Chapter 17
Thermodynamic Equilibrium

17.1  Equilibrium Conditions

We introduced the second law of thermodynamics to formalize the statement
that a system which is left to itself will approach a final stable equilibrium
state. A system left completely to itself is isolated, and does not exchange
heat, work or mass with its surroundings, therefore Q = W = 0; for such
a system, the second law states that in equilibrium entropy will assume a
maximum. While the initial state of a system typically is inhomogeneous,
in equilibrium we expect homogeneous temperatures and zero velocity, since
internal heat transfer will equilibrate temperature, and internal friction will
dissipate all kinetic energy. If gravity can be ignored, pressure and density
(in a single phase system) are homogeneous as well, else they might be inho-
mogeneous, as, e.g., in the barometric formula.

Below, we shall confirm these expectations by evaluating the second law
for isolated systems. Thereafter, we generalize the discussion to thermody-
namic equilibria of closed systems with various boundary conditions. The
state of the system can be controlled from the surroundings of the system in
a number of ways. When the system is in thermal contact with a tempera-
ture reservoir it will assume the temperature of the reservoir, and thus the
system temperature is controlled. The system volume can be controlled by
confining material into a closed box. The system pressure can be controlled
by exerting a constant force on a piston that closes the system. The system’s
energy F is controlled when heat and work balance, i.e., Q = W, so that
‘if = 0. Systems at controlled temperatures or pressures will exchange heat
or work, and change their volume, as they approach their equilibrium state.

We shall see that, depending on the boundary conditions, different ther-
modynamic properties will attain a minimum or a maximum in equilibrium.
However, the resulting equilibria share the same characteristics.
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17.2  Equilibrium in Isolated Systems

An isolated system does not exchange energy or mass with its surroundings.
Accordingly, first and second law reduce to

dE as

dt =0 5 dt = Sgen >0 5 (17'1)

with a constant mass m in the system. Since no work is exchanged, the
volume V must be constant as well. According to the second law, the state of
the system will change until the entropy has reached a maximum. However,
since mass and energy of the system do not change over time, at all times
the process is restricted by having the initial mass and energy enclosed in
the system. The approach to equilibrium is a reorganization of the local
properties of the system towards the final equilibrium state.

We study the approach to equilibrium for a single phase system; heteroge-
neous systems will be discussed later, in Sec. 17.7. For this we have to consider
the total mass, energy and entropy by integration over the full system,

1
m:/pdV , E—/p(qu V2+'yz)dV , S:/pst. (17.2)
v v 2 v

In order to avoid confusion with the Gibbs free energy, the gravitational
acceleration is denoted by ~. Here, p, T, V, and w (p, T), s (p,T) are the local
values of the thermodynamic properties, that is, p = p (7), T=T (7) etc.,
where 7 is the location in the volume V of the system, see Sec. 2.7.

Before we proceed, we need to state the momentum vector M of the system.
Typically, we are interested in systems that are globally at rest, where the
overall momentum vanishes, but we might consider also systems moving with
a constant velocity ¥, so that ﬁ = m¥. Since all clements of the system
have their own velocity 7 (7), we find the total momentum by summing
over the system,

M=m7v = / pVdv ; (17.3)
1%

here 7 is the local velocity vector with V = \/7 . 7 As long as no forces
act on the system, its momentum will be constant; total momentum vanishes
for a system at rest in the observer frame, M = 0.

The equilibrium state is the E}aximum of entropy S under the constraints
of given mass m, momentum M, and energy E. The best way to account

for the constraints is the use of Lagrange multipliers A,, Ay and Ag to
incorporate the constraints and maximize not S but
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qs:/vpst—A,,</VpdV—m)—XM(/Vp%V—ﬁ)
—Ag </Vp(u+;v2+’yz>dVE) . (17.4)

The maximization of @ will give the local values of the thermodynamic equi-
librium properties {p, T, V} in terms of the Lagrange multipliers, which then

_>
must be determined from the given values of {m, M, E}

For the solution of this problem, we employ some rules of variational cal-
culus. The condition for an extremum of the integral ffol X (z,y,y’) de with
y =y (x) and ¢y = dy/dzx, where X (x,y,y’) is known, is that the first varia-
tion of the integral vanishes. This requirement results in Euler’s differential
equation of variational calculus, d”i, g;(, — %}y( = 0 (Leonhard Euler, 1707 -
1783). The solution of Euler’s equation yields the desired function y (x) that
maximizes the integral. Fuler’s equation holds also when = and y are vectors.

