Chapter 11
Partial Differential Equations

11.1 Introduction

This section discusses some fundamental aspects of the numerics of partial differ-
ential equations and it will be restricted to methods already encountered in previous
chapters, i.e. on finite difference methods. These are particularly useful to find
solutions of linear partial differential equations (PDEs). Nonlinear PDEs, such as
the NAVIER-STOKES equations, require more advanced techniques as there are
finite element methods or finite volume methods for conservation laws. A detailed
discussion of a wide spectrum of methods can be found in many textbooks on the
numerics of PDEs the interested reader is referred to [1-7].

Since we already introduced the concepts of finite difference derivatives in
Chap. 2 and their application to boundary value problems of ordinary differential
equations in Sect. 8.2, we concentrate mainly on the application of these methods
to specific types of PDEs. In detail, we investigate the POISSON equation as an
example for elliptic PDEs, the time dependent heat equation as an example for
parabolic PDEs, and the wave equation as an example for hyperbolic PDEs. The
concepts presented here are, of course, also applicable to other problems. However,
in contrast to the numerics of ordinary differential equations, there exists no general
recipe for the solution of PDEs.

Another important point to note is that, as in the theory of ordinary differential
equations, the problem is only fully determined when initial and/or boundary
conditions have been defined. For instance, in the case of the POISSON equation
only boundary conditions are required, while for the time-dependent heat equation
initial conditions are required as well. In general, pure boundary value problems
are easier from a numerical point of view because the question whether or not the
algorithm is stable does not play such an important role. For combined boundary
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158 11 Partial Differential Equations

and initial value problems it is essential to check carefully that the discretization of
the time axis is not in conflict with the discretization of the space domain. This is
of particular importance in the numerical treatment of hyperbolic PDEs, where the
so called COURANT-FRIEDRICHS-LEWY (CFL) condition determines the stability
of the algorithm. We shall come back to this point in Sects. 11.3 and 11.4. Finally,
we conclude this chapter with a discussion of the numerical solution of the time-
dependent SCHRODINGER equation.

11.2 The POISSON Equation

We consider the POISSON equation as a model for an elliptic PDE [8, 9]. Neverthe-
less, we review briefly some basics of electrodynamics [10, 11]. The force F(r, t)
as a function of position » € R* and time t € R™ acting on a particle with charge
g, which moves with velocity v within an electromagnetic field described by the
electric field E(r, f) and the magnetic field B(r, t), is determined from:

F(r,t) = q[E(r,t) + v x B(r,1)] . (11.1)
We consider here the electrostatic case which is characterized by a zero magnetic

field [B(r, f) = 0] and a time independent electric field. The electric field E itself is
described by the equation

1
V-E(r) = gp(r) , (11.2)

where the charge density p(r,f) acts as the source of the electric field E(r,1).
Here ¢ is the dielectric permittivity of vacuum. Furthermore, the electric field E
is connected to the electrostatic potential ¢(r) via

E(r) = =Vo(r) . (11.3)

Thus, Eq. (11.2) is reformulated as:

(11.4)

Ap(r) = —%(:’) .

This equation is referred to as the POISSON equation and in the particular case of
p(r) = 0 it is referred to as the LAPLACE equation [12].
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We focus now on the numerical solution of the two dimensional POISSON
equation (11.4) on a rectangular domain £2 = [0, L,]x[0, L,] together with boundary
conditions ¢(x,y) = g(x,y) on d52. In detail, we want to solve the two-dimensional
boundary value problem

2 32
50 y) + 250l y) = —p(x.y) , (x.y) € £2,
ox dy (11.5)
px.y) = gx.y) (x,y) € 952,
where we absorbed € into the charge density p(x,y). Note that a treatment of the
three dimensional case can be carried out in analogue.

