Chapter 13
Random Sampling Methods

13.1 Introduction

Most applications require random number generators that follow a particular
probability density function (pdf) which is not a uniform distribution on the interval
[0, 1]. We present in this chapter methods to generate random numbers that follow
some arbitrary pdf. As a source will serve uniformly distributed random numbers as
they are generated with the help of the methods we discussed in Chap. 12.

The two most prominent techniques to generate random numbers from an
arbitrary distribution, are the inverse transformation method and the rejection
method. They will be discussed in Sects. 13.2 and 13.3, respectively. In addition,
we comment in Sect. 13.4 briefly on sampling from piecewise defined pdfs and
combined pdfs. It has to be emphasized that these methods are in many cases not
sufficient and a more powerful approach is required. One of these is based on the
idea of importance sampling and is referred to as the METROPOLIS method. It will
be discussed briefly in Chap. 14.

Nevertheless, it is also possible to obtain quite easily random numbers for some
specific pdfs by direct sampling [1]. For instance, suppose xj, x, are two uniformly
distributed random numbers. Hence, their pdf is given by

1 xelo.1],
pu(x) = { (13.1)

0 elsewhere.

and the corresponding cumulative distribution function (cdf) follows:

0 x<0,
X
P.(x) = / dxXp,(X)=4x x€]0,1], (13.2)
0
1 x>1.
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One can prove that the new random number y

y = max(xy, x2) , (13.3)
conforms to the cdf
FO) =y, (13.4)
and to the pdf’:
f») =2y. (13.5)

The consequence is an elegant method to generate random numbers z which follow
the pdf

g2) = k7, (13.6)
by defining
7z = max(xy, x2, ..., X) . (13.7)
Here, the random numbers x; are uniformly distributed and can be obtained with the
help of the methods introduced in Chap. 12.

Another equally elegant method can be employed to calculate random numbers
which follow a normal distribution:

(2) = LI, (—é) (13.8)
pz—m Pl=5) - i

Again, we act on the assumption that the random numbers x; are uniformly
distributed within the unit interval [0, 1]. We take two random numbers (x;, x;) and
construct two random numbers (z;, z2) using the transformation:

71 = cos(2mx)v/—21Inxy, 75 = sin(2wx;)y/—21Inx; . (13.9)

I'This follows from the transformation of pdfs (see Chap. 14):

1 1
fo) = /0 dxl/O doxy [y — max (xy, x2)] = 2y.
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It is easy to demonstrate that (z;,z,) follow the pdf (13.8). We introduce the
joint distribution p,(x1,x2) = pu(x1)pu(x2) (assumption of no correlations). The
transformation of probabilities [2—4] gives

p(21,22)dz1dzy = pu(x1, x2)dxidx; | (13.10)

or, equivalently, the JACOBIAN determinant

3(X1,x2)
Az1,22)

P(z1,22) = (13.11)

where we employed Eq. (13.1). We recognize that Eq. (13.9) is equivalent to

2 2 1
m=exp(-LE2), = ! (2). (13.12)
2 21 21
The JACOBIAN determinant is readily evaluated and gives?:
ox) _ |\t g
Az z2) |52 5
—Z1X] —22X1
=|_ &) 21
2(Z+23) 2n(Z+3D)
j— X1
T 2w
1 2+ 2
= —exp 4Ty
2w 2
= p(z)p(z2) - (13.13)

This is the product of two normal distributions and, thus, z; and z, follow indeed a
normal distribution.

2We make use of:
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13.2 Inverse Transformation Method

The inverse transformation method is one of the simplest and most useful methods
to sample random variables from an arbitrary pdf [1, 5-7]. Let p(x), X € [Xmin> Xmax]»
denote the pdf from which we want to obtain our random numbers. The correspond-
ing cdf will be denoted by

P(x) = /X dx'p(x) . (13.14)

‘min

It follows immediately from the positivity and the normalization condition of pdfs
(Appendix, Sect. E.5) that P(x) is monotonically increasing and, furthermore, that
P(Xmin) = 0 and P(xpx) = 1. Let £ denote some random number uniformly
distributed within the interval [0, 1]. We obtain from the conservation of probability
[2-4]

de\ !
P = pax — 1 =© = (1) (1315
which can be solved by the choice § = P(x), since
d
—P(x) =p(x) . (13.16)
dx
Hence, we arrive at
x=P7'(§) (13.17)

where P~! denotes the inverse of P. It is an obvious caveat of this method
that it requires the inverse P~!(£) to exist and that P(x) must be calculated and
inverted analytically. This is, for instance, not possible in the case of the normal
distribution (13.8).