In our case we identify = = 7, Y= {p, ?,T} and

1
X:pl:S—AM—XM~7—AE <u+2v2+72)} . (17.5)
. . . . . _ d dv dT
In this particular case the integrand X is independent of 3/ = { dﬁ s an 3 e },

so that Euler’s equation reduces to

8X_{8X 0X 8X}_O, 17.6)

dy L dp gy T
or, in detail,

0X

1
—ls—A, Ay Y -4 2
p s p M E(u+2V +72)]

wo(ap), e ap), ] =0 m

g)é —p [fXM - AEV] —0. (17.8)

s ou
or) ~ " \ar
p p
We proceed with evaluating these three conditions to find the equilibrium

state. For convenience, we begin with the middle equation, (17.8), which
gives immediately that the velocity is homogeneous in equilibrium,

0X

o7 =P =0, (17.9)
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v Au

17.1
o\ (17.10)
For the case of a system at rest, where
Ozﬁz/deV:— Mo pdv=—"Mm (17.11)
v Ap Jv Ap
this implies that in equilibrium all local elements are at rest,
V=Au=M=0. (17.12)

To evaluate the last condition, (17.9), we recall that the Gibbs equation

Tds = du — 52 dp gives (g;)p = } (g;)p. Hence, the condition becomes

0s ou 1 /0u ou
<8T)p_AE <8T)p_T (aT)p_AE (aT)p_o. (17.13)

It follows that in equilibrium the temperature is homogeneous, and equal to
the inverse Lagrange multiplier,

1
T = . 17.14
AL (17.14)

To evaluate the first condition, (17.7), we insert the above results for Ag,

Ay, 7 and use again the Gibbs equation, which gives (g;) — % (gZ) =
T T

— T’; ». After some reordering, we find

g=u—Ts+ ' =—TA,—~z, (17.15)

p

where g is the Gibbs free energy, and ~ is gravitational acceleration. With
the temperature homogeneous, and the constant Lagrange multiplier A, this
is an implicit equation for the equilibrium density, which appears as an ar-
gument in the Gibbs free energy ¢ (p,T), or, alternatively, it is an equation
for pressure p, if we write g (p,T). Often we consider systems in which the
potential energy can be ignored. For such systems, the Gibbs free energy is
homogeneous, g (p,T) = —T'A,. Homogeneous Gibbs free energy and tem-
perature implies that density and pressure are homogeneous as well. Phase
equilibrium will be discussed in Sec. 17.9.

In summary, maximizing entropy in the isolated system yields that the sys-
tem is fully at rest, V = 0, has homogeneous temperature, T = 1/Ag, and,
in the gravitational field, has inhomogeneous density and pressure, given im-
plicitly by ¢ (T, p) = —T'A, —~vz. What remains is to determine the Lagrange
multipliers Ag = 1/T and A,, which follow from the given values of mass
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m = [, pdV and energy E = [, p[u(T,p)+~z|dV in the system. Their
detailed values depend on the size and geometry of the system.

17.3 Barometric and Hydrostatic Formulas

To gain insight into the influence of potential energy, we evaluate (17.15) for
ideal gases and incompressible fluids. For an ideal gas, the Gibbs free energy

isg(p,T)=h(T)-T (30 (T)—RIn p;j;T). Using this in (17.15) and solving

for density gives the barometric formula,

p=p’exp [— ;i;] , (17.16)

where p¥ = By €XD [*/11{ - h(T)}Tq:SO(T)
z = 0. The ideal gas law gives the corresponding expression for pressure as
p=p"exp [— 37 ], where p® = pRT is the pressure at z = 0.

For incompressible fluids, p = const., and internal energy and entropy
depend only on temperature, so that the Gibbs free energy is g (T,p) =
u(T) + IZ — T's(T). Using this in (17.15) and solving for pressure gives the
hydrostatic pressure formula,

] is the density at reference height

p=p"—pyz, (17.17)

where p° = pT [s(T) —u(T)/T — A,) is the pressure at reference height
z=0.

17.4 Thermodynamic Stability

The equilibrium state determined in the previous sections should be stable,
which means that, indeed, it should be a maximum of the integral ¢ as defined
in (17.4). This requires that the second variation of ¢ must be negative. In
our case, where the integrand X depends only on ¥, this requires negative
values for the second derivatives 92X /dy? at the location of the maximum.
With the help of the Gibbs equation, the second derivatives can be written

as
0X 1 ou 0%u 1 [/0p
="~ Al |2 -
dpdp {T E} [ (GP)TJF'O(WQ)J pT (3P)T ’

X
oy~ P
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0?X 1 0%u p [ Ou
=p - AE - )
oT? T oT? ) T2\ 0T )

02X 0?X 1 ou

opoT — OTdp [T _AE] (a:r)p ’ (17.18)

0X _ 0X _ —71\/1 B AEv ’
90V 9V ap

oX _ o9xX .
aroy  avor

These must now be evaluated at the equilibrium state, T'=1/Ag and 7 =

— A pr/Ag, where they must be negative. With the definitions of isothermal
compressibility k7 (16.37) and the specific heat at constant volume ¢, (16.20),
the resulting conditions can be written as

0X _1(8p> _ 1 <0
9p0p |eq T \9p) p?Trr ’
2
X
0 =-" <o, (17.19)
672 |eq T
0%’X p [ Ou P
OT?|eq T2 (8T)p =<l

all mixed derivatives vanish in equilibrium. With the mass density being pos-
itive, thermodynamic stability thus requires that isothermal compressibility,
specific heat, and thermodynamic temperature are positive,

k>0, >0 , T>0. (17.20)

These conditions imply that the volume decreases when pressure is increased
isothermally, and that the temperature rises when heat is added to the sys-
tem. While this matches our daily experience, it is nevertheless remarkable
that it is guaranteed by the second law as a universal principle, valid for all
materials.

