Feedforward Neural Networks

4.1 Basic Concepts and Terminology for Neural Networks

Backpropagation is the core method of learning for deep learning. But before we
can start exploring backpropagation, we must define a number of basic concepts
and explain their interactions. Deep learning is machine learning with deep artificial
neural networks, and the goal of this chapter explains how shallow neural networks
work. We will also refer to shallow neural networks as simple feedforward neural
networks, although the term itself should be used to refer to any neural network
which does not have a feedback connection, not just shallow ones. In this sense, a
convolutional neural network is also a feedforward neural network but not a shallow
neural network. In general, deep learning consists of fixing the problems which arise
when we try to add more layers to a shallow neural network. There are a number
of other great books on neural networks. The book [1] offers the reader a rigorous
treatment with most of the mathematical details written out, while the book [2] is more
geared towards applications, but gives an overview of some connected techniques
that we have not explored in this volume such as the Adaline. The book [3] is a great
book written by some of the foremost experts in deep learning, and this book can be
seen as a natural next step after completing the present volume. One final book we
mention, and this book is perhaps the most demanding, is [4]. This is a great book,
but it will place serious demands on the reader, and we suggest to tackle it after [3].
There are a number of other excellent books, but we offered here our selection which
we believe will best augment the material covered in the present volume.

Any neural network is made of simple basic elements. In the last chapter, we
encountered a simple neural network without even knowing it: the logistic regression.
A shallow artificial neural network consists of two or three layers, anything more than
that is considered deep. Just like a logistic regression, an artificial neural network
has an input layer where inputs are stored. Every element which holds an input is
called a ‘neuron’. The logistic regression then has a single point where all inputs are
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directed, and this is its output (this is also a neuron). The same holds for a simple
neural network, but it can have more than one output neuron making the output layer.
What is different from logistic regression is that a ‘hidden’ layer may exist between
the input and output layer. Depending on the point of view, we can think of a neural
network being a logistic regression with not one but multiple workhorse neurons,
and then after them, a final workhorse neuron which ‘coordinates’ their results, or
we could think of it as a logistic regression with a whole layer of workhorse neurons
squeezed between the inputs and the old workhorse neuron (which was already
present in the logistic regression). Both of these views are useful for developing
intuition on neural networks, and keep this in mind in the remainder of this chapter,
since we will switch form one view to the other if it becomes convenient.

The structure of a simple three-layer neural network shown in Fig.4.1. Every
neuron of one layer is connected to all neurons of the next layer, but it gets multiplied
by a so-called weight which determines how much of the quantity from the previous
layer is to be transmitted to a given neuron of the next layer. Of course, the weight is
not dependent on the initial neuron, but it depends on the initial neuron—destination
neuron pair. This means that the link between say neuron N5 and neuron M7 has a
weight wy while the link between the neurons N5 and M3 has a different weight, w;.
These weights can happen to have the same value by accident, but in most cases,
they will have different values.

The flow of information through the neural network goes from the first-layer
neurons (input layer), via the second-layer neurons (hidden layer) to the third-layer
neurons (output neurons). We return now to Fig.4.1. The input layer consists of three
neurons and each of them can accept one input value, and they are represented by
variables x1, x7, x3 (the actual input values will be the values for these variables).
Accepting input is the only thing the first layer does. Every neuron in the input

223 = bs
+ X1:-Wi3
+ X2+Waa
+ X3 Was

Layer 1 Layer 2 Layer 3

Fig.4.1 A simple neural network
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layer can take a single output. It is possible to have less input values than input
neurons (then you can hand 0 to the unused neurons), but the network cannot take in
more input values than it has input neurons. Inputs can be represented as a sequence
X1, X2, ..., X, (which is actually the same as a row vector) or as a column vector
X = (x1,x2,..., xn)T. These are different representations of the same data, and we
will always choose the representation that makes it easier and faster to compute the
operations we might need. In our choice of data representation, we are not constrained
by anything else but computational efficiency.

As we already noted, every neuron from the input layer is connected to every
neuron from the hidden layer, but neurons of the same layer are not interconnected.
Every connection between neuron j in layer £ and neuron m in layer »n has a weight
denoted by w}%, and, since it is usually clear from the context which layers are
concerned, we may omit the superscript and write simply wj,,. The weight regulates
how much of the initial value will be forwarded to a given neuron, so if the input is
12 and the weight to the destination neuron is 0.25, the destination will receive the
value 3. The weights can decrease the value, but they can also increase it since they
are not bound between 0 and 1.

Once again we return to Fig.4.1 to explain the zoomed neuron on the right-hand
side. The zoomed neuron (neuron 3 from layer 2) gets the input which is the sum of
the products of the inputs from the previous layer and respective weights. In this case,
the inputs are x3, x and x3, and the weights are w13, w3 and w33. Each neuron has a
modifiable value in it, called the bias, which is represented here by b3, and this bias
is added to the previous sum. The result of this is called the logit and traditionally
denoted by z (in our case, z23).

Some simpler models' simply give the logit as the output, but most models apply a
nonlinear function (also called a nonlinearity or activation function and represented
by ‘S’ in Fig. 4.1) to the logit to produce the output. The output is traditionally denoted
with y (in our case the output of the zoomed neuron is y»3)*> The nonlinearity can
be generically refered to as S(x) or by the name of the given function. The most
common function used is the sigmoid or logistic function. We have encountered this
function before, when it was the main function in logistic regression. The logistic
function takes the logit z and returns as its output o (z) = 1++ The logistic function
‘squashes’ all it receives to a value between 0 and 1, and the intuitive interpretation
of its meaning is that it calculates the probability of the output given the input.

A couple of remarks. Different layers may have different nonlinearities which
we shall see in the later chapters, but all neurons of the same layer apply the same
nonlinearity to its logits. Also, the output of a neuron is the same value in every
direction it sends it. Returning to the zoomed neuron in Fig.4.1, the neuron sends
y23 in to directions, and both of them are the same value. As a final remark, following
Fig.4.1 again, note that the logits in the next layer will be calculated in the same
manner. If we take, for example z31, it will be calculated as z31 = b3 + w%fyz 1+

IThese models are called linear neurons.
2From linear neurons we still want to use the same notation but we set Y23 1= 223.
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w%fyzz + w%f’ym + wﬁym. The same is done for z32, and then by applying the
chosen nonlinearity to z3; and z3; we obtain the final output.