Let us illustrate this method with two simple examples:

1. Suppose we want to draw random numbers which are uniformly distributed
within the interval [a, b]. The corresponding pdf reads

1
b—a’

plx) = (13.18)

and the cdf takes on the form

P(x) = xX—a

, (13.19)
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where we set, in this particular example, xnhi, = a. Hence, we have

=22 (13.20)
b—a

which is uniformly distributed within [0, 1]. Consequently, we determine random
numbers x € [a, b] uniformly distributed via

x=a+ (b—a) . (13.21)

2. We are interested in random numbers x drawn from a pdf given by the exponential
distribution:

plx) = %exp (—%) . (13.22)

Here, A > 0 and x € [0, 00). These could, for instance, describe the free path
x of a particle between interactions, where the mean free path (x) = A. From
Eq. (13.17) we obtain

R Y X\ x
E—A/deexp(—k)—l exp( A)’ (13.23)

and consequently the relation
x=-Aln(1-§), (13.24)

gives random variables x which comply to the exponential distribution (13.22) if
¢ follows the pdf p,(§) of Eq. (13.1). Moreover, it follows from the symmetry of
the uniform distribution that

x=—Aln() . (13.25)

without affecting the resulting random numbers. In Fig.13.1 we show a
histogram with random numbers drawn according to (13.25).

We pointed out already that it is certainly a caveat of this method that the cdf
P(x) has to be calculated and inverted analytically. Even if P(x) is not analytically
invertible, it is possible to employ the inverse transformation method by calculating
P(x) for certain grid-points x; and then interpolating P(x) piecewise between
these points with the help of an invertible function. However, in many cases it is
advantageous to employ the rejection method, which will be discussed next.



202 13 Random Sampling Methods

(@) 10 (b) 020
0.8
0.15 K
0.6
a 2=1 5 010y
0.4
0.05 {
0.2
0.0 L 0.00 LU L
0 2 4 6 8 10 0 10 20 30 40
X X

Fig. 13.1 The histogram representation of the pdf p(x) vs x generated by random numbers drawn
from an exponential distribution Eq. (13.22) with the help of the inverse transformation sampling
method. Two different values for A have been considered, namely (a) A = 1 and (b) A = 5.
N = 10° random numbers have been sampled. The solid line corresponds to the pdf p(x) according
to Eq. (13.22)

13.3 Rejection Method

The rejection method is particularly suitable if the inverse transformation method
fails [1, 6, 7]. One of the most prominent versions of the rejection method is the
METROPOLIS algorithm. It will be introduced in Sect. 14.3.

The basic idea of the rejection method is to draw random numbers x from another,
preferably analytically invertible pdf 4(x) and check whether or not they lie within
the desired pdf p(x). If this is the case the random number x is accepted, otherwise
it will be rejected. This is also the basic idea of the hit and miss version of Monte-
Carlo integration which will be discussed in Sect. 14.2.

We specify the rejection method: Let p(x) denote the pdf from which we want
to draw random numbers. Furthermore, let /(x) be another pdf, which can easily
be sampled (for instance with the help of the inverse transformation method) and
which is chosen in a such a way that the inequality

p(x) < ch(x) , (13.26)

holds for all x € [Xmin, Xmax], Where ¢ > 1 is some constant. The function c h(x)
is referred to as the envelope of p(x) within the interval [xmin, Xmax]- The strategy
is clear: we sample a random variable x' (trial state) from 4 (x) and accept it with
probability p(x)/[c h(x)]. This procedure is sketched in Fig. 13.2. Let p(A|x) denote
the probability that a given value x is accepted and g(x) denotes the probability that
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Fig. 13.2 Schematic YA
illustration of the rejection
method. The trial state x’ is
accepted with probability

p)/[ch(x)]

reject

“x

we produce a variable x with the help of this algorithm. Furthermore, P(x = x')
stands for the probability that a trial state x” is generated. We have

g(x) o P(x = x")p(Alx')

p(x)
ch(x")

o p(x') . (13.27)