17.5 Equilibrium in Non-isolated Systems

Non-isolated systems exchange work or heat with their surroundings. For the
study of their equilibria, we use the first and second law in their global forms,

d
dt

dv s Q

U+ Bpot) =Q — : — Y =84n >0, 17.21
(U+ Epot) =Q —pB i at Ty T Deen S ( )
which are valid when the system exchanges work only via a piston. Here, pp

is the pressure at the piston boundary, and the system exchanges heat only
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at boundary temperature Tz; we shall consider only cases with homogeneous
pressure and temperature at the system boundary. For simplicity, we ignore
kinetic energy, which can be incorporated as in the previous sections, with
the same result that all elements of the system will be at rest in equilibrium.

For all systems discussed below, if single phase systems are considered, the
respective maximization or minimization requirements are mathematically
very similar to the maximization of entropy as discussed above.

In cases where the homogeneous boundary temperature Tz is prescribed,
the role of the Lagrange multiplier Ag is assumed by the boundary temper-
ature Tz, and thus the homogeneous equilibrium temperature of the system
isT =1Tg.

In cases where the piston pressure is prescribed, the pressure condition
g(p,T) = —=TA, — vz must be compatible with the pressure prescribed at
the piston. If gravity can be ignored, this gives g (p,T) = g (pp,T) = —TA,,
hence homogeneous pressure p = pp. In cases with gravity, since we have
assumed homogeneous piston pressure, this implies horizontal piston and
g, T)=y9g(ps,T)—7v(z— zB), where zp is the height of the piston.

17.5.1  Adiabatic and Isochoric System

For an adiabatic system, we have Q = 0 and thus

d av as

it U+ Enot) = —pp >0. (17.22)

e’ odt ~
Entropy grows in an adiabatic process, until it reaches a maximum in equilib-
rium. We note that for an isochoric process, where V' = const., or ”gt/ =0, the
total energy E = U + Ejp stays constant as well. Thus, we have in particular

S = Maximum and U + E,.; = const. for Q =0, V = const. (17.23)

Indeed, this is the case of a fully isolated system as discussed above, which
does not exchange heat and work with its surroundings. The equilibrium
state for this case follows from maximizing entropy under constraints of given
values for mass m and energy U + Ep.

17.5.2  Adiabatic and Isobaric System

A Legendre transform gives an alternative form of the first law,

dpp

17.24
re (17.24)

d
dt (U+psV+Ep) =V
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and we conclude that

S = Maximum and U + pV + Epo = const. for Q =0, pp = const.
(17.25)
Note that H = U + pV is the enthalpy. The equilibrium state for this case
follows from maximizing entropy under constraints of given values for mass
m and U 4+ ppV + Epot.

17.5.3 Isentropic and Isochoric System

For the discussion of non-adiabatic systems, we eliminate the heat Q between
the first and the second law, to find

av

P ~TBSgen < 0. (17.26)

d ds
di (U+ Epot) = Ts di +pB

It follows that in a process with constant entropy and constant volume, where

flf = dd‘t/ = 0, the total energy will assume a minimum in equilibrium,

E =U + E,ot = Minimum for S = const., V = const. (17.27)

The equilibrium state for this case follows from minimizing energy U + Epo¢
under constraints of given values for mass m and entropy S. Note that en-
tropy is difficult to control, and thus this case is typically not encountered in
applications.

17.5.4  Isothermal and Isochoric System

By means of a Legendre transform, (17.26) can be rewritten as

d
dt

av

dT,
(U—-TgS+ Ept)+ S e

dtB +p5 , =—TSgen <0. (17.28)

It follows that in a process with constant boundary temperature and volume,

where 472 = 4V — () the combination E — TS assumes a minimum in
equilibrium,

dt dt

U —- TS + Epot = Minimum for Tg = const., V = const. (17.29)

Recall that U — T'S = F is the Helmholtz free energy. The equilibrium state
for this case follows from minimizing U — TS + Ep,¢ under constraint of
given value for mass m.
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17.5.5  Isothermal and Isobaric System

Another Legendre transform shows that for a process with constant boundary
pressure and temperature (dgf = dgf’ = 0) the combination E+pgV —TgS
assumes a minimum,

U+ppV —TpS + Epot = Minimum for Tp = const., pp = const. (17.30)

Recall that U 4+ pV — TS = H — TS = G is the Gibbs free energy. The
equilibrium state for this case follows from minimizing U+ pgV —TBS+ Epot
under constraint of given value for mass m.