We employ a finite difference approximation to the derivatives which appear in
Eq. (11.5) (see Chap. 2) and we define grid-points in x and y direction via

xi=xo+ih, i=0,1,2,...,n, (11.6a)
yi=yo+jh, j=012,....,m, (11.6b)
where h, and h, denote the grid-spacing in x- and y-direction, respectively. As
discussed in Chap.2 we consider only equally spaced grid-points. An extension to

non-uniform grids is straight forward.
We define the function values on the grid-points as

vij = o(xi,y) , 11.7)

and similarly p;; = p(x;, y;). Consequently, we find the finite difference approxima-
tion of Eq. (11.5):

Qi—1j — 2¢ij + Qi1 n Gij—1 = 20ij + Qij+1

= —Pij - (11.8)
2 2 ;
h2 h?
The boundary conditions (11.5) can be written as
©oj = 8o » j=0.1,....m, (11.9a)
@nzi:g}’l‘js j:Oslv"'sms (11.9b)
®i0 = 8i0 » i=12,...,n—1, (11.9¢)

(pi,m:gi,mv i:1525---sn_1- (11.9(1)
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Equation (11.8) is multiplied by —h§h§ /2 and we obtain after rearranging terms

1 (hh )2
(7 + 1) i — 3 [ (@i-1j + @it14) + B (@ij—1 + @ij1)] = 5 Pij -
(11.10)
fori = 1,...,nandj = 1,...,m. There are different strategies how this set of

equations might be solved. The common strategy is to employ the assignments

Y11 = @1,

P12 = ¢2,

Gnn — P (11.11)
where £ = nm. Equation (11.10) is then rewritten as a matrix equation with a

vector of unknowns ¢ = (@1, ¢, ...,9)" according to Eq.(11.11). The boundary
conditions are to be included in the matrix. This matrix equation is then solved either
by direct or iterative methods as they are discussed in Appendix C.

It is our plan to solve Eq.(11.10) iteratively. This requires the introduction of
a superscript iteration index r and ¢} . ; denotes the function value @(x;,y;) after ¢-
iteration steps. There are two different implementations of an iterative solution,
namely the GAUSS-SEIDEL or the JACOBI method (Appendix C). They differ only
in the update procedure of the function values (p{zi at the grid-points. The basic idea
is to develop an update algorithm which expresses the function values (p{zi with the
help of function values at already updated grid-points and of function values (pi’;l
determined in the preceding iteration step [Appendix, Eq. (C.27)].

We formulate this iteration rule as

t+1 __ (h h )2 1 t+1
Y= 2w 2w ) (13 (v + 0is1.)

+h3 (qofj_‘l + <p£j+1)] , (11.12)
where we abstained from incorporating a relaxation parameter (see Appendix C).

Note that by using the iteration rule (11.12) the boundary conditions have to be
accounted for in an additional step.
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Let us specify the boundary conditions for a concrete problem: We we want
to determine the electrostatic potential of an electric monopole, dipole, and
quadrupole, respectively. They are placed inside a grounded box of dimensions
L, and L,. Thus, we have to impose DIRICHLET boundary conditions ¢(0,y) =
¢(Ly,y) = 0 in x-direction and ¢(x,0) = ¢(x,L,) = 0 in y-direction. In
this particular case the boundary conditions can be made part of Eq.(11.12) by
restricting the loop over the x-grid (y-grid) toi = 2,...,N — 1 which leaves the
boundary points ¢(0,y) [¢(x,0)] and ¢(L,y) [¢(x,Ly)] unchanged. Furthermore
we set L, = L, = 10, the number of grid-points on both axes to n = m = 100, and
define the domains:

2 = (xs_10.x1] x (yu_10.y2] . (11.13a)
2, = (xz,x1410] X (y2—10,y2] , (11.13b)
23 = (xs-10.x2] x (y2.y2410] (11.13c¢)
24 = (x2,x0410] X (yz,ymi10] - (11.13d)

The charge density p(x,y) is described by three different scenarios, namely the
electric monopole

50 (x,y)G.QlU.QzU.Q3U.Q4,

p1(x,y) = (11.14a)
0 elsewhere,

the electric dipole

50 (x,y) € 2, U 82,
p2(x,y) = 4 =50 (x,y) € 25U £y, (11.14b)

0 elsewhere,
and the electric quadrupole:

50 (x,y) € 21U 824,
p3(x,y) = 4 =50 (x,y) € £, U 25, (11.14¢)

0 elsewhere.