4.2 Representing Network Components with Vectors
and Matrices

Let us recall the general shape of a m x n matrix (m is the number of rows and n is
the number of columns):

ap] a2 a3 ... dip
az) azz az3 ... dp
Aml Am2 Am3 - - - Amn

Suppose we need to define with matrix operations the process sketched in Fig.4.2.

In Chap. 3 we have seen how to represent the calculations for logistic regression
with matrix operators. We follow the same idea here but for simple feedforward
neural networks. If we want the input to follow the vertical arrangement as it is in
the picture, we can represent it as a column vector, i.e. X = (x1, xz)T. The Fig.4.2
also offers us the intermediate values in the network, so we can verify each step of
our calculation. As explained in the earlier chapters, if A is a matrix, the matrix entry
in the j row and k column is denoted by A; ; or by Aj. If we want to ‘switch’ the
j and k, we need the transpose of the matrix A denoted AT. So for all entries in the
matrices A and AT the following holds: Aj; has the same value as A;{;, ie Ay = A;;.
When representing operations in neural networks as vectors and matrices, we want to
minimize the use of transpositions (since each one of them has a computational cost),
and keep the operations as natural and simple as possible. On the other hand, matrix
transposition is not that expensive, and it is sometimes better to keep things intuitive
rather than fast. In our case, we will want to represent a weight w which connects the

Fig.4.2 Weights in a
network
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second neuron in layer 1 and the third neuron in layer 2 with a variable named w»3. We
see that the index retains information on which neurons in the layers are connected,
but one might ask where do we store the information which layers are in question.
The answer is very simple, that information is best stored in the matrix name in the
program code, e.g. input_to_hidden_w. Note that we can call a matrix by its
‘mathematical name’, e.g. u or by its ‘code name’ e.g. hidden_to_output_w.
So, following Fig.4.2 we write the weight matrix connecting the two layers as:

wa(=1) wn(=2) wy(=3)

Let us call this matrix w (we can add subscripts or superscripts to its name).
Using matrix multiplication w'x we get a 3 x 1 matrix, namely the column vector
z=(21,42,63)T.

With this we have described, alongside the structure of the neurons and connec-
tions the forwarding of data through the network which is called the forward pass.
The forward pass is simply the sum of calculations that happen when the input travels
through the neural network. We can view each layer as computing a function. Then,
if x is the input vector, y is the output vector and f;, f, and f, are the overall functions
calculated at each layer, respectively,(products, sums and nonlinearities), we can say
thaty = £, (f,(f;(x))). This way of looking at a neural network will be very important
when we will address the correction of weights through backpropagation.

For a full specification of a neural network we need:

[wn (=0.1) wa(=0.2) wiz(= 03)]

e The number of layers in a network

The size of the input (recall that this is the same as the number of neurons in the
input layer)

The number of neurons in the hidden layer

The number of neurons in the output layer

Initial values for weights

Initial values for biases

Note that the neurons are not objects. They exist as entries in a matrix, and as such,
their number is necessary for specifying the matrices. The weights and biases play a
crucial role: the whole point of a neural network is to find a good set of weights and
biases, and this is done through training via backpropagation, which is the reverse of
a forward pass. The idea is to measure the error the network makes when classifying
and then modify the weight so that this error becomes very small. The remainder
of this chapter will be devoted to backpropagation, but as this is the most important
subject in deep learning, we will introduce it slowly and with numerous examples.
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4.3 The Perceptron Rule

As we noted before, the learning process in the neurons is simply the modification or
update of weights and biases during training with backpropagation. We will explain
the backpropagation algorithm shortly. During classification, only the forward pass
is made. One of the early learning procedures for artificial neurons is known as
perceptron learning. The perceptron consisted of a binary threshold neuron (also
known as binary threshold units) and the perceptron learning rule and altogether
looks like a modified logistic regression. Let us formally define the binary threshold
neuron:

z=b+2w,~xi
i

_J1L.z=0
Y= 0, otherwise

Where x; are the inputs, w; the weights, b is the bias and z is the logit. The second
equation defines the decision, which is usually done with the nonlinearity, but here a
binary step function is used instead (hence the name). We take a digression to show
that it is possible to absorb the bias as one of the weights, so that we only need a
weight update rule. This is displayed in Fig.4.3: to absorb the bias as a weight, one
needs to add an input xp with value 1 and the bias is its weight. Note that this is
exactly the same:

z=b+Zwixi=w0xo(=b)+w1x1 + woxy + ...

1

According to the above equation, b could either be xy or wy (the other one must
be 1). Since we want to change the bias with learning, and inputs never change, we
must treat it as a weight. We call this procedure bias absorption.

Fig.4.3 Bias absorption
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The perceptron is trained as follows (this is the perceptron learning rule?):

. Choose a training case.

. If the predicted output matches the output label, do nothing.

3. If the perceptron predicts a 0 and it should have predicted a 1, add the input vector
to the weight vector

4. If the perceptron predicts a 1 and it should have predicted a 0, subtract the input

vector from the weight vector

N =

As an example, take the input vector to be x = (0.3, 0.4)T and let the bias be
b = 0.5, the weights w = (2, —3) " and the target* r = 1. We start by calculating the
current classification result:

2=b+Y wixi=05+2-03+(=3)-04=-0.1

1

As z < 0, the output of the perceptron is 0 and should have been 1. This means
that we have to use clause (3) from the perceptron rule and add the input vector to
the weight vector:

(w,b) <~ (w,b)+ (x,1) =(2,-3,0.5)4+ (03,04, 1) = (2.3, =2.6, 1.5)

