Chapter 9
Spread Spectrum Techniques

Spread spectrum systems were originally developed for military applications, to provide anti-jam and low probability of
intercept communications by spreading a signal over a large frequency band and transmitting it with a low power per unit
bandwidth [97, 263, 305]. However, there are important commercial applications as well. Code division multiple access
(CDMA) based on spread spectrum technology is used in 3G cellular systems, including WCDMA and cdma2000. It is also
used in wireless local area network standards such as IEEE 801.11 (commonly known as WiFi), and wireless personal area
networks such as Bluetooth.

Spread spectrum signals have the distinguishing characteristic that the bandwidth used to transmit a message is much
greater than the message bandwidth. This band spread is achieved by using a spreading code or pseudo-noise (PN) sequence
that is independent of the message and is known to the receiver. This independence property means that modulation schemes
such as continuous phase modulation with a large modulation index do not qualify as spread spectrum techniques. The
receiver uses a synchronized replica of the PN sequence to despread the received signal allowing recovery of the message.
The bandwidth expansion does not combat additive white Gaussian noise (AWGN), but the wide-band character of spread
spectrum signals can be utilized to mitigate the effects of intentional and non-intentional sources of additive interference and
to exploit the inherent diversity that is present in frequency-selective fading channels.

While there are many different types of spread spectrum systems, the two predominant types are direct sequence (DS)
spread spectrum and frequency hopped (FH) spread spectrum. DS spread spectrum achieves the band spread by using the
PN sequence to introduce rapid phase transitions into the carrier containing the data, while FH spread spectrum achieves the
band spread by using the PN sequence to pseudo-randomly hop the carrier frequency throughout a large band. An excellent
tutorial treatment of spread spectrum concepts can be found in the books by Simon et al. [305] and Ziemer and Peterson
[378]. Some of the early proposals that applied spread spectrum to cellular radio, such as the system proposed by Cooper
and Nettleton [76], were based on FH spread spectrum. However, modern 3G cellular systems use DS spread spectrum. As
a result, the focus of this chapter is on DS spread spectrum and DS-CDMA.

While it appears that any cellular system can be suitably optimized to yield a competitive spectral efficiency regardless
of the multiple-access technique being used, CDMA offers a number of advantages along with some disadvantages. The
advantages of CDMA for cellular applications include (1) universal frequency reuse, (2) narrow band interference rejection,
(3) inherent multipath diversity in DS spread spectrum, (4) ability to exploit variable rate speech coding, (5) soft hand-off
capability, (6) soft capacity limit, and (7) inherent message privacy. The disadvantages of CDMA for cellular applications
include (1) stringent power control requirements with DS CDMA, (2) difficulties in determining the base station (BS) power
levels for deployments that have cells of differing sizes.

This chapter begins with an introduction to DS and FH spread spectrum in Sect.9.1. PN sequences are fundamental to
all spread spectrum systems and are the subject of Sect.9.2. A variety of sequences are considered including m-sequences,
Gold sequences, Kasami sequences, Barker sequences, Walsh-Hadamard sequences, variable length orthogonal codes, and
complementary code keying (CCK). The remainder of the chapter concentrates on DS spread spectrum. The power spectral
density of DS spread spectrum signals is considered in Sect.9.3. Section 9.4 considers the bit error rate performance
of DS spread spectrum signals in the presence of tone interference. Section 9.5 discusses the performance of point-to-
point DS spread spectrum on frequency-selective fading channels and shows how a RAKE receiver can be used to gain
multipath diversity. Section 9.6 considers the performance of a CDMA correlator detector in the presence of multiple-
access interference. The chapter concludes with a discussion of CDMA multiuser detection techniques in Sect. 9.7, including
optimum CDMA multiuser detection, decorrelation detection, and minimum mean square error (MMSE) detection.
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450 9 Spread Spectrum Techniques
9.1 Basic Principles of Spread Spectrum

9.1.1 Direct Sequence Spread Spectrum

A simplified direct sequence (DS) spread spectrum system with QPSK modulation, termed DS/QPSK, is shown in Fig.9.1.
The pseudo-random (PN) sequence generator produces a spreading sequence a = {ay }szl , which is actually a deterministic
sequence with period N. This spreading sequence is used to generate the spreading waveform

a(t) =AY achc(t —kT.), ©.1)
k

where a = {aq;}_, is in general a complex-valued spreading sequence such that a; € {&1+}}, T. is the PN symbol or chip
period, and #.(f) is a real-valued chip amplitude shaping pulse. The energy per chip is

(e} o0
E. = A%} / RA(H)dt = A? / R (1)dt 9.2)
o0 o0

since 02 = %E[|ak|2] = 1. Notice that spectral control is achieved in the DS spread spectrum waveform by shaping the PN
chips rather than the data symbols.
The data symbol sequence {x,} is used to generate the waveform

x(t) = anur(t —nT), 9.3)

where A is the amplitude, X = {x,}, x, € {£1/+/2 & j/~/2} is the complex QPSK data symbol sequence, and 7 is the
data symbol duration. It is necessary that 7 be an integer multiple of 7., and the ratio G = T/T, is called the processing
gain, defined as the number of PN chips per data symbol. Two categories of spreading codes can be defined according to the
relative values of N and G. A short code has G = N, so that each data symbol is spread by a full period of the spreading
sequence. A long code has G < N, so that each data symbol is spread by a subsequence of the spreading sequence.