These charge densities are illustrated in Fig. 11.1.
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® (b)

Fig. 11.1 The electric monopole, dipole, and quadrupole charge densities (a) p; (x, y), (b) p2(x,y),
and (c) p3(x,y), respectively, as defined in Eq. (11.14)

The solution of Eq.(11.12) is regarded to be converged if the potential ¢(x,y)
does not change significantly between two consecutive iteration steps, i.e.

max (|¢f; — ¢/7') <, (11.15)
ax (|gi; — ¢,

where = 107 is the required accuracy. A criterion to check the relative
change can be formulated in a similar fashion. The resulting potential profiles
@(x,y) are presented in Fig.11.2. They reflect perfectly the symmetries of the
charge densities p; (x,y), p2(x,y), and p3(x, y), respectively. Finally, standard finite
difference methods can be applied to calculate, based on Eq. (11.3), the electric field
E(x,y) from the potential profiles ¢(x, y).!

'We note that the electrostatic potentials that we calculated here numerically can also be
determined analytically with the method of mirror charges [10].
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(a) (b)

Fig. 11.2 Potential profile ¢(x,y) obtained for charge density (a) p;(x,y), (b) p2(x,y), and
(©) p3(x.y)

11.3 The Time-Dependent Heat Equation

We discuss here the numerical solution of the time-dependent heat equation [13,
14] which is a representative of parabolic PDEs. This equation has already been
introduced in Sect. 9.1, Eq. (9.1), and is, reduced to the one-dimensional case, of the
form

aT(t)— 82T(z) (11.16)
TR T- R ‘

with the thermal diffusivity «. It is augmented by appropriate boundary and initial
conditions. Again, we will not discuss the extension to higher dimensions since it
is straight forward, however, maybe tedious in the general case. We approximate
the right hand side of Eq.(11.16) with the help of the central finite difference
approximation (Sect. 2.2) and obtain

0 Ti—1(t) = 2T (1) 4 Ti41(2)

o T =« 2 (11.17)
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with the usual discretization x; = xo + kh, k = 0, ..., N, in combination with the
notation Ty (1) = T (x, 1).

The time derivative in Eq. (11.17) can be approximated with the help of methods
already discussed in Chap. 5. In particular, one has to decide whether the solution
of Eq.(11.17) should be approximated by an explicit or an implicit integrator. In
order to emphasize the differences between the two methods, the application of the
explicit EULER and of the implicit EULER method will be studied. However, more
complex integrators may be applied as well. In particular, the CRANK-NICOLSON
method [15] proved to be very useful for the solution of parabolic differential
equations.

We define #, = fy + nAt and T = T(t,) and employ the explicit EULER
scheme (5.9) in Eq. (11.17) to get

-1y Ty — 2T + Ty
_ , 11.18
At “ h? ¢ )

with the solution:

By — 2T + Ty
h? '

TP =T + kAt (11.19)
The right hand side of this equation depends only on temperatures of the previous
time step, since we used an explicit method. Although this might seem advantageous
on a first glance, it turns out that the above scheme is not stable for arbitrary choices
of At and h. In particular, it is possible to prove that the above discretization is stable
only for

Kk At

W

=

(11.20)

=

A detailed discussion and proof of this property can be found in any advanced
textbook on numerics of PDEs [1-5].

On the other hand, if we apply the implicit EULER method (5.10) to solve
Eq. (11.17) we obtain

n n n+1 n+1 n+1
L -1 Tt =20 4 Ty
At h? ’

(11.21)

which is unconditionally stable. However, Eq. (11.21) is an implicit equation, i.e.
the function values T,:‘j_'ll and T,:‘fll are required in order to evaluate T,:‘H. Hence,
Eq.(11.21) has to be solved as a system of linear equations. This system may be

written as

AT M =T+ F, (11.22)
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with the vector 7" = (T3, T}, ..., Ti)" and the tridiagonal matrix A:
A= —L 14 B ko : (11.23)

The boundary conditions are incorporated in the matrix A and in the vector F. (See
Sects. 9.2 and 9.3.) The linear system of equations (11.22) can be solved numerically
using a direct or an iterative method. Employing an iterative method, imposes a third
index ¢ on the function values of the temperature 7' which accounts for the iteration
step.