If adding handcrafted features is not a option, the perceptron algorithm is very
limited. To see a simple problem that Minsky and Papert exposed in 1969 [5], consider
that each classification problem can be understood as a query on the data. This means
that we have a property we want the input to satisfy. Machine learning is just a method
for defining this complex property in terms of the (numerical) properties present in
the input. A query then retrieves all the input points satisfying this property. Suppose
we have a dataset consisting of people and their height and weight. To return only
those higher than say 175cm, one would make a query of the form select *
from table where cm>175. If we, on the other hand, only have jpg files of
mugshots with the black and white meter behind the faces, then we would need a
classifier to determine the people’s height and then sort them accordingly. Note that
this classifier would not use numbers, but rather pixels, so it might find people of e.g.
155 cm similar to those of height 175, but not those of 165, since the black and white
parts of the background are similar. This means that the machine learning algorithm
learns ‘similar’ in terms of the information representation it is given: what might
seem similar in terms of numbers might not be similar in terms of pixels and vice
versa. Consider the numbers 6 and 9: visually they are close (just rotate one to get

3Formally speaking, all units using the perceptron rule should be called perceptrons, not just binary
threshold units.
4The target is also called expected value or true label, and it is usually denoted by .
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the other) but numerically they are not. If the representation given to an algorithm is
in pixels, and it can be rotated,’ the algorithm will consider them the same.

When classifying, the machine learning algorithm (and perceptrons are a type of
machine learning algorithms) selects some datapoints as belonging to a class and
leaves the other out. This means that some of them get the label 1 and some get the
label 0, and this learned partitioning hopefully captures the underlying reality: that the
datapoints labelled 1 really are ‘ones’ and the datapoints labelled O really are ‘zeros’.
A classic query in logic and theoretical computer science is called parity. This query
is done over binary strings of data, and only those with an equal number of ones and
zeros are selected and given the label 1. Parity can be relaxed so it considers only
strings of length n, then we can formally name it parityy (xo, X1, - . ., Xn), Where
each x; is a single binary digit (or bit). paritys is also called XOR and it is also
a logical function called exclusive disjunction. XOR takes two bits and returns 1 if
and only if there is the same amount of 1 and 0, and since they are binary strings,
this means that there is one 1 and one 0. Note that we can equally use the logical
equivalence which has the resulting 0 and 1 exchanged, since they are just names for
classes and do not carry much more meaning. So XOR gives the following mapping:
0,00—0,0, 1)~ 1,(1,00 = 1,(1,1) — 0.

When we have XOR as the problem (or any instance of parity for that matter),
the perceptron is unable to learn to classify the input so that they get the correct
labels. This means that a perceptron that has two input neurons (for accepting the
two bits for XOR) cannot adjust its two weights to separate the 1 and 0 as they come
in the XOR. More formally, if we denote by w1, wy and b the weights and biases
of the perceptron, and take the following instance of parity (0, 0) — 1, (0, 1) — 0,
(1,0) = 01 (1, 1) — 1, we get four inequalities:

1. w; 4+ wy > b,
2. 0> b,
3. wy < b,
4. wy < b

The inequality (a) holds sinceif (x; = 1, x = 1) +— 1, and we can get 1 as an out-
put only if wix; + wox; = wy - 1 + wy - 1 = wy + wy is greater or equal b, which
means w; + wy > b.

The inequality (b) holds since if (x; = 0,x; = 0) — 1, and we can get 1 as an
outputonly if wix; + waxz = wy - 0 + wo - 0 = Ois greater or equal b, which means
0> b.

The inequality (c) holds since if (1, 0) — 0, then wix; + woxy = wy - 1 + wy -
0 = w1, and for the perceptron to give 0, w; has to be less than the bias b,i.e. w; < b.

5 As a simple application, think of an image recognition system for security cameras, where one
needs to classify numbers seen regardless of their orientation.
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The inequality (d) is derived in a similar fashion to (c). By adding (a) and (b) we
get wy + wyp > 2b, and by adding (c) and (d) we get w; + wy < 2b. It is easy to see
that the system of inequalities has no solution.

This means that the perceptron, which was claimed to be a contendant for general
artificial intelligence could not even learn logical equality. The proposed solution
was to make a ‘multilayered perceptron’.

4.4 The Delta Rule

The main problem with making the ‘multilayered perceptron’ is that it is unknown
how to extend the perceptron learning rule to work with multiple layers. Since mul-
tiple layers are needed, the only option seemed to be to abandon the perceptron rule
and use a different rule which is more robust and capable of learning weights accross
layer. We already mentioned this rule—backpropagation. It was first discovered by
Paul Werbos in his PhD thesis [6], but it remained unnoticed. It was discovered for the
second time by David Parker in 1981, who tried to get a patent but he subsequently
published it in 1985 [7]. The third and the last time it was discovered independently
by Yann LeCun in 1985 [8] and by Rumelhart, Hinton and Williams in 1986 [9].

To see what we want to archive, let us consider an example® imagine that each
day we buy lunch at the nearby supermarket. Every day our meal consists of a piece
of chicken, two grilled zucchinis and a scoop of rice. The cashier just gives us the
total amount, which varies each day. Suppose that the price of the components does
not very over time and that we can weight the food to see how much we have. Note
that one meal will not be enough to deduce the prices, since we have three of them’
and we do not know which component is responsible in what proportion for a total
price increase in one euro.

Notice that the price per kilogram is actually similar to the neural network weight.
To see this think of how you would find the price per kilogram of the meal compo-
nents: you make a guess on the prices per kilogram for the components, multiply
with the quantity you got today and compare their sum to the price you have actually
paid. You will see that you are off by e.g. 6€. Now you must find out which com-
ponents are ‘off’. You could stipulate that each component is off by 2€ and then
readjust your stipulated price per kilogram by the 2<€ and wait for you next meal to
see whether it will be better now. Of course you could have also stipulated that the
components are off by 3, 2, 1 € respectively, and either way, you would have to wait
for your next meal with your new price per kilograms and try again to see whether
you will be off by a lesser or greater amount. Of course, you want to correct your

OThis is a modified version of an example given by Geoffrey Hinton.
7For example, if we only buy chicken, then it would be easy to get the price of the chicken analytically

— price . P ., _ _total
as total = price - quantity, and we get price = Juantiny*
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estimations so that you are off by less and less as the meals pass, and hopefully, this
will lead you to a good approximation.