= h(x")

Hence, we indeed generate random numbers which follow the pdf p(x). We may
also calculate the probability P(A) that an arbitrary trial state x’ is accepted. This is
done with the help of the marginalization rule (E.39):

PA) = /dx’p(A AX)
= /dx’p(A|x’)P(x =x')

- / ax 29D oy

ch(x")
=~ [ awpe)
C
_ 1 (13.28)
C

More generally, the probability P(A) to accept a d-dimensional random variable is
given by:
1
PA) = — . (13.29)

C
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We deduce that the bigger ¢ the worse is the acceptance probability of the rejection
method. It is therefore advisable to choose the envelope A(x) very carefully.
As an example we aim at sampling the normal distribution (E.43) forx € R

1 x2
p(x) = chp(—ﬁ), (13.30)

with expectation value (x) = xo = 0 and variance o. In a first step we restrict our
investigation to x € [0, co) due to the symmetry of the pdf. The slightly modified
pdf for the right-half axis reads

=/ 2 x 0 13.31
qlx) = Fexp(—ﬁ), x €[0,00) , (13.31)

where we adjusted the normalization. The complete normal distribution (13.30) is
re-obtained by sampling the sign of x in an additional step. We use as an envelope
h(x) the exponential distribution Eq. (13.22). Furthermore, A and ¢ are chosen in
such a way that the acceptance probability (13.28) has a maximum under the
constraint (13.26). Since this is equivalent to ¢ — min we have to solve the
optimization problem

c> &xi — max . (13.32)

The resulting ¢, is then given by

q (x0pt)

in = 13.33
Cmin h(xopt) ( )
and x,p; is the yet unknown optimal value for x. We obtain
d g(x) 202 d x X
_ = —_— exp —_— —
dx h(x) mo?dx A 202
2)2 . x X 1 x
= — X —_—— — —_—— —
702 P\ T 202 ) |2 52
Lo . (13.34)
and, therefore,
o2

Yop = 5 - (13.35)



13.3 Rejection Method 205

Consequently, we have

212 o’
Cmin = F exXp (m) . (1336)

The above relation gives the minimum value of ¢ for arbitrary values of A. However,
since h(x) is our envelope, we can choose A in such a way, that ¢y, — min. This is
achieved in a second step

d 2 o2 : o?
—Cmin =\ =5 exp| 55 | | 1- 53
e 702 P\ 2p2 22
0. (13.37)

which results in the optimum value Ao, = o. This, finally, results together with

Eq.(13.36) in:
2e
Cmin = 1/ — - (13.38)
i

The algorithm is executed in the following steps:

. Draw a uniformly distributed random number £ € [0, 1].

. Calculate x* = —Aqp In(§), where Agpy = 0.

3. Draw a uniformly distributed random number r € [0, 1]. If r < g(x")/[cminh(x")],
then x = x' is accepted and if r > g(x")/[cminh(x")], X" is rejected and we return

N —

to step 1.
4. If x' was accepted, we draw a uniformly distributed random number r € [0, 1]
and only if r < 0.5 we set x = —x otherwise x stays as is.

5. We repeat steps 1-4 until the number N of desired random numbers has been
reached.

Figure 13.3 shows random numbers obtained with the help of this method in a
histogram representation. We calculated (a) N = 103, (b) N = 10*, and (c) N = 10°
random numbers for o = 1. It is quite obvious that the original pdf (13.30) is the
better approximated the bigger the number N of sampled random numbers becomes.