17.5.6  Energy vs. Entropy

Temperature, volume and pressure are far easier to control than energy and
entropy, and thus one normally encounters the last two cases for the compu-
tation of equilibria. For simple one-phase systems the results are straightfor-
ward: homogeneous temperature 7', and, if gravity is ignored, homogeneous
pressures p. More complex systems, in particular systems in several phases,
and reacting and inert mixtures of several components have additional degrees
of freedom that approach equilibrium values, and it is convenient to determine
these equilibrium values under the assumption that thermal and mechanical
equilibrium, i.e., homogeneous temperature and pressure, are established al-
ready. Then, the computation of equilibrium states typically entails to find
minima of free energies, either of the Helmholtz free energy FF = U — TS, or
of the Gibbs free energy G = H —T'S.

The free energies describe the competition between energy and entropy,
with the temperature as factor to determine their relative importance. We
take a look at this for the Helmholtz free energy, F' = U —T'S. The Helmholtz
free energy can attain a minimum state either by making the energy U small,
or by making the entropic term TS large. At low temperatures, the product
TS is relatively small, thus the entropic term does not matter much, and
energy is more important; states of low energies are assumed, for instance
the liquid state, which is due to the attractive potential between molecules.
For high temperatures, however, the entropic term 7'S dominates, and states
of large entropy are assumed, e.g., the vapor state. For intermediate tem-
peratures, energy and entropy find a compromise, e.g., the coexistence of
vapor, which has large entropy, and liquid, which has low energy, in phase
equilibrium.

17.6 Interpretation of the Barometric Formula

We discuss the barometric formula (17.16) in the context of the competition
between energy and entropy, where the temperature is the deciding factor.



402 17 Thermodynamic Equilibrium

The barometric formula is quite interesting as a rough indicator on the behav-
ior of planetary atmospheres. For an exact discussion, however, one should
account for temperature variances within the atmosphere, and for the spher-
ical geometry of the planets.

We consider a column of atmosphere of base area A. The number of moles
in a layer of the atmosphere at height z is dn = * ](\;) Adz, while the total
number of moles in the column is N = m/M, with m = [ pAdz being the
total mass in the column. The probability to find a particle in the layer at z
is given by

dn _ p(z)Adz _ ~ [ vz

wdz = = P ~RT

N m = mp ™ } dz . (17.31)

7 (z) as defined here is a probability density, which fulfills [ 7 (2)dz = 1.
Mean value and variance of the height of a particle are

z= oozwz z:RT o= 00,2—2271',2 z:RT
z_/o (= \//O( Pr)dz= L (1732)

For large values of z and o, gases are more likely to escape a planet.
Obviously, zZ and ¢ grow with temperature, which explains why hot planets,
e.g., Mercury, have lost their atmosphere. Moreover, zZ and ¢ are smaller for
larger gravitation v, which explains why heavier planets have more stable
atmospheres: Jupiter, for instance, is a heavy gas planet. Finally, Z and o
grow with decreasing molar mass M which explains why light elements are
more likely to escape from the atmosphere of a planet. Indeed, there is only
little helium left in Earth’s atmosphere, although helium is one of the most
abundant elements in the universe. A good source for helium is natural gas
which was formed long ago, when Earth’s atmosphere was richer in helium.

The above discussion can be seen in the context of competition between
energy and entropy. When the temperature is low, the entropy is less impor-
tant, and the equilibrium state has a low potential energy, z is small, and
z =0 for T'= 0. But when the temperature is high, entropy is more impor-
tant, and tries to establish a state of even distribution within the accessible
volume. The actual state, with exponential decay, is a compromise between
the two opposing tendencies. We shall explore this competition more as we
proceed.

17.7 Equilibrium in Heterogeneous Systems

The thermodynamic equilibrium conditions, e.g., system entropy assumes a
maximum in isolated systems (17.23), or Gibbs free energy assumes a mini-
mum when pressure and temperature are prescribed at the boundary (17.30),
are universally valid. In this section, we evaluate the equilibrium state for a
heterogeneous system, which consists of two parts in thermal and mechani-
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Ul U2
Vl V2
S (Ui, V1) S (Us, Vo)

Fig. 17.1 An externally adiabatic system at constant volume, containing two dif-
ferent materials or phases

cal contact. To be specific, we consider an adiabatically enclosed system at
constant volume that is divided into two parts as depicted in Fig. 17.1. The
two parts may contain different substances, or the same substance, and they
might contain different phases. The divider between the two parts can move
freely, and is diathermal, i.e., heat can pass, potential and kinetic energies
are ignored. Due to the boundary conditions for the system, total energy,
U = U; 4+ Us, and total volume, V = V; + V5 are constants, but energy
and volume of the parts might change. We assume the system is in thermal
equilibrium and consider small perturbations from the equilibrium state such
that the energies and volumes of the two parts are