Note that there exists a true price per kilogram but we do not know it, and our
method is trying to discover it just by measuring how much we miss the total price.
There is a certain ‘indirectness’ in this procedure and this is highly useful and the
essence of neural networks. Once, we find our good approximations, we will be
able to calculate with appropriate precision the total price of all of our future meals,
without needing to find out the actual prices.®

Let us work a bit more this example. Each meal has the following general form:

total = ppkepicken * GUANTcpicken + ppkzucchim' * qQUANtycchini + pDkrice - quantyice

where fotal is the total price, the quant is the quantity and the ppk is the price per
kilogram for each component. Each meal has a total price we know, and the quantities
we know. So each meal places a linear constraint on the ppk-s. But with only this
we cannot solve it. If we plug in this formula our initial (or subsequenlty corrected)
‘guesstimate’® we will get also the predicted value, and by comparing it with the true
(target) total value we will also get an error value which will tell us by how much
we missed. If after each meal we miss by less, we are doing a great job.

Let us imagine that the true price is ppkcpicken = 10, ppkzucchini = 3, and ppkyice =
5. Let us start with a guesstimate of ppkcpicken = 6, PPKzucchini = 3, and ppkyice = 3.
We know we bought 0.23 kg of chicken, 0.15kg of zucchini and 0.27 kg of rice and
that we paid 3€ in total. By multiplying our guessed prices with the quantities we
get 1.38, 0.45 and 0.81, which totals to 2.64, which is 0.35 less than the true price.
This value is called the residual error, and we want to minimize it over the course
of future iterations (meals), so we need to distribute the residual error to the ppk-s.
We do this simply by changing the ppk-s by:

1
Appki = — - quanti(t = y)
where i € {chicken, zucchini, rice}, n is the cardinality (number of elements) of this
set (i.e. 3), quant; is the quantity of i, ¢ is the total price and y is the predicted
total price. This is known as the delta rule. When we rewrite this in standard neural
network notation it looks like:

Aw; = nx;(t —y)

8In practical terms this might seem far more complicated than simply asking the person serving
you lunch the price per kilogram for components, but you can imagine that the person is the soup
vendor from the soup kitchen from the TV show Seinfeld (116th episode, or SO7E06).

A guessed estimate. We use this term just to note that for now, we should keep things intuitive an
not guess an initial value of, e.g. 12000, 4533233456, 0.0000123, not because it will be impossible
to solve it, but because it will need much more steps to assume a form where we could see the
regularities appear.
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where w; is a weight, x; is the input and ¢ — y is the residual error. The 7 is called
the learning rate. Its default value should be %, but there is no constraint placed
on it so values like 10 are perfectly ok to use. In practice, however, we want the
values for 1 to be small, and usually of the form 107", meaning 0.1, 0.01, etc., but
values such as 0.03 or 0.0006 are also used. The learning rate is an example of a
hyperparameter, which are parameters in the neural network which cannot be learned
like regular parameters (like weights and biases) but have to be adjusted by hand.
Another example of a hyperparameter is the hidden layer size.

The learning rate controls how much of the residual error is handed down to
the individual weights to be updated. The proportional distribution of % is not that
important if the learning rate is close to that number. For example, if n = 90 it is
virtually the same if one uses the proportional learning rate of 91—0 or a learning rate
of 0.01. From a practical point of view, it is best to use a learning rate close to the
proportional learning rate or smaller. The intuition behind using a smaller learning
rate than the proportional is to update the weights only a bit in the right direction.
This has two effects: (i) the learning takes longer and (ii) the learning is much more
precise. The learning takes longer since with a smaller learning rate each update
make only a part of the change needed, and it is more precise since it is much less
likely to be overinfluenced by one learning step. We will make this more clear later.

4.5 From the Logistic Neuron to Backpropagation

The delta rule as defined above works for a simple neuron called the linear neuron,
which is even simpler than the binary threshold unit:

y= E wiX; = WTX
i

To make the delta rule work, we will be needing a function which should measure
if we got the result right, and if not, by how much we missed. This is usually called
an error function or cost function and traditionally denoted by E(x) or by J (x). We
will be using the mean squared error:

1
_ - () _ (my2
E=; > @™ —y™)

netrain

where the (1" denotes the target for the training case n (same for (y™, but this is the
prediction). The training case n is simply a training example, such as a single image
or a row in a table. The mean squared error sums the error across all the training
cases n, and after that we will update the weights. The natural choice for measuring
how far were we from the bullseye would be to use the absolute value as a measure of
distance that does not depend on the sign, but the reason behind choosing the square
of the difference is that by simply squaring the difference we get a measure similar
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to absolute values (albeit larger in magnitude, but this is not a problem, since we
want to use it in relative, not absolute terms), but we will get as a bonus some nice
properties to work with down the road.

Let us see, how we can derive the delta rule from the SSE to see that they are
the same.'? We start with the above equation defining the mean squared error and
differentiate E with respect to w; and get:

IE 1 3 ay™ dE™
dw; 24~ dw; dy®™

The partial derivatives are here just because we have to consider a single w; and
treat all others as constants, but the overall behaviour apart from that is the same as
with ordinary derivatives. The above formula tells us a story: it tells us that to find out
how E changes with respect to w;, we must find out how y changes with respect to
w; and how E changes with respect to y. This is a nice example of the chain rule
of derivations in action. We explored the chain rule in the second chapter but we will
give a cheatsheet for derivations shortly so you do not have to go back. Informally
speaking, the chain rule is similar to fraction multiplication, and if one recalls that a
shallow neural network is a structure of the general form y = f, (f,(f; (x))), it is easy
to see that there will be a lot of places to use the chain rule, especially as we go on
to deep learning and add more layers.

