as giving three Fourier expansions, one
for each component of A.]

(2) Since A(r) is a real function, the Fourier coefficient at k and —k must be
complex conjugates. Our expansion makes this apparent. Stated differently, one real
vector function A in coordinate space cannot specify one complex vector function
a(k) in k space: if we multiply both sides with e "*" and integrate over r, we find
that this is indeed the case:

J e AR d'r=(27)[a(ko) +2* (—ko)] (18.5.44)

i.e., A(r) is seen to determine only the combination a(k) +a*(—k). We shall exploit
this point shortly.

(3) There is no time argument shown in Eq. (18.5.43) because we view it as
linear relations between two sets of coordinates, such as the relations

_X]‘*'Xn
XMT T
£~
x _ X1 Xn
27 F;
9172

which are understood to be true at all times. The discrete labels 1, 2, I, and IT are
replaced here by the continuous labels r and k.
We similarly expand IT (before the transversality constraint is imposed) as

I(r) = «_L; f klak) e* —a*(k) e %" 4k (18.5.45)
4ric

The factor (k/4ric) is pulled out to simplify future manipulations. Note that the same
function a(k) appears here. There is no conflict, since II(r) determines a different
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combination:

3
J.r[(r) e—iko'r d3r= (jn)

kola(ko) — a*(—ko)] (18.5.46)

mic

It is clear that Egs. (18.5.44) and (18.5.46) may be solved for a(k) in terms of
A and IT: the two real vector functions A(r) and Il(r) determine one complex vector
function a(k). Consider now the vector a(k) at a given k. We can expand it in terms
of any three orthonormal vectors. Rather than choose them to be the unit vectors
along the x, y, and z directions, let us choose them (with an eye on the constraints)
as a function of k, in the following way:

k
& 1)} orthonormal vectors in the plane perpendicular to k
e(k2) (18.5.47)
£(k3)  a unit vector parallel to k
If we now expand a(k) (at each k) as
3
a(k)= Y (c*/4r’w)" *a(kA)e(kA) (18.5.48)
A=1
(where @ =kc) and feed this into the expansions for A and I, we get
2 1/2
A=Y KZG ------ ) [a(kA)e(kA) e™" + a* (kA)e(kA) e ¥ &k (18.5.49a)
i nw

\1/72
M(r)=Y f ! (—‘”—) [a(kD)e(kA) " — a*(kA)e(kA) e 7] d’k (18.5.49b)

A i 647[4('2

These equations relate the old coordinates—three real components of A and
three real components of II at each point in r space—to three complex components
of a at each point in k space. Since A and IT are canonical variables before we impose
transversality, their PB are

{4dr), A(r)}=0
{IL(r), TL(r')} =0 (18.5.50)
{Ai(r), Hj(l")} = 5,;{530'“ l")

From these we may deduce (after some hard work) that

{a(kA), a(k'A")} =0={a*(kA), a*(K'2")}

18.5.51
{a(kA), a*(K'A")} = —i6,8 (k—K) ( )



We now address the problem of imposing the constraints, i.e., of regaining
electrodynamics. The conditions V*A=0 and V-II=0 tell us [when we apply them
to Egs. (18.5.43) and (18.5.45) and project both sides onto some given k],

k-[ak) +a*(—k)]=0
k-[a(k)—a*(—k)]=0

from which we deduce that
k-a(k)=0 (18.5.52)

The two differential equations of constraint have reduced, as anticipated, to (a
complex) algebraic constraint. Imposing it on Eq. (18.5.48), we find [using k-¢ (k,
1 or 2)=0],

a(k3)=0 (18.5.53)

Thus the constraint tells us something very simple: every a(k3) is zero. (Since it
forces a(k) to lie in a plane transverse to k, we call it the transversality constraint).
Implementation of the transversality constraint is very simple in momentum space:
hereafter we let A take on only the values 1 and 2. Also, setting a(k3) =0 does not
change the PB between the remaining &’s. Equation (18.5.49) for A and IT continues
to hold, with 4 so restricted. However, these fields are now guaranteed to meet the
transversality conditions.