Uy +6U , Us—6U and Vi +6V , Vo—4dV. (17.33)

This perturbation yields a change in entropy, so that the entropy of the
perturbed state is S + §S. Since the perturbed state is an equilibrium state,
the entropy S = Sy (U1, Vi) + Sz (Uz, V2) is a maximum; accordingly, the
perturbation in entropy must be negative, 65 < 0. We have

S+6S =8 (Uy 40U, Vi +6V) + Sy (Uy — U, Vo — V), (17.34)

and from Taylor expansion to first order we find

051 051 0855 0S5
0S8 = 1) oV — oU — oV . (17.
8 <6U1>V1 U+(8Vl>U1 v <8U2)V2 v <8V2)U2 v ( 735)

From the Gibbs equation T'dS = dU + pdV we identify (0S/0U),, = 1/T
and (0S/0V), = p/T, and thus the above can be rewritten (with some
reordering) as

1 pr P2
0>55{T1 TJ5U+{T1 TJ(?V. (17.36)

Since U and 6V can have arbitrary positive or negative values, the sign
condition on 4.5 can only be fulfilled when both terms vanish. This gives the
expected equilibrium conditions for the two parts, namely that they have the
same temperatures and pressures
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T1 = T2 and pP1=p2 . (1737)

The above discussion can be performed for any splitting of the system, and for
different substances in the subsystem. It follows that all possible subsystems
have the same temperature and pressure, that is pressure and temperature
are homogeneous within the system.

If potential energy, e.g., gravitation, plays a role, pressure is not homoge-
neous, see Sec. 17.3. Pressure distribution within one substance or phase is
then given by g (p,T') = —T'A, — vz, while the pressure is continuous at the
interface between two substances or phases.

17.8 Phase Equilibrium

A particular class of equilibrium states concerns equilibria between different
phases of the same substance, e.g., liquid-vapor equilibria.

Fig. 17.2 Liquid (L) and vapor (V') phase in equilibrium at given pressure p and
temperature T'

Figure 17.2 shows liquid and vapor in equilibrium in a system where pres-
sure p and temperature 1" are fixed at the boundaries by the given mass of
the piston, and exposure to a large reservoir at T'. According to (16.1) the
equilibrium state of this system is determined by a minimum of the Gibbs
free energy G, which is just the sum of the Gibbs free energies of the two
phases. The mass m = my, + my within the system is constant, and thus we
have

G =mvgv (T,p) +mrgr (T,p) = mvgy (T,p) + (m —mv) gz (T, p) .
(17.38)
The specific free energies of the individual phases, g;, and gy, depend only on
the intensive variables p and T. When thermal and mechanical equilibrium
are established, T and p are homogeneous throughout both phases, and the
vapor mass my is the only variable. The chemical equilibrium is assumed
when G becomes a minimum, that is for dG/dmy = 0, which gives
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gv (T,p) =g (T,p) . (17.39)

Hence, in a two phase system in equilibrium, pressure, temperature and Gibbs
free energies are homogeneous. It follows that both phases can coexist only
at values for pressure and temperature (7', p) that fulfill the above condition.
Solving for p gives the saturation pressure pst ('), with the well known
value of pgat (100°C) = 1atm for water. Solving for T' gives the saturation
temperature, Tyt (p)-

In case that temperature and pressure are chosen such that the Gibbs
free energies of liquid and vapor are different, the Gibbs free energy (17.38)
assumes a boundary minimum with either my = m, my = 0 (compressed
liquid) or my = m, my = 0 (superheated vapor). In detail we have for a
specified pressure p:

T <Ta (p) = 9. (T,p)<gv(T,p) = mp=m, my =0,
T>Tsat(p) - gL(Tap)>gV(Tap) = my =m, mL:0~

The phase change can be understood as a competition between energy and
entropy. Recall that Gibbs free energy is ¢ = h — T's. For small temperatures,
the entropic term (—T's) is relatively small, and energetic effects dominate.
Then the Gibbs free energy is small for the liquid, where the potential energy
between particles due to the molecular interaction is at a minimum, the parti-
cles are close to each other, and the volume is small. For larger temperatures,
the entropic contribution becomes more important, and the Gibbs free energy
becomes small for large entropies. Since vapor entropy grows with volume,*
the vapor state prevails and the volume is large. At saturation, energetic and
entropic contributions are of comparable size, and both phases coexist.
Alternatively, we have for a specified temperature T

p>psar (T) = g (T,p) <gv(T,p) = mp=m, my =0,
P <psat (T) = g (T,p)>gv (T,p) = my=m, mp=0.

Since vapor entropy grows with lower pressure?, the entropic term will domi-
nate even at low temperatures, if only the pressure is sufficiently small. Thus,
exposing a substance to low pressure might induce phase change.

While we used liquid and vapor as example, the above derivation is not
restricted to any particular phases. For any two phases to be in equilibrium,
their Gibbs free energies must agree. For an example, revisit Fig. 6.4 in Chap-
ter 6 which shows the saturation lines for water as ice, liquid, and vapor.