We will explain the derivations shortly. The above equation means the weight
updates are proportional to the error derivations in all training cases added together:

oE
Awp = —nz— =" (1™ - y™)
8w,~ n

Let us proceed to the actual derivation. We will be deriving the result for a logistic
neuron (also called a sigmoid neuron), which we have already presented before, but
we will define it once more:

z=b+2wixi
i

1
1 4ez
Recall that z is the logit. Let us absorb the bias right away, so we do not have to
deal with it separately. We will calculate the derivation of the logistic neuron with
respect to the weights, and the reader can adapt the procedure to the simpler linear
neuron if she likes. As we noted before, the chain rule is your best friend for obtaining
derivations, and the ‘middle variable’ of the chain rule will be the logit. The first

y

10Nt in the sense that they are the same formula, but that they refer to the same process and that
one can be derived from the other.
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part {f—é which is equal to x; since z = ) ; w;x; (we absorbed the bias). By the same
0z __ ..
argument = = w.
The derivation of the output with respect to the logit is a simple expression (% =
y(1 —y)) but is not easy to derive. Let us restate the derivation rules we use!!

e LD: Differentiation is linear, so we can differentiate the summands separately and
take out the constant factors: [f (x)a + g(x)b) =a -f'(x) + b - g'(x)
_f'®

Rec: Reciprocal rule [f(LX)]/ = -5

Const: Constant rule ¢/ =0

ChainExp: Chain rule for exponents [¢/ ¥ = & @ . f/(x)
DerDifVar: Deriving the differentiation variable %z =1
Exp: Exponent rule [f (x)"] = n-f ()" - f/(x)

We can now start deriving %. We start with the definition for y, i.e. with

dy 1
dz1+e2

From this expression by application of the Rec rule we get
C#te
(I+e7)
From this by applying LD we get
dy dy _
B d_zl + d—ze z
(1+e7%)2

On the first summand in the numerator, we apply Const and it becomes 0, and on
the second we apply ChainExp and it becomes e - %(—z), and so we have

—z d
et T (=)
(14 e72)2
By applying LD to the constant factor —1 implicit with z we get

dy —_
_1.d_zz.e

(1+e7)2

Z

For the sake of easy readability, we deliberately combine Newton and Leibniz notation in the
rules, since some of them are more intuitive in one, while some of them are more intuitive in the
second. We refer the reader back to Chap. 1 where all the formulations in both notations were given.
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which by DerDi fVar becomes

L.
(1+e79)?
We tidy up the signs and get
e—?
Therefore,
dy et

dz (I+e7)?
Let us factorize the right-hand side in two factors which we will call A and B:

e ¢ 1 e <

It+te )2 14e? ltes

It is obvious that A = y from the definition of y. Let us turn our attention to B:

et (I+e)-1 1+e~ 1 1 1
l+ez l4e?r  l4e?r 14e? 14e=

Therefore A=yand B=1—y, and % = A - B, from which follows that

dy
(1 —
& y(—y)

Since we have -2 3w and d} with the chain rule we get

dy
—— =xy(l—y)
au),'
The next thmg we need is d, £ 12 We will be using the same rules for this derivation

as we did for d—z. Recall that £ = ;(t(") — ("))2, but we will use the version £ =

%(t —y)? which is focused on a single target value 7 and a single prediction y.
Therefore, we need to find

dE[l - 2]
d_yz( y)

12Strictly speaking, we would need but this generalization is trivial and we chose the simpli-

d (n)
fication since we wanted to improve readablhty.
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By applying LD we get

By applying Exp we get
l~2~(t—y)~d—E(t—y)
2 dy
Simple cancellation yields
(t—y)- fl—f(t—y)

With LD we get
dE dE
dy dy
Since 7 is a constant, its derivative is O (rule Const), and since y is the differentiation
variable, its derivative is 1 (DerDiVar). By tidying up the expression we get (r —
¥)(0 — 1) and finally, —1 - (¢ — y).

Now, we have all the elements for formulating the learning rule for the logistic
neuron using the chain rule:

-y -

IE Iy™ JE () )y (1) _ ()
n n

Note that this is very similar to the delta rule for the linear neuron, but it has also
y™ (1 — y™) extra: this part is the slope of the logistic function.

4.6 Backpropagation

So far we have seen how to use derivatives to learn the weights of a logistic neuron,
and without knowing it we have already made excellent progress with understanding
backpropagation, since backpropagation is actually the same thing but applied more
than once to ‘backpropagate’ the errors through the layers. The logistic regression
(consisting of the input layer and a single logistic neuron), strictly speaking, did
not need to use backpropagation, but the weight learning procedure described in the
previous section actually is a simple backpropagation. As we add layers, we will
not have more complex calculations, but just a large number of those calculations.
Nevertheless, there are some things to watch out for.

We will write out all the necessary details for backpropagation for the feedforward
neural networks, but first, we will build up the intuition behind it. In Chap.2 we
have explained gradient descent, and we will revisit some of the concepts here as
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needed. Backpropagation of errors is basically just gradient descent. Mathematically
speaking, backpropagation is:

Wypdated = Wold — nVE

where w is the weigh, 1 is the learning rate (for simplicity you can think of it just
being 1 for now) and E is the cost function measuring overall performance. We could
also write it in computer science notation as a rule that assigns to w a new value:

w < w—nVE

This is read as ‘the new value of w is w minus nVE’. This is not circular,!3 since
it is formulated as an assignment (<), not a definition (= or :=). This means that
first, we calculate the right-hand side, and then we assign to w this new value. Notice
that if were to write out this mathematically, we would have a recursive definition.

We may wonder whether we could do weight learning in a more simple man-
ner, without using derivatives and gradient descent.'* We could try the following
approach: select a weight w and modify it a bit and see if that helps. If it does, keep
the change. If it makes things worse, then change it in the opposite direction (i.e.
instead of adding the small amount from the weight, subtract it). If this makes it
better keep the change. If neither change improves the final result, we can conclude
that w is perfect as it is and move to the next weight v.

Three problems arise right away. First, the process takes a long time. After the
weight change, we need to process at least a couple of training examples for each
weight to see if it is better or worse than before. Simply speaking, this is a compu-
tational nightmare. Second, by changing the weights individually we will never find
out whether a combination of them would work better, e.g. if you change w or v
separately (either by adding the small amount or subtracting to one or the other), it
might make the classification error worse, but if you were to change them by adding a
small amount to both of them it would make things better. The first of these problems
will be overcome by using gradient descent,'> while the second will be only partially
resolved. This problem is usually called local optima.