Now for the other nice feature of these conditions. If we express # in terms of
these, we get

H = i fw[a*(k/l)a(kl)] d’k (18.5.54)
A=l

Thus a(kA) are normal coordinates in the sense that s contains no cross terms
between a’s carrying different labels. If we want to get the familiar oscillators, we
define real variables

1 *
q(kll) = W [a(k/l) +a (k}.)]
(18.5.55)

l{w 2
p(kA) =3 <§) [a(kA) — a* (kA)]

which satisfy the canonical PB relations [as you may verify by combining Egs.
(18.5.51) and (18.5.55)]. In terms of these variables

2
#=3 f Epzm)+f’2— qz(kx)}dsk (18.5.56)
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Thus we find that the radiation field is equivalent to a collection of decoupled
oscillators: there is an oscillator at each k and A (=1 or 2) with frequency  =kc.
The quantization of the radiation field then reduces to the quantization of the oscilla-
tor, which has already been accomplished in Chapter 7.

Since g(kA) and p(kA) are independent canonical coordinates describing the
field, we can quantize the field by promoting these to operators Q and P obeying
canonical commutation rules:

[O(kA), P(k'A )] =ih{qg, p} =ifd,,6°(k—K')

with all other commutators vanishing. As in the case of a single oscillator, it proves
useful to work with the combination

1/2 1/2
@ {1
"“‘”‘(ﬁ) ¢ +(2w_ﬁ) d

and its adjoint

0\ 1\
af(k/l)=<-2--ﬁ) Q—i(i-;-)-%-) P (18.5.571
which obey
[a(kA), a'(K'A")] =810 (k—K) (18.5.58)

and in terms of which A and IL$§ which are now Hermitian operators, are given by

2 1/2
A=Y J( ﬁi ) [a(kl)e(kA) e”‘"+a"(k/l)s(kl) e d’k (18.5.59a)
7 J dnw
1,2
n=y Jl (%) [a(k)e(kA) e " — aT(k/l)a(kzl) e % d*k (18.5.59b)
7 J i\64n"c

To find H, we first symmetrize J#, i.e., a*a— 3(a*a+ aa*), make the operator substi-
tution, and use Eq. (18.5.58), to get

m

H=Y J [a'(KA)a(kA) + S o dk (18.5.60)

1 A small point, in case you are following all the details: a and a' above are the operators corresponding
to the classical variables a/#'/> and a*/#'. To see this, invert Eq. (18.5.55). All we need hereafter are
Eqgs. (18.5.57)-(18.5.59).

§ We use the same symbols for the classical and quantum variables in order to follow a widely used
convention in this case. It should be clear from the context which is which.



Let us now consider the eigenstates of H. In the field ground state |0), all the
oscillators are in their respective ground states. Thus any lowering operator will
annihilate |0):

a(kA)0>=0 forallk, A (18.5.61)

The energy of this state, called the vacuum state or simply vacuum, is
o,
A

which is the sum over the zero point energies of the oscillators. This constant energy
E, has no physical consequences.
We now verify the results claimed earlier. In this ground state

CO|A|0Y ~<0|(a+a")0>=0

+ (18.5.63)

<OIH|0)> ~ <0l (a—a)|0>=0
In the above equation we have omitted a lot of irrelevant factors; only the central
idea-—that A and IT are linear combinations of creation and destruction operators

and hence have no diagonal matrix elements in |0)—is emphasized. On the other
hand,

<O} A[?|0) #0
s (18.5.64)
<01 T1}710> #0
for the same reason that (X*>#0, (P*) #0 for a single oscillator.
If we act on |0) with one of the raising operators, we get
a'(kD)|0> = kA> (18.5.65)

where the labels k and A tell us that the oscillator bearing that label has gone to its
first excited level. This state has energy fiw = fikc above E, as may be verified by
letting H act on it and using Eqgs. (18.5.58) and (18.5.61). What about the momentum
content? Any standard textbook on electrodynamics will tell us that the momentum
of the field is given, in classical physics, by

9=4—1—j(EXB) d’r (18.5.66)

e

If we calculate the corresponding quantum operator we will find that it is given by

P=Y J[a*(kz)am)]ﬁk d’k (18.5.67)
A
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It is clear on inspection or explicit operation that
PlkA) =Fk|kA) (18.5.68)

Thus the state |kA) has momentum 7k.