Let us give a brief numerical example. We consider the time-dependent homo-
geneous heat equation (11.16) on a finite interval [0, L] together with the boundary
conditions of Sect.9.1:

T(0) = To. T(L) =Ty . (11.24)
In addition we introduce the initial condition
T(x,0) =0, x€[0,1] . (11.25)

Figure 11.3 presents the time evolution of T'(x,7) at six different time-steps as
it was obtained with the explicit EULER method (11.19). Here we chose Ty = 0,
Ty = 2,N =20,L = 10,k = 1 as well as At &~ 0.5. Note that for this choice of
parameters, the condition (11.20) is fulfilled since & &~ 1.05 and therefore

KAt

o7~ 0.45 < (11.26)

N =

Figure 11.4 corresponds to Fig. 11.3 but now Ar was chosen to be approximately
0.7 and:

AL 063> (11.27)
h2 ~ . 2 . .

Thus, the stability criterion was violated and the solutions became unstable. Finally,
Fig. 11.5 presents results obtained with the same parameters as for Fig. 11.4 but with
the help of the implicit EULER method (11.21). Obviously, this procedure provides
a stable solution of the problem.
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Fig. 11.3 Solutions of the time-dependent heat equation T'(x) vs x generated by the explicit EULER
method. The stability criterion (11.20) is fulfilled. Results after n = 25, 50, 100, 150, and 300 time
steps are presented. n = 0 represents the initial conditions

1 7
20 : 10 X0
n=0 400 =5 n=50
15 200 05
2 10t 0 0.0
0.5 | -200 05
-400
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Fig. 11.4 Solutions of the time-dependent heat equation 7'(x) vs x generated by the explicit EULER
method. The stability criterion (11.20) is not fulfilled and, therefore, the solution is apparently
unstable. Results after n = 25, 50, 100, 150, and 200 time steps are presented. n = 0 represents
the initial conditions
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Fig. 11.5 Solutions of the time-dependent heat equation 7'(x) vs x generated by the implicit
EULER method. Results after n = 25, 50, 100, 150, and 300 time steps are presented. n = 0
represents the initial conditions

11.4 The Wave Equation

As a model hyperbolic PDE we consider briefly the wave equation [16]. Again, we
regard only the one-dimensional case:

d? , 0

@u(x, 1 =c @u(x, 1) . (11.28)
Here, c is the speed at which the wave u(x, ) propagates. Equation (11.28) is to
be augmented by appropriate boundary and initial conditions. A finite difference
approach similar to the one discussed in Sect.11.3 will be employed and the
discussion will be restricted to the explicit EULER approximation. Consequently,
Eq. (11.28) is replaced by

n—1 n n+1 n n n
s Y o e 2up + Uy
Ar? h?

(11.29)

We define the parameter A = CTA’ and solve Eq. (11.29) for uZ“:

Wt =21 =AM — ™" + AP+ ufyy) (11.30)
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We note two important points: (i) The solution for time step n + 1 can only be
determined if the solutions for the time steps n and n — 1 are known. In particular,
the solutions for n = 0 and n = 1 are required to obtain the solution for n = 2. The
function values for n = 1 can be obtained from the initial conditions which must
include a first order time derivative of u(x, r) since Eq.(11.28) is a second order
differential equation with respect to time ¢. (ii) As in the case of parabolic problems,
the explicit EULER approximation (11.30) will not be stable for arbitrary values of
A. It is only stable for

A=—<1. (11.31)

This condition is referred to as the COURANT-FRIEDRICHS-LEWY or CFL condition
[17, 18]. Its importance stems from the fact, that this condition is not limited to the
wave equation but holds for hyperbolic problems in general. In particular, since the
wave equation can always be viewed as a combination of a right- and a left-going
advection equation, i.e.

ad ad
a—tu(x, 1) = :l:cau(x, 1), (11.32)

we gain the very important property that explicit time integrators applied to solve
equations of the type (11.32) are only stable if relation (11.31) is obeyed.