At the triple point, all three phases coexist in equilibrium, and their free
energies must agree (S stands for solid),

gv (T,p) = gz (T,p) = gs (T, p) . (17.40)

! This can be seen from the ideal gas entropy in the form s —so = ¢, In TT +Rln v“O .
2 This can be seen from the ideal gas entropy in the form s —so = ¢, In T~ RIn ppo .
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These are two conditions for T, p and thus there is only one pair of values
Ty, ptr at which three phases can coexist, the triple point (e.g., for water:
T, = 0.01°C, py = 611 Pa).

The conditions derived above describe the thermodynamic equilibrium of
two phases, which is not always attained. Some substances can exist for very
long periods in metastable states, outside of equilibrium. A typical example is
tin, which below 13.2°C is stable as a semiconductor phase, and is metallic
above. However, the phase transition does only occur at much lower tem-
peratures. Another example is carbon, for which the stable phase at room
temperature is graphite, while diamond is metastable, which obviously does
not diminish its value, both as a gem, and for toolmaking.

17.9 Example: Phase Equilibrium for the Van der
Waals Gas

We consider the van der Waals equation (16.48) for its ability to describe
phase equilibrium.

08 .
r T ——
0.6 A T T 1
K LT / T~V |
o L 77§ B
= |/ <oy |
2 o4l | p(vv—wvr)
a
— ] v
0.2+ 4 / pdv
— ] L
00 . | T T T A N N I |

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

volume v

Fig. 17.3 Phase equilibrium for van der Waals gas

Figure 17.3 shows the sketch of an undercritical isotherm for the van der
Waals gas, which is not monotonous, but exhibits an unstable region where

Kp = —3} <gg) < 0 (so that the isotherm has a positive slope). Instead of
T

following the curve, the gas can split into two phases: L (liquid) and V' (vapor)
as indicated. The question is, where the connecting line which determines the
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saturation pressure should be drawn. The answer comes from evaluation of
(17.39) which can be written as

gL =gv or,withg=f+pv,as fo— fv =p(vv —vr) , (17.41)

where p is the common pressure of the two phases, i.e., the saturation pres-
sure.
The difference in Helmholtz free energy can be reformulated as

\%4 af \%4
Jo—fv=- /L <8v>Tdv = /L pdv (17.42)

isotherm isotherm

where we used that f (T,v) is a potential, see (16.11). Thus the condition for
the saturation pressure reads

/L pdv=p(vv —vL) . (17.43)

isotherm

This is Maxwell’s equal area rule, which states that the areas below the S-
shaped van der Waals curve and the straight line connecting vapor and liquid,
as shown in the figure, must be equal.

The evaluation of this condition leads to transcendental equations which
must be solved numerically. Figure 17.4 shows, in dimensionless variables,
some isotherms and the computed vapor dome in the p-v-diagram.

17.10  Clapeyron Equation

The Clapeyron equation describes the slope of the saturation curve. The
two phases, and the corresponding properties are denoted as phase ’ and
phase ", respectively. To find the Clapeyron equation, we consider a point
{psat, T} on the saturation curve, and an adjacent point on the curve
{psat + dpsat, T + dT'}. For the Gibbs free energy of the latter, for one phase,
we find by Taylor expansion

" (Psat + dpsat, T +dT) = g’ ( T)+<8g/) d +(8g/) dT
9 \Psat Psat g Psats apsat . Psat 5T .
= g’ (psat, T) + V' dpsar — s'dT", (17.44)

where we have used (16.13). We consider the corresponding equation for phase
" as well,

9" (Psas + dpsat, T + dT) = g" (psar, T) + v" dpgay — s”dT (17.45)

and take the difference,
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Fig. 17.4 Van der Waals isotherms and two phase region in the m — v-diagram

gH (psat + dpsata T + dT) - gl (psat + dpsat, T + dT)
= gH (psata T) - g/ (psata T) + (1)” - U/) dpsar — (3” - 3/) T .

Since both points are on the saturation curve, the differences of the free
energies vanish on both sides, and we find the Clapeyron equation?

dpsat B s — g 1R —h

AT~ o' —o T’ —o' (17.46)

h"” — b’ is the heat of phase change, for instance the heat of evaporation or
the heat of melting.