The third problem is that near the end of learning, changes will have to be small,
and it is possible that the ‘small change’ our algorithm test will be too large to
successfully learn. Backpropagation also has this problem, and it is usually solved
by using a dynamic learning rate which gets smaller as the learning progresses.

13A definition is circular if the same term occurs in both the definiendum (what is being defined)
and definiens (with which it is defined), i.e. on both sides of = (or more precisely of :=) and in
our case this term could be w. A recursive definition has the same term on both sides, but on the
defining side (definiens) it has to be ‘smaller’ so that one could resolve the definition by going back
to the starting point.

I41f you recall, the perceptron rule also qualifies as a ‘simpler’ way of learning weights, but it had
the major drawback that it cannot be generalized to multiple layers.

15 Although it must be said that the whole field of deep learning is centered around overcoming the
problems with gradient descent that arise when using it in deep networks.
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If we formalize this approach we will get a method called finite difference approx-

imation'®:

1. Each weight w;, 1 <i <k is adjusted by adding to it a small constant ¢ (e.g.
whose value is 107°) and the overall error (with only w; changed) is evaluated
(we will denote this by E;")

2. Change back the weight to its initial value w; and subtract ¢ from it and reevaluate
the error (this will be E;)

3. Do this for all weights w;, <j <k

. . . Er—E-
4. Once finished, the new weights will be set to w; <« w; — = T

The finite difference approximation does a good job in approximating the gradient,
and nothing more than elementary arithmetic is used. If we recall what a derivative is
and how it is defined from Chap. 2, the finite difference approximation makes sense
even in terms of the ‘meaning’ of the procedure. This method can be used to build
up the intuition how weight learning proceeds in full backpropagation. However,
most current libraries which have tools for automatic differentiation perform gradi-
ent descent in a fraction of the time it would take to compute the finite difference
approximation. Performance issues aside, the finite difference approximation would
indeed work in a feedforward neural network.

Now, we turn to backpropagation. Let us examine what happens in the hidden
layer of the feedforward neural network. We start with randomly initialized weights
and biases, multiply them with the inputs, add them together, and take them through
the logistic regression which “flattens” them to a value between 0 and 1, and we do
that one more time. At the end, we get a value between 0 and 1 from the logistic
neuron in the output layer. We can say that everything above 0.5 is 1 and below is 0.
But the problem is that if the network gives a 0.67 and the output should have been
0, we know only the error the network produced (the function E), and we should
use this. More precisely, we want to measure how E changes when the w; change,
which means that we want to find the derivative of E with regard to the activities of
the hidden layer. We want to find all the derivatives at the same time, and for this,
we use vector and matrix notations and, consequently, the gradient. Once we have
the derivatives of E with regard to the hidden layer activity, we will easily compute
the changes for the weights themselves.

We will address the procedure illustrated in Fig.4.4. To keep the exposition as
clear as possible, we will use only two indices, as if each layer has only one neuron.
In the following section, we shall expand this to a fully functional feedforward neural
network. As illustrated in Fig. 4.4 we will use the subscripts o for the output layer and
h for the hidden layer. Recall that z is the logit, i.e. everything except the application
of the nonlinearity.

16Cf, G. Hinton’s Coursera course, where this method is elaborated.
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As we have

Z (to — y0)2

0€O0utput

the first thing we need to do is turn the difference between the output and the target
value into an error derivation. We have done this already in the previous sections of
this chapter:

JoE

= —(t, —
s (to — Yo)

Now, we need to reformulate the error derivative with regard to y, into an error
derivative with regard to z,. For this, we use the chain rule:

8E_8y08E_ a )3
020 B 020 Yo = Yo Yo

Now we can calculate the error derivative with respect to yj:

IE o OE 5o
Wy S dypdze 4 "0z

These steps we made from £ By E o 3£ y are the heart of backpropagation. Notice
that now we can repeat this to go through as many layers as we want. There will be
a catch though, but for now is all good. A few remarks about the above equation.
From the previous section, when we addressed the logistic neuron we know that
Z;” = wp,. Once, we have 1t is very simple to get the error derivative with regard

to the weights:

Fig.4.4 Backpropagation

/ \\ Hidden layer

Input layer
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0E 09z, OE  OE

dwho  dwno 02, 0z

The rule for updating weights is quite straightforward, and we call it the general
weight update rule:

oE
lr}ew — w;)ld + (_1))78

w
w l{)ld

The 7 is the learning rate and the factor —1 is here to make sure we go towards
minimizing E, otherwise we would be maximizing it. We can also state it in vector
notation!” to get rid of the indices:

wew — wuld —nVE

Informally speaking, the learning rate controls by how much we should update.
There are a couple of possibilities (we will discuss the learning rate in more detail
later):

1. Fixed learning rate
2. Adaptable global learning rate
3. Adaptable learning rate for each connection

We will address these issues in more detail later, but before that, we will show a
detailed calculation for error backpropagation in a simple neural network, and in the
next section, we will code the network. The remainder of this chapter is probably
the most important part of the whole book, so be sure to go through all the details.

Let us see a working example'® of a simple and shallow feedforward neural
network. The network is represented in Fig.4.5. Using the notation, the starting
weights and the inputs specified in the image, we will calculate all the intricacies of
the forward pass and backpropagation for this network. Notice the enlarged neuron
D. We have used this to illustrate, where the logit zp is and how it becomes the output
of D (yp) by applying to it the logistic function o.

We will assume (as we did previously) that all the neurons have a logistic activation
function. So we need to do a forward pass, a backpropagation, and a second forward
pass to see the decrease in the error. Let us briefly comment on the network itself.
Our network has three layers, with the input and hidden layers consisting of two
neurons, and the output error which consists of one neuron. We have denoted the
layers with capital letters, but we have skipped the letter E to avoid confusing it with
the error function, so we have neurons named A, B, C, D and F. This is not usual.