Let us return to the discretization (11.30). Suppose we have initial conditions of
the form

0
u(x,0) = f(x), Eu(x, 0) =g . (11.33)

They can be approximated by

1 0
U — Uy

0
u; = fi, A

=gk, (11.34)

and the solution of the second relation in (11.34) yields the desired function values
forn =1:

up = uf + Atgy . (11.35)

However, in many cases it is beneficial to take higher order terms into account. This
can be achieved by employing a TAYLOR expansion of the form (Chap. 2):

1 0
Uy — uy

At

2

0 At 0 5
= Eu(x, 0) + Tﬁu(x, 0) + o(Ar) . (11.36)
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We make now use of the initial conditions (11.33), employ the wave equa-
tion (11.28), and solve for u}( This gives

2.2

At
=l + Atge + == f! + O(AF) . (11.37)

Here we assumed that the second spatial derivative f;’ = 33—;]‘ (x¢) of the initial
condition f(x) exists. It may then be approximated by a finite difference approach.

To be specific we consider a vibrating string of length L, which is fixed at its
ends, i.e. u(0,7) = u(L,t) = 0. Furthermore, we assume that the string was initially
at rest, i.e.

ad
gu(x, 0)=0, (11.38)
and impose initial conditions
) (an) (L :|
sin [ — xe | =L,
u(x,0) = L 2 (11.39)
0 elsewhere.

Figure 11.6 presents results obtained with L = 1,¢ = 2, N = 100. Ar was
chosen in such a way that A = 0.5. On the other hand, Fig. 11.7 presents calculations

1.0 | r 1
n=0 n=25 n=50
0.5 | r 1
i~ I
5 00 V
-0.5 r 1
-1.0 ;
1.0 r 1
n =100 n =150 n =200
X 00
=1
-0.5
-1.0 . r i 1
0.0 0.5 1.0 0.5 1.0 0.5 1.0
X X X

Fig. 11.6 Solutions of the wave equation u(x) vs x generated by the explicit EULER method with
A = 0.5. Results after n = 25, 50, 100, 150, and 200 time steps are presented. n = 0 represents
the initial conditions
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Fig. 11.7 Solutions of the wave equation u(x) vs x generated by the explicit EULER method with
A = 1.01. Results after n = 25, 50, 100, 150, and 200 time steps are presented. n = 0 represents
the initial conditions

performed with the same parameters but now A was set to 1.01. Thus, the CFL
condition (11.31) was violated and the solutions become unstable.

In general, the numerical solution of hyperbolic PDEs can be very difficult
to obtain since in many cases these equations represent conservation laws. A
very popular class of methods in this context is referred to as finite volume
methods. A detailed discussion of these methods can be found in the book by
R.J. LEVEQUE [6].

11.5 The Time-Dependent SCHRODINGER Equation

We already came across the time-dependent SCHRODINGER equation in Chap. 10.
It reads

iha%lll(x, f) = H¥U(x,1) (11.40)

where 7 is the reduced PLANCK constant, ¥ (x, t) is the wave function, and H is the
HAMILTON operator. Since the SCHRODINGER equation contains a complex coef-
ficient, it cannot be categorized as a PDE of one of the familiar types, i.e. elliptic,
parabolic or hyperbolic. In fact, the SCHRODINGER equation shows parabolic as
well as hyperbolic behavior (it is of the form of the diffusion equation but allows
for wave solutions). We discuss here briefly a very elegant method developed to
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numerically approximate solutions of the time-dependent SCHRODINGER equation,
A prominent alternative method, the split operator technique, is briefly explained in
Appendix D.

We note that Eq. (11.40) has the formal solution

U(x, 1) = exp (—;—IH) U(x,0)=U0¥(x,0), (11.41)

where we assumed that H is independent of time . We note that the operator U(¢)
on the right hand side of Eq. (11.41) propagates the solution in time. Furthermore, it
is a unitary operator and therefore preserves the norm of the wave-function ¥ (x, 1).
U(?) is usually referred to as the unitary time-evolution operator [19].>

We employ relation (11.41) and obtain

i(t+ At)H

U(x,t+ At) = exp |: .