206 13 Random Sampling Methods

Fig. 13.3 The histogram 05
representation of the pdf p(x) o 1 (a)
vs x generated by random 04 | N=10° 1L
numbers drawn from the ' W TN
normal distribution —~ 03l
Eq.(13.30) (0 = 1) with the & )
help of the rejection method. 02 b A
We sampled (a) N = 103, (b)
N =10%and (¢) N = 10° 01 L
random numbers. The solid
line represents the pdf 0.0 - HHLLLY "
p(x) (13.30) 0.5 | (b)
_an4
0.4 N=10 N
8 03
a
0.2
0.1 |
0.0 u 4 4 u
0.5
N=10° ©
04 - AT
8 03
a
0.2
0.1 |
00 1 L I 1
-4 -3 -2 -1 0 1 2 3 4

13.4 Probability Mixing

The method of probability mixing was developed to offer an algorithm which allows
to generate random numbers by sampling piecewise defined or composite pdfs. Such
a pdf is of the general form

N
) =Y afitx), i #0, (13.39)
i=1
where the sub-pdfs f;(x) fulfill the normalization requirement

/dx’f,»(x’) =1, (13.40)
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and are non-negative, i.e.

fix) =0, (13.41)
foralli=1,...,N. It follows that
N
dai=1, (13.42)
i=1
which ensures that
/dx’p(x’) =1, (13.43)

is fulfilled. The question is how to sample random numbers from such a pdf, since
in most cases it might be hard to invert the sum (inverse transformation method)
or find a suitable envelope (rejection method). However, this question can easily be
answered: We define

gi=Y a. (13.44)
(=1

Thus, gy = 1 and the interval [0, 1] has been divided according to:

| | | |
! ! ! !
o aqa, q 9, d09d d, 1

The index i of the relevant pdf is determined by the condition
qi-1 <r <gqi, (13.45)

where r € [0,1] is a uniformly distributed random number. We then draw the
required random number x from the sub-pdf f;(x) with any of the methods discussed
above.

This procedure is quite plausible, since the coefficients ; give the relative weight
of the sub-pdfs f;(x). In particular, ; determines the importance of the sub-pdf f;(x).
It is, therefore, a natural approach to use ¢; as a measure of the probability that a
random variable is to be sampled from the particular sub-pdf f;(x).
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Summary

To generate random numbers is essential for many application in Computational
Physics. This chapter concentrated on basic methods to generate the desired random
numbers: (a) the direct sampling method used transformations of the uniform
distribution to generate the required random numbers; (b) the inverse transformation
method was based on the availability of an inverse cdf which was in most cases
required to be calculated analytically; finally, (c) the rejection method which
was basically a hit or miss method. It used an easily invertible pdf A(x) which
enveloped the desired pdf p(x) completely within some interval x € [Xyin, Xmax]. The
effectiveness of this method depended on how ‘well’ the envelope i(x) enclosed
the original pdf p(x). In a last step the method of probability mixing was discussed.
It was an easily verifiable method which allowed to sample random numbers from
composite pdfs.

Problems

Draw random numbers from the following pdfs:

1. Direct Sampling:

Sample the normal distribution with (x) = 0 and o = 1 with the help of the
method discussed in Sect. 13.1. Check the result by plotting the random numbers
against the pdf p(x) in a histogram.

2. Inverse Transformation Method.:

Write a function which samples random numbers from the exponential
distribution with the help of the inverse transformation method as discussed in
Sect. 13.2. Compare the generated random numbers to the pdf in a histogram.

3. Rejection Method:

Sample the normal distribution with (x) = 0 and 0 = 1 with the help of the
exponential distribution as discussed in Sect. 13.3. Compare the generated ran-
dom numbers with the pdf in a histogram. Determine the acceptance probability
numerically.

4. Probability Mixing:

We choose an alternative envelope for the normal distribution with (x) = 0
and o = 1. This envelope is chosen to be constant for all |x| < xo, and decays
exponentially for |x| > xo. (xo is a parameter of your choice.) The parameters
do not need to optimize the acceptance probability. Again, plot the generated
random numbers in a histogram and compare the acceptance probability with the
acceptance probability of point 3.
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