17.11 Example: Estimate of Heat of Evaporation

The Clapeyron equation can be used to find an estimate for the vapor pressure
curve. We consider liquid-vapor equilibrium, where the Clapeyron equations

reads
dpsat o 1 hLV

= 174
dT T’U\/—UL’ (7 7)

3 Note that ¢’ = g” implies b/ —h' =T (s” — &).
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with the heat of evaporation hry = hy — hy. To proceed, we assume that the
specific volume of the vapor phase (V) is far larger than the volume of the
liquid phase (L), so that vy — vy, =~ vy. Moreover, we assume that the vapor
can be described by the ideal gas law, so that vy = RT'/p. Both assumptions
are reasonably accurate at pressures not too far from the triple point. The
equation then reduces to the Clausius-Clapeyron equation

1 dpsat _ hLV
Psat dT RT2 ’

which can be integrated with the further assumption that the heat of evap-
oration hpy is constant, to give

Psat (T2)  hry ( 1 1 )
In = — . 17.48
Psat (Tl) R Tl T2 ( )

We use this equation to estimate the heat of evaporation at 7.5°C from
measurements of saturation pressures and volumes. From steam tables we
find the following data:

Ty, = 278.15K , peat (T1) = 0.8721kPa , vy (Ty) = 147.12 Q% ,
Ty =283.15K , pe (T2) = 1.2276kPa , vy (To) = 10638, .

With R = 0.462 kl;‘]K we find hpy (7.5°C) = 2488.18 g, which is reasonably

close to the exact value of 2515 lli‘g];

17.12 Example: Ice Skating

Another interesting application is the discussion of ice flows and ice skating.
We consider the solid-liquid equilibrium at temperatures not too far from
0°C = 273.15K, where hgy, = 333.7 [, vy, = 0.001 1 and vg = 0.001085 .
Since the solid, i.e., the ice, has a larger volume than the liquid, the melting
curve has a negative slope,

dpsat o 1 hSL — 149 bar

= 174
dT T’UL—US K (7 9)

Due to the density anomaly of water, ice swims on water. Would this not be
so, ponds and lakes would freeze completely in cold climates (ice would form
on the top, and sink), and no life could survive. Thus, the anomaly is of some
importance to our ecosystem. Note also that, considering its low molar mass,
water condenses at rather high temperatures (100 °C at p = 1 atm; compare
to saturation temperature of oxygen (Oz) of —218.8°C); this is due to the
strong attractive intermolecular forces between water molecules (hydrogen
bonds).
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Coming back to (17.49), we conclude that in order to lower the melting
temperature by 1°C, the pressure must be increased by 142bar. In other
words, to melt ice of —10 °C the pressure must be increased by 1420 bar. Due
to the weight of the ice, the pressure inside glaciers is quite high, and the
slow flow of glaciers might be attributed to this effect, but also to plastic
deformation.

Quite often, however, melting under pressure is used to explain the physics
of ice skating, but this is not a valid explanation. Indeed, high pressures would
break the ice before it could melt. The contact area for the skates would have
to be very small, to bring these high pressures on the ice. As most people
know, ice is very slippery even with street shoes, which have a large contact
area. Also one would expect a strong dependence of the skating ability on
temperature, since higher pressures are required for melting at lower tem-
peratures. Moreover, since no liquid water exist below —23 °C, skating would
not be possible at temperatures below that. Canadian students report that
they skated without problems at temperatures below —30 °C.

Today, it is believed that the slipperiness of ice is due to a molecular layer
of water molecules at the surface which are not fixated in the lattice struc-
ture of the ice. There seems to be no stable configuration with an energetic
minimum for the surface molecules, and they dangle about. This molecular
layer behaves almost like liquid water, and thus ice is slippery.*

Problems

17.1. Barometric Formula

Atmospheric air can be considered as an ideal gas with R = 0.287 %7

kg K"

1. Balance the forces on a layer of the atmosphere of thickness dz to show
that gi = —pg.

2. Counsider an isothermal atmosphere and compute p(z) with p(z = 0) =
po = lbar.

3. In reality, the temperature of the atmosphere is decreasing with height
according to

0.60 K

T, = 288 K
100m * ~° ’

T(z)=1Tp (1 - 72) where v =
To
(valid for 0 < z < 10,000m). Compute p(z) for this case (again with
p(z =0) = po).

4. In your last result, consider the limit v+ — 0 and show that you obtain
the same result as in ii.).

1 See: S.C. Colbeck, Pressure melting and ice skating, Am. J. Phys. 63, 888-890
(1995). Wettlaufer & Dash, Melting Below Zero, Scientific American Magazine,
February 2000.
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5. Plot the two curves, and discuss—what pressures are predicted for Mt.
Baker, Mt. Everest?

17.2. Three-Phase Equilibrium

Consider a phase mixture of solid, liquid and vapor in equilibrium, in a closed
system at constant pressure and temperature. Minimize the Gibbs free energy
to find the equilibrium condition (17.40).

17.3. Solid Carbon

Pure carbon in solid form can appear in different crystal lattices, as graphite
70 _ 0 kI 0 _ KkJ ; 70 _ K] 0 _
(hy = 040, 83 = 575, W) or as diamond (hy = 1.89 17, §; =

2.38 knll‘(;]lK). Here, B?, 5(} denote enthalpy and entropy of formation, that
is the values of enthalpy and entropy at standard conditions (Tp = 298K,

po = latm).

1. Experience shows that both forms exist at standard conditions, but ther-
modynamically only one is stable—is it graphite or diamond? State your
argument.