} ¥ (x,0) = exp (—iﬁ—ty) Wt . (11.42)

Expanding the exponential in this equation in its series representation and truncating
the series after the second term results in the approximation

U(x,t+ Af) & (1 - %H) W(x,1) . (11.43)

Again, we introduce grid-spacing x; = kAx, k € N and the correspondingly indexed
functions ¥' = ¥ (x;, nAt) which results in

| At
gt = (1 - %H) 7 (11.44)

Using Eq. (10.23) for the Hamiltonian in its position space representation in the one-
dimensional case and by approximating the second derivative with the help of the
central difference approximation we arrive at

At h2 W — 2P g
lI/"+1 — lI/n—l— _ k—1 k k41 Vll/n , 1145
k Koh 2m Ax? + Vi ( )

where we defined V; = V(x).

The iteration scheme (11.45) resembles the explicit EULER approxima-
tion (11.18) of the heat equation with the difference that we have here an
imaginary coefficient. An implicit procedure for the time-dependent SCHRODINGER

2We remember that unitary means that UUT = UTU = 1.
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equation (11.40) can be obtained by inversion of Eq. (11.42):
s iAt
U(x,t) = U (AW (x,t + Af) = exp TH U(x,t+ Ar) . (11.46)
A series expansion of the exponential results in the desired relation:
n 1At nt1
v = 1+7H V2 (11.47)

We emphasize that the unitarity of the time-evolution operator is of fundamental
importance since it preserves the norm of the wave-function. However, in truncating
the series representation of the unitary time evolution operator U(Atf) we certainly
violate the unitarity of U(Af). This problem can be remedied by imposing unitarity
of the time evolution as an additional requirement. This requirement can be
incorporated by normalizing the wave-function after each time step.

We demonstrate now that the CRANK-NICOLSON scheme [15] can be applied
successfully to solve Eq. (11.40) numerically for a particular potential. The CRANK-
NICOLSON scheme can be obtained by realizing that

U(Ar) = exp (—%IH)

PETE e

+ At n+1 At n
U > v =U > v, (11.49)
or by expanding U in a series and truncating after the second term

1+iAtH gt = (] iAtH 1 (11.50)
2h ke 2h ke :
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Inserting the finite difference approximation of the Hamiltonian H and rearranging
terms yields

iAt (R iAth A
1% n+1 n+1 n+1 n
|:1 * E (—msz + k):| L 4mAx? (qjk—l + lI/k+l) - ‘Qk ’ (1151

where we defined SAZ,’(’ as

An iAt [ h? . iAth ;
Q= [1 kT (W + Vk)} Wt 3 ((ZE 7 (11.52)

Both sides of Eq. (11.51) are now multiplied by i4mAx?/(h At) and this gives

2mAx? mAx?
gl 4 2( Y 1— — Vk) gt gt = @ (11.53)
where
" " 2mAx> mAx? " "
Q=W 2 L Ve (11.54)

We recognize that Eq. (11.53) establishes a system of linear equations and rewrite
it in matrix form:

At = on (11.55)

Here, we defined the vectors ¥" = (lI/(;’, 2L lllﬁ)T, "= (96‘ 1., .Q]’\’,)T
and the tridiagonal matrix

A= 1 I 1 , (11.56)

with I} fork = 1,2,..., N given by

2mAx* Ax?
szz(l mex —1—uvk) , (11.57)