17We must then use the gradient, not individual partial derivatives.
18This is a modified version of the example by Matt Mazur available at ht tps : / /mattmazur .
com/2015/03/17/a-step-by-step-backpropagation-example/.
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INPUTS

W2
Xa=0.23

Wa

¥r = Output

Xs =0.82

Fig.4.5 Backpropagation in a complete simple neural network

The usual procedure is to name them by referring to the layer and neuron in the layer,
e.g. ‘third neuron in the first layer’ or ‘1, 3’. The input layer takes in two inputs, the
neuron A takes in x4 = 0.23 and the neuron B takes in xp = 0.82. The target for this
training case (consisting of x4 and xg) will be 1. As we noted earlier, the hidden and
output layers have the logistic activation function (also called logistic nonlinearity),
which is defined as 0'(z) = 5 +L,Z .

We start by computing the forward pass. The first step is to calculate the outputs
of C and D, which are referred to as yc and yp, respectably:

yc =0(0.23-0.1+0.82-0.4) =0(0.351) = 0.5868

yp = 0(0.23-0.5+0.82-0.3) = (0.361) = 0.5892

And now we use yc and yp as inputs to the neuron F which will give us the final
result:

yp = 0(0.5868 - 0.2 4 0.5892 - 0.6) = & (0.4708) = 0.6155

Now, we need to calculate the output error. Recall that we are using the mean
squared error function, i.e. £ = %(t —¥)%. So we plug in the target (1) and output
(0.6155) and get:
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1 2 1 2
E= (1~ = (1061557 = 00739

Now we are all set to calculate the derivatives. We will explain how to calculate
ws and w3 but all other weights are calculated with the same procedure. As back-
propagation proceeds in the opposite direction that the forward pass, calculating ws
is easier and we will do that first. We need to know how the change in ws affects E
and we want to take those changes which minimize E. As noted earlier, the chain
rule for derivatives will do most of the work for us. Let us rewrite what we need to
calculate:

JoE JoE dyr 821:

dws ByF dzr  dws
We have found the derivatives for all of these in the previous sections so we will
not repeat their derivations. Note that we need to use partial derivatives because
every derivation is made with respect to an indexed term. Also, note that the vector
containing all partial derivatives (for all indices i) is the gradient. Let us address 33 E

now. As we have seen earlier:

0
—(t—=yr)

In our case that means:

oE
— = —(1 —0.6155) = —0.3844
dyF
Now we address ay E . We know that this is equal to yr(1 — yg). In our case this
means:
dyF
Py yr(1 —yr) = 0.6155(1 — 0.6155) = 0.2365
ZF

The only thing left to calculate is ng;; Remember that:

IF =YC W5+ YD - We

By using the rules of differentiation (derivatives of constants (wg is treated like a
constant) and differentiating the differentiation variable) we get:

9
ZF oy 14yp-0=yc = 0.5868
8w

We take these values back to the chain rule and get:
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E E
3_ = 8— . aﬁ . ai = —0.3844 - 0.2365 - 0.5868 = —0.0533
dws Odyr Ozp Ows

We repeat the same process'® to get % = —0.0535. Now, all we have to do is

use these values in the general weight update rule”” (we use a learning rate, n = 0.7):

IE
Wi = w — Mws = 02~ (07-0.0533) = 0.2373

wg’” = 0.6374

Now we can continue to the next layer. But an important note first. We will be
needing a value for ws and wg to find the derivatives of wi, wy, w3 and w4, and we
will be using the old values, not the updated ones. We will update the whole network
when we will have all the updated weights. We proceed to the hidden layer. What we
need to now is to find the update for w3. Notice that to get from the output neuron F
to w3 we need to go across C, so we will be using:

oFE oE dyc azc

dws  dyc dzc dws

The process will be similar to 83753, but with a couple of modifications. We start
with:

dE  zp IE oE a oF
: F R s 2E s 2P 22 0.0.2365 - (—0.3844) = 0.2 - (—0.0909) = —0.0181
dyc H)C BZF azF dzr  OyF

3y,
Now we need ) C.

)
E)y—c = ye(1 — ye) = 0.5868 - (1 — 0.5868) = 0.2424
ic

And we also need g%. Recall that zc = x1 - w1 + X2 - wo, and therefore:

9
R 0+x-1=x,=082
ows

Now we have:

— =——.— =-0.0181-0.2424 - 0.82 = —0.0035

19The only difference is the step for 3 ZF , where there is a 0 now for ws and a 1 for we.

20Which we discussed earlier, but we w111 restate it here: wi*" = w,‘(’ld -3 ui
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Using the general weight update rule we have:
w3 = 0.4 — (0.7 - (—0.0035)) = 0.4024

We use the same steps (across C) to find wi** = 0.1007. To get w5*" and wj®"
we need to go across D. Therefore we need:

oE oE 9dyp O0zp
dws dyp dzp Oun

But we know the procedure, so:

oF JF
— =wg - — = 0.6-(—0.0909) = —0.0545
dyp 0zF
dyc
5o =yp(l —yp) = 0.5892(1 — 0.5892) = 0.2420
2c
And:
d
ZD _ 03
dwy
d
5D _ o8
owy

Finally, we have (remember we have the 0.7 learning rate):

wy” =0.5—0.7 - (—0.0545 - 0.2420 - 0.23) = 0.502

wy =0.3 —0.7-(—0.0545 - 0.2420 - 0.82) = 0.307

And we are done. To recap, we have:

wiew = 0.1007
Wi = 0.502
Wi = 0.4024
wie” = 0.307

wie = 0.2373
Wi = 0.6374
E°M = 0.0739
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We can now make another forward pass with the new weights to make sure that
the error has decreased:

ViU = (0.23 - 0.1007 + 0.82 - 0.4024) = 0(0.3531) = 0.5873
Yier = 0.5907

yi¥ = 0(0.5873 - 0.2373 4+ 0.5907 - 0.6374) = ¢(0.5158) = 0.6261

1
E"eY = il 0.6261)% = 0.0699

Which shows that the error has decreased. Note that we have processed only
one training sample, i.e. the input vector (0.23, 0.82). It is possible to use multiple
training samples to generate the error and find the gradients (mini-batch training?!),
and we can do this a number of times and each repetition is called an iteration.
Iterations are sometimes erroneously called epochs. The two terms are very similar
and we can consider them synonyms for now, but quite soon we will need to delineate
the difference, and we will do this in the next chapter.