If we apply a'(kA) on the vacuum n times, we will create a state with energy
nfiw and momentum n#k. This allows us to view the action of a'(kA) as the creation
of particles of momenta 7k and energy %iw. These particles, called photons, are
massless since

mict=E*— p*=(hw)*— (fkc)*=0 (18.5.69)
In terms of photons, we have the correspondence

{quantum state} {quantum state of} {number of photons}
“«—> >

of field each oscillator ateach k and A

For future use, let us obtain the wave function of the photon in the state (k, ).
We begin by deducing the normalization of the states. Combining Eqgs. (18.5.65)
and (18.5.58) we get

Ck'A'kAy = (0la(k'A )a' (kA)[0)
=(0la'a+ 8,8 (k—Kk)|0>
=§,,8(k—Kk) (18.5.70)

(assuming <0]0>=1). The 8k — k') factor and the fact that 7k is the momentum
of the state tell us that the wave function corresponding to |k, 1) is

.
oL e 18.5.71
Y=~ amynt ( )

We use the ~ sign instead of the — sign because A has not entered the wave function
yet. From the &, factor and the way A entered the picture in the first place, we
conclude that 4 represents the polarization vector:

e(kA) "

ki) — ()

(18.5.72)

You may be unhappy over the fact that unlike the ¢'*"/(27)** factor, which followed
from analyzing the momentum content of the state [i.e., from the analysis of Eq.
(18.5.68)], the & was pulled out of a hat. It too may be deduced, starting with angular
momentum considerations. We do not do so here.

Since the wave function of the photon is not a scalar, it has spin. Furthermore,
since € is a three-component object, the spin is unity. However, the requirement that
k-£=0 imposes a constraint on the possible orientations of photon spin. Consider,
for example, a photon moving along the z axis. The condition k-g=0 tells us that



£ cannot have a component along the z axis. What does this mean? The component
of g parallel to the z axis is characterized by the fact that it remains invariant under
rotations around the z axis, i.e., transforms like an s.=0 state. So we conclude that
the photon can have only s.=+#%, but not s.=0. More generally, the spin of the
photon can only take values +7% parallel to its momentum. The component of spin
parallel to momentum is called helicity. The transversality condition restricts the
helicity to be +7%—it precludes helicity zero.}

We consider one last feature of photons before turning to the problem that
started this inquiry, namely, spontaneous decay. Consider a state with one photon
in (kA) and another in (k'A'):

kA, KAy =da"(kA)a'(k'1")]|0> (18.5.73)
If we exchange the photon states we get the state
Ik'A", kAY =a'(K'A)a' (k)0 (18.5.74)

But since [a', a']=0, the two state vectors coincide, as they should for identical
bosons.

Spontaneous Decay

Consider the spontaneous decay of the hydrogen atom from |2/m) to |100).
The perturbing Hamiltonian is still given by the substitution rule

#' =2 ApoH'=S AP (18.5.75)
mc mc

but the A in H' is now the operator in Eq. (18.5.59a).
The initial state of the system (atom + field) is

1% =12Im)®|0) (18.5.76)
The final state is
/%> =1100>Q|kA) (18.5.77)

The perturbation H' is time independent (A is the operator in the Schrodinger
picture) and

{ The graviton, which is massless and has spin 2, also has only two helicity states, 2%. This is a general
feature of massless bosons with spin.
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From Fermi’s golden rule, we get}

2

2
Ri—zf:_ﬂ S iA'P|i0> 0(E00+ i — Eyp) (18.5.79)
fi mc
Consider
CFOAPHY = (100|CKA|A|0 P 2Im) (18.5.80)

Now, A is a sum over &’s and a'’s with different labels. The only relevant one is
aT(kzl), which raises |0) to |kA). Thus, including the factors that accompany aT(k}L),

/ 2

1,2

# ' )

<k/l|A|0>=( --------- Z ------ ) e(kA) 5" (18.5.81)
dn‘w

so that

5

fic

1/2
<f0|A‘Pii0>z< ) fu/i*oo e'¥"g - (—ihV) Yoy dr

4r’o
In the dipole approximation, this becomes, upon using Eq. (18.5.17),§

/ 2

0 & .0\ fic
U =(

1,2
) (imw) f W F00€ T dF (18.5.82)

From parity considerations, it is clear that only /=1 is relevant. Writing &r in
the spherical basis (recall Exercise 15.3.2),

+1
er=3 (—D)%efr?
5

=gl 00— gl (18.5.83)
where
Ectie,
s e v Q=g (18.5.84)

1 In the photoelectric effect, the field is treated as an external time-dependent perturbation that acts on
the atom, and the %o in the delta function reflects this time dependence. In the present case, the field
is part of the system and the %@ stands for the change in its energy.