Ath h2

according to Eq. (11.53).
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The system (11.56) is solved iteratively. However, in this case we employ a more
elegant ansatz which is allowed for tridiagonal matrices. We set

gt = a @t 4+ 0] (11.58)

and apply it to Eq. (11.53). After rearranging terms we arrive at:

mAx? PRmAX:  a w1 a1 u n
2(1+ e Vi — Arh —E)llfk =¥ + b — 2. (11.59)
We define
2 (14 mAx? PRmA  a (11.60)
o = — e .
¢ YT At 2
and obtain from Eq. (11.59)
1 b} — 27
gt = gyt ATk (11.61)
[077% O
However, due to the ansatz (11.58) we also have
ot = gt bl (11.62)
which results in the relations
1
aj—1 — — , (1163)
(273
and
b — Q"
b = +—k% = (b} — 2}) ar—1 . (11.64)
(673
Equation (11.63) leads to the recursion relation
(14 mAx? v 2mAx? 1 (11.65)
= h2 ¢ Ath Aj—1 ’ ’
and we derive from Eq. (11.64):
n bllz—l n
by =—+ ;. (11.66)

Ar—1
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The remaining question is how to choose ag and bj. We impose the boundary
conditions ¥y = 0 and ¥y = 0 and derive from Eq. (11.53):

on > 2mAx? 1 mAx?
re Ath h2

vl) gt gt (11.67)

A comparison of this equation with the ansatz (11.58), i.e. lI’f“ = alllff“ + b7,
reveals that

mAx? 2mAx?
a1:2(1+ i Vi — Arh ) , (11.68)
and
b= 2. (11.69)
These expressions are equivalent to ap = oo and it is, thus, impossible to

calculate lI/l”+1 from lI/(’)H'l. However, we can determine the function values l1/,f+1
via a backward recursion

1
gt = o (vt =By . (11.70)

which is initialized with the boundary condition ¥y ' = 0. We can now summarize
the algorithm:

1. Choose the initial conditions lllko, k = 0,1,...,N which satisfy the boundary
conditions ¥ = 0 and ¥y = 0.

2. Set
(14 mASy, _ 2mAY (11.71)
a= A2 ! Ath ) ’
and calculate fork =2,...,N—1
2 (14 mAx2V 2mAx? 1 (11.72)
a, = —_ - . .
¢ h? ¢ Ath Ag—1
3. Start the time loop: n = 0, 1, ..., M, with M the maximum number of time steps.
4. Calculate fork =1,2,...,N—1
" " 2mAx? mAx> " "
) =-Y ,+2 Ak + 1+ TV/( =W (11.73)
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5. Set
b’f = ,Q’l’ , (11.74)

and calculate fork =2,...,N—1

n bz—l n
by = + 2p. (11.75)
ap—1
6. Calculate fork=N—-1,N—-2,...,1
1
vt = — (gt - by (11.76)
a

where the boundary conditions ¥ = ¥}, = 0 are to be considered.
7. Setn = n + 1 and go to step 4.

The application of this algorithm is now elucidated with the help of a specific
example, the quantum mechanical tunneling effect. The initial condition is described
by a GAUSS wave packet

o2 (11.77)

¥ (x,0) = exp (igx) exp [_(x_—x())z} ’

centered at x = xo which propagates in positive x-direction with momentum ¢. This
wave-function is not yet normalized. Furthermore, we regard the single potential
barrier

Vo x € la,b],
Vilx) = (11.78)
0 elsewhere,
or the double potential barrier
Vo x € [a,b] U [c,d],
Volx) = (11.79)
0 elsewhere.

The scales and parameters are chosen in the following way: L = 500, Ax = 1,
At=01,m=h=1,x =200,g=2,0 =20,Vy =0.7,a =250,b = 260,c =
300, and d = 310. Figure 11.8 presents the time evolution of the square modulus of
the resulting wave-function | (x, nAf)|? vs x (solid line, left hand scale) at different
time steps n = 500, 1000, and 1500. The time step n = 0 corresponds to the initial
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Fig. 11.8 Time evolution of the square modulus of the wave-function |y (x)|? vs x (solid line, left
hand scale). The potential V(x) = V| (x) is also plotted vs x (dashed line, right hand scale). We
present the results for n = 500, 1000, and 1500 time steps. The graph labeled by n = 0 represents
the initial configuration

condition. The potential V;(x) vs x is also plotted (dashed line, right hand scale).
Figure 11.9 corresponds to Fig. 11.8 but now the potential is described by V,(x) and
additional time steps for n = 2000 and 2500 have been added.