An alternative to this would be to update the weights after every single training
example.?” This is called online learning. In online learning, we process a single
input vector (training sample) per iteration. We will discuss this in the next chapter
in more detail.

In the remainder of this chapter, we will integrate all the ideas we have presented
so far in a fully functional feedforward neural network, written in Python code. This
example will be fully functional Python 3.x code, but we will write out some things
that could be better left for a Python module to do.

Technically speaking, in anything but the most basic setting, we shall not use
the SSE, but its variant, the mean squared error (MSE). This is because we need
to be able to rewrite the cost function as the average of the cost functions SSEy for
individual training samples x, and we therefore define MSE := rll > SSE,.

4.7 A Complete Feedforward Neural Network

Let us see a complete feedforward neural network which does a simple classification.
The scenario is that we have a webshop selling books and other stuff, and we want
to know whether a customer will abandon a shopping basket at checkout. This is
why we are making a neural network to predict it. For simplicity, all the data is just
numbers. Open a new text file, rename it to data . csv and write in the following:

210y full-batch if we use the whole training set.
22Which is equal to using a mini-batch of size 1.
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includes_a_book,purchase_after_21,total,user_action
1,1,13.43,1
1,0,23.45,1
0,0,45.56,0
1,1,56.43,0
1,0,44.44,0
1,1,667.65,1
1,0,56.66,0
0,1,43.44,1
0,0,4.98,1
1,0,43.33,0

This will be our dataset. You can actually substitute this for anything, and as
long as values are numbers, it will still work. The target is the user_action
column, and we take 1 to mean that the purchase was successful, and 0 to mean that
the user has abandoned the basket. Notice that we are talking about abandoning a
shopping basket, but we could have put anything in, from images of dogs to bags
of words. You should also make another CSV file named new_data . csv that has
the same structure as data . csv, but without the last column (user_action).
For example:

includes_a_book,purchase_after_21, total
1,0,73.75
0,0,64.97
1,0,3.78

Now let is continue to the Python code file. All the code in the remainder of this
section should be placed in a single file, you can name it £fnn.py, and placed
in the same folder as data.csv and new_data. csv. The first part of the code
contains the import statements:

import pandas as pd

import numpy as np

from keras.models import Sequential
from keras.layers.core import Dense
TARGET _VARIABLE ="user_action"
TRAIN_TEST SPLIT=0.5
HIDDEN_LAYER_SIZE=30

raw_data = pd.read_csv("data.csv")

The first four lines are just imports, the next three are hyperparameters. The
TARGET_VARIABLE tells Python what is the target variable we wish to predict.
The last line opens the file data.csv. Now we must make the train—test split. We
have a hyperparameter that currently leaves 0.5 of the datapoints in the training set,
but you can change this hyperparameter to something else. Just be careful since we
have a tiny dataset which might cause some problems if the split is something like
0.95. The code for the train—test split is:
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mask = np.random.rand(len(raw_data)) < TRAIN_TEST_SPLIT
tr_dataset = raw_datal[mask]
te_dataset = raw_data[~mask]

The first line here defines a random sampling of the data to be used to get the
train—test split and the next two lines select the appropriate sub-dataframes from
the original Pandas dataframe (a dataframe is a table-like object, very similar to
an Numpy array but Pandas focuses on easy reshaping and splitting, while Numpy
focuses on fast computation). The next lines split both the train and test dataframes
into labels and data, and then convert them into Numpy arrays, since Keras needs
Numpy arrays to work. The process is relatively painless:

tr_data = np.array(raw_data.drop (TARGET_VARIABLE,
axis=1))

tr_labels = np.array(raw_data[ [TARGET_VARIABLE]])
te_data = np.array(te_dataset.drop (TARGET_VARIABLE,
axis=1))

te_labels = np.array(te_dataset[ [TARGET_VARIABLE]])

Now, we move to the Keras specification of a neural network model, and its
compilation and training (fitting). We need to compile the model since we want
Keras to fill in the nasty details and create arrays of appropriate dimensionality of
the weight and bias matrices:

ffnn = Sequential ()

ffnn.add (Dense (HIDDEN_LAYER_SIZE, input_shape=(3,),
activation="sigmoid"))

ffnn.add (Dense(l, activation="sigmoid"))
ffnn.compile(loss="mean_squared_error", optimizer=
"sgd", metrics=[’'accuracy’])

ffnn.fit(tr_data, tr_labels, epochs=150, batch_size=2,
verbose=1)

The first line initializes a new sequential model in a variable called £fnn. The
second line specifies both the input layer (to accept 3D vectors as single data inputs),
and the hidden layer size which is specified at the beginning of the file in the variable
HIDDEN_LAYER_SIZE. The third line will take the hidden layer size from the
previous layer (Keras does this automatically), and create an output layer with one
neuron. All neurons will be having sigmoid or logistic activation functions. The
fourth line specifies the error function (MSE), the optimizer (stochastic gradient
descent) and which metrics to calculate. It also compiles the model, which means
that it will assemble all the other stuff that Python needs from what we have specified.
The last line trains the neural network on tr_data, using tr_labels, for 150
epochs, taking two samples in a mini-batch. verbose=1 means that it will print
the accuracy and loss after each epoch of training. Now we can continue to analyze
the results on the test set:
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metrics = ffnn.evaluate(te_data, te_labels, verbose=1)
print("%$s: %$.2£%%" % (ffnn.metrics_names[1],
metrics[1]1*100))

The first line evaluates the model on te_data using te_labels and the second
prints out accuracy as a formatted string. Next, we take in the new_data.csv file
which simulates new data on our website and we try to predict what will happen
using the £ fnn trained model:

new_data = np.array(pd.read_csv("new_data.csv"))
results = ffnn.predict (new_data)
print (results)
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