§ We are unfortunately forced to use the symbol m for the mass as well as the z component of angular
momentum. It should be clear from the context what m stands for.



and from Eq. (12.5.42),
1/2 1/2
K =(137£) rYyl, r?ﬂ(%) ry? (18.5.85)

we get

1/2
4
J Wi TWam dr= (%) JR;orRzlrz dr

x U Yo*(—el YT + Y — e ' YIH YT dﬂ}

3 1/228 a
=<—2 :;’"5' 122(+6{5m,+-1+£(l)6m,0+61_16m,—1) (18.5.86)

The evaluation of the integrals (like so many other steps in this high-speed treatment)
is left as an exercise. The modulus squared of the above quantity is

3 216 g2 _
5 3% ;"n €281+ €N B mot |67 126 mi]

If we average over the three initial m’s (i.e., over an ensemble of such atoms randomly
distributed with respect to m), this reduces to

15 2
2500

311

3

1
26
10

w &

[ NS
G |

(+e+e)= (18.5.87)

Notice that the result is independent of the direction of €. This is to be expected since
the atom has no sense of direction after the angular (m) averaging. The transition rate
is

2
2 h 2 215 2
R,-_,f=?”<i) M—iwmzwz 31‘1’° 8(Ero0+ i — Exp) (18.5.88)

where 7 means the initial state is averaged over all orientations.
If we sum over all possible photon momenta and two possible polarizations at
each momentum, we get, using

4rk?
c

J’S(E]OQ + ﬁa) _Eym)kz dk dQ =
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where

k

=£0_=E2[m"'E100= e2 (1 I) 36’2

c fic 2apkic _Z _SaOﬁc

the total decay rate
8 m 2
¢
R.-qan=<—> o’ — (18.5.89)

Recall that

mc® _mc’c _0.5x10°eV ¢
i hc  2000eV A
~025x10°A™' ¢

Now ¢=3x10" cm/sec=3 x 10'® A /sec. So

mc®

—~10% sec™!
fi
and

5
1
Rian~(0.67)% (—) 10?! seconds™
137
~0.6 x 10° seconds ™"
The corresponding mean lifetime is
t=1/R~1.6x107° seconds (18.5.90)

in excellent agreement with experiment.

Even if the fields are macroscopic, we can use the full quantum theory, though
the semiclassical treatment will give virtually identical results. The relation of the
two approaches may be described as follows. Consider a process in which an atom
goes from the state i, to the state f, and the field goes from the state with n photons
in (k, 1) to n+1 photons in (k, A).] The result we get in the quantum mechanical
treatment of this process, which involves the emission of a photon, will agree with
the semiclassical calculation if we use a classical field A whose energy density§ is the
same as that of (n+1) photons in (k, A). The 1 in n+1 is all important at small n,
and contains the key to spontaneous decay. If we consider a process where a photon
is absorbed, so that n—n— 1, the semiclassical method gives the correct answer if we

1 We do not concern ourselves with other modes, which are spectators.
§ The wavelength and polarization are of course the same as that of the photons.



use a classical field A such that the energy density is that of the n photons. The
appearance of the (n+ 1) and n factors is easy to understand in the oscillator lan-
guage. When a photon is created, the amplitude goes as

n+ 1l ny =+ D" n+1n+1) (18.5.91)
which gives the factor (n+ 1) in the probability, while if it is destroyed,
(n=1lalny=n"*n—1n—1) (18.5.92)

which gives a factor # in the probability.

It is conventional to separate the emission probability proportional to n+1
into the probability for induced emission, proportional to n, and the probability for
spontaneous emission, proportional to 1. The induced emission is induced by the
preexisting photons, and the spontaneous emission is—well, spontaneous.

The (rn+ 1) factor in the emission probability is a feature of bosons in general:
the probability of a system emitting a boson into a quantum state already occupied
by n bosons (of the same kind), is (n+ 1) times larger than the probability of emission
into that state if it is initially unoccupied. This principle is exploited in a laser, which
contains a cavity full of atoms in an excited state, ready to emit photons of a fixed
frequency but arbitrary directions for k and A. The geometry of the cavity is such
that photons of a certain k and A get trapped in it. Consequently, these trapped
photons stay back to influence more and more atoms to emit into the mode (kA).
This is why we call it fight emplification by stimulated emission of radiation. (This
generz] principle, in modified form, is exploited in television also: this is the whole
idea behind canned laughter.)
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