In both figures a typical quantum mechanical effect which is referred to as
tunneling can be observed. In particular, there exists a finite probability that the
potential barrier can be crossed, although, from a classical point of view, the
particle’s energy is not sufficient to overcome the barrier. A detailed discussion of
this effect and its technological importance can be found in any standard textbook
on quantum mechanics [19-21].

In conclusion we remark that a very prominent method to solve numerically the
time-dependent SCHRODINGER equation is based on the FOURIER transformation.
The numerical implementation of the FOURIER transformation as well as its
application to the SCHRODINGER equation is briefly discussed in Appendix D.



178 11 Partial Differential Equations

0.04 0.8 0.08 038
n=0 n =500
003 | 0.06 | {06
g z g
¥ oo02f > o004t loa =
— lyx)®
0.01 002t M o V(x) 0.2
0.00 0.00 00
0 100 0 100 300 400 500
X X
0.08 038 0.020 038
n=1500 o )P
0.06 |- 106 0015 | HoL----V(x) {06
z z = ‘ -
¥ o004} {04 > = o010} {04
— v
0.02 | LoV o2 0.005 |- {02
0.00 00 0.000 00
0 400 500 0 500
X X
0.020 0.020 038
n = 2500 G TP
0.015 t 0015 | btttV Lo
g g Z g
¥ oot0f > ¥ oot f >
0.005 | 0.005 |
0.000 0.000
X X

Fig. 11.9 Time evolution of the square modulus of the wave-function |y (x)|? vs x (solid line, left
hand scale). The potential V(x) = V,(x) is also plotted vs x (dashed line, right hand scale). We
present the results for n = 500, 1000, 1500, 2000, and 2500 time steps. The graph labeled by
n = 0 represents the initial configuration

Summary

This chapter was about linear PDEs and how to find solutions numerically. The
dominating theme was the application of the various finite difference methods.
The two-dimensional POISSON equation served as an example for an elliptic PDE.
The algorithm to solve this equation developed here was based on the central
difference derivative. Parabolic PDEs were represented by the time-dependent one-
dimensional heat equation. The numerical solution proved to be possible by either
using an explicit or an implicit EULER scheme. For the explicit EULER scheme the
appropriate choice of time and space discretization proved to be essential for the
stability of the algorithm. The one-dimensional wave equation was introduced as
an example of a hyperbolic PDE. The solution was found by employing an explicit
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EULER approximation. Again time and space discretization had to follow a specific
stability criterion, the COURANT-FRIEDRICHS-LEWY condition. Finally, the one-
dimensional time-dependent SCHRODINGER equation was studied. It does not fit
into any of the above categories. The algorithm to find a numerical solution was
developed here on the basis of a CRANK-NICOLSON scheme and it was tested with
the quantum mechanical tunneling effect.

Problems

1. Write a program which solves the two-dimensional POISSON equation for an
arbitrary charge density distribution p(x, y). Use the numerical method discussed
in Sect. 11.2.

a. Impose DIRICHLET boundary conditions ¢(x,0) = ¢(x,L,) = ¢(0,y) =
¢(Ly,y) = 0 as described in Sect. 11.2. Test the program by first reproducing
Fig.11.2.

b. Solve the POISSON equation for different charge densities of your choice.

c. Calculate the electric field E(x, y) with the help of Eq. (11.3).

2. Calculate the time evolution of the temperature distribution T'(x,7) along a
cylindrical rod described in Sect.9.3. The rod is kept at constant temperatures
Ty and Ty at its ends. The parameters used in Sect. 9.3 stay unchanged. Study
also the case of a heat sink as suggested in the Problems section of Chap. 9.

3. Calculate the time evolution of the square modulus of the wave-function |y (x)|?
vs x for a potential V;(x) according to Eq. (11.78) with V < 0 (quantum well).
In a second step, modify the potential according to

Vi x € [a,b] U [c,d]
Vix) =3 W, x € [b, ]

0 elsewhere,

with Vi > 0, V, < 0, and |V}| < |V3].
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