2. The mass density of graphite is 2.251:;%6 and that of diamond is 3.521;;%6.
When the pressure is increased to 1.6 x 10*bar, is your answer to the
previous question the same? Explain.

3. At which pressure are graphite and diamond in equilibrium (at Tp)?

17.4. Stirred Water

A rigid adiabatic container contains 1 litre of water at 20 °C. The water was
briefly stirred with a propeller, so that the average velocity is 15 7. Consider
only the time after stirring (but not the water motion) has stopped. Under the
conditions of this process, water can be described as an ideal incompressible

liquid (v = v = 0.001 If;) with constant specific heat ¢, = ¢,, = 4.18 szK.

1. Show that incompressibility implies ¢, = ¢, = ¢y.

2. Combine the 1st and 2nd law of thermodynamics to show that, while the
water still moves after stirring stops, it comes to rest over time, and the
rest state is the equilibrium state, that is the kinetic energy will go to
zero. Hint: Use the Gibbs equation, and account for adiabatic process and
incompressibility.

3. Determine the increase of temperature between the stirred state and the
final rest state when the system is adiabatic.

17.5. Approximate Equation for Saturation Pressure

In order to find an approximate equation for the saturation pressure of a
substance, assume that the liquid can be considered as an incompressible
liquid, and the vapor as an ideal gas.

1. For the liquid (f) show first that incompressibility implies that the specific
heats at constant pressure and constant volume are the same. Next, assume
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constant specific heat ¢y and incompressibility and find internal energy,
enthalpy and entropy by integration. Show that

T
uf :Cf(TfT()) s hf :Cf(TfT()) , Sf :CflnT .
0
The assumption of incompressibility is not sufficient to obtain the relation
for hy. What contribution is missing, and why (or when) can it be ignored?
2. Consider vapor (g) as an ideal gas with constant specific heats, and show
that specific enthalpy and entropy are given by

1 p hfg (70)
he =c, (T —To) + hrq (T, , Sg=cCpln — RIn + ;
g P ( O) fa ( 0) g P T, i (To) T,

¢p is the specific heat of the vapor, hyg (Tp) is the specific heat of evapora-
tion at reference temperature Ty, and psat (Tp) is the saturation pressure
at Tp. Discuss the choice of integrating constants and give clear arguments
why hyg (Tp) appears in both relations.

3. Find an expression for the heat of evaporation hy, (T').

4. Use the condition for phase equilibrium gy (T, psat (T')) = gg (T, psas (T"))
to find an equation for the saturation pressure pguy (T')

5. Use data for water and chose Ty = 273.15 K to make a table with values
of saturation pressure and heat of evaporation for several temperatures.
Compare to tabled data: When an error of 5% is acceptable, what is the
maximum temperature for which the approximation can be used?

6. An equation that is regularly used, and gives a better fit, is the Antoine
equation

B
cC+T’

Use data for water at 0.01°C, 50°C, and 100 °C to obtain the constants

A, B,C. You may use a computer program to find the constants. Plot the

saturation pressure as function of T', and make a list of values for temper-

atures up to the critical temperature 374.14 °C. Compare with tabulated
data.

logpsat (T) = A

17.6. Heat of Evaporation

Use the Clausius-Clapeyron equation together with the Antoine equation for
water (see previous problem) to find a relation for the heat of vaporization,
hyg (T). Assume that the liquid volume can be ignored against the vapor
volume, and that the vapor can be described as an ideal gas. Plot hyy (T')
over T, and compare with tabulated data. Discuss the result.

17.7. Property Data: Interpolation

For a thermodynamic computation you need the Gibbs free energy, the en-
tropy, and the enthalpy of liquid water at a temperature of 97.5°C and a
pressure of 1 atm. In an old and incomplete table you find the following data:
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compressed liquid:

kJ

95°C,1atm) = —62

9(95°C, Latm) kg
saturated vapor:

k
94(100°C) = —68.5 ; . Psar(100°C) = Latm .

k

Use only this data to determine (a) g(97.5°C, 1 atm), (b) s(97.5°C, 1 atm)
and (c¢) h(97.5°C,1atm).

17.8. Phase Equilibrium of a Van der Waals Gas

Use Maxwell’s equal area rule to construct the two phase region for the
dimensionless van der Waals equation. For given temperature 7 you need
to determine saturation pressure msq: (7) and saturation volumes vy (1) and
vg (7). It is best to prescribe a value for vy and then find the corresponding
values for 7, mq¢, and vy.

1. Write down the equations you need to solve the problem.

2. The equations are transcendental and thus must be solved numerically. Use
one of the convenient mathematics programs like Mathematica, Maple,
Matlab, etc. to solve the problem.

3. Plot the two-phase region and some isothermal curves in a p-v-diagram.

4. Plot the saturation curve in the p-T-diagram.

17.9. Homogeneity
Solve problems 4.15 and 4.16.
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