The DS/QPSK complex envelope, obtained by multiplying a(¢) and x(7), is

5(0) =AY xahy(t —nT), (9.4)
where
G—1
ha(t) = ) angrihe(t = kT). 9.5)
k=0

The complex spreading operation is illustrated in Fig.9.2. Notice that the DS/QPSK signal can be thought of as a QPSK
signal where the nth data symbol is shaped with the amplitude shaping pulse £, (¢) in (9.5). For short codes £,(¢) is the

n(1)
A
x (D) /N /L\ r (D) /N T metric select X
X \-_l-/ X > J(g )dt [ computer| | largest
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Fig. 9.1 Simplified DS/QPSK system
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same for all data symbols. The advantage of complex spreading is a reduction in the peak-to-average ratio of the magnitude
of the complex envelope. Offset QPSK (OQPSK) should not be used with complex spreading, since it will increase the
peak-to-average ratio. The complex envelope 5(¢) is applied to a quadrature modulator to produce the bandpass waveform

s) = A ((xtahin(t = nT) = xguhoa(t = nT) ) cos(2fr)

— <xQ,,,h1.n (t —nT) + x;,hon(t — nT)) sin(27'rfct)) , (9.6)

where
hn(t) = hl.n(t) +th,n(t) (97)
Xn = XIn +ij,n~ (98)

During the time interval [nT, (n + 1)T), the DS/QPSK complex envelope can assume one of the four possible values

S5 =Ah,(Dx;, i=1,...,4. 9.9)
Using the basis function
A2
$u(t) = \/;hn(t), (9.10)
where E = GE, is the symbol energy, gives
5:() = V2Exip, (), i=1,....4 9.11)

and it follows that the complex DS/QPSK signal vectors are
5i=~2Ex;, i=1,...,4. 9.12)

Notice that the basis function ¢, (¢) is indexed with the baud epoch n in the case of long spreading codes.

Besides complex spreading, other types of PN spreading can be used. One possibility is dual-channel quaternary spreading
as shown in Fig.9.3. Usually this scheme is used with OQPSK modulation to reduce the peak-to-average ratio of the
magnitude of the complex envelope. If only one data sequence is to be transmitted, then either simple binary spreading
or balanced quaternary spreading could be used as shown in Fig.9.4. Balanced quaternary spreading is known to be less
sensitive to interference than simple binary spreading.
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Fig. 9.4 Spreading binary data using (a) simple binary spreading, and (b) balanced quaternary spreading

Figure 9.1 also shows a simplified DS/QPSK receiver. In general, the DS spread spectrum receiver must perform three
functions; synchronize with the incoming spreading sequence, despread the signal, and detect the data. Consider the received
complex envelope in the time interval [nT, (n + 1)T). This signal can be despread and detected by using the correlator
detector in Fig. 5.2 or the matched filter detector in Fig. 5.3, where ¢, (¢) is defined in (9.10). The output of the correlator or
matched filter despreader/detector is

= g§ + 7, (9.13)

where 7 is a zero-mean Gaussian random variable with variance %E[|ﬁ|2] = N,.
The ML receiver observes 7 and decides in favor of the signal vector 5, that minimizes the squared Euclidean distance

1Gm) = IF — g5mll*. (9.14)

It follows that the bit error probability of DS/QPSK with Gray coding is identical to that of QPSK, and is given by

Py = 0(v/2ys), 9.15)

where y, = a’E},/N, is the received bit energy-to-noise ratio. Note that spread spectrum signaling does nothing to improve
the error probability performance on an AWGN channel. However, in the sequel spread spectrum signaling will be shown to
offer significant error probability performance gains in the presence of additive intentional and non-intentional interference,
multipath-fading, and other channel impairments.
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Fig. 9.5 Simplified FH system operating on an AWGN channel

9.1.2 Frequency Hop Spread Spectrum

Frequency hop (FH) spread spectrum systems hop the carrier frequency pseudo-randomly throughout a finite set of hop
frequencies. The most common type of modulation with frequency hopping is orthogonal M-ary frequency shift keying
(MFSK). The MFSK complex envelope is

5(0) =AY N ur(t —nT), (9.16)

where Ay is the frequency separation, and x, € {*1, £3, ..., £M — 1}. A FH/MFSK waveform can be generated by
using a digital frequency synthesizer whose inputs consist of the complex envelope of the modulating waveform 5(¢) and the
contents of a pseudo-noise sequence generator. A conceptual FH/MFSK spread spectrum system is shown in Fig. 9.5.
There are two basic types of FH spread spectrum modulation, fast frequency hopping (FFH) and slow frequency hopping
(SFH). SFH systems transmit one or more (in general L) data symbols per hop. The SFH/MFSK complex envelope is

L
5(=A Z Z ejan+i”Aft+2ﬂfntuT(t — (nL + i)T),

n =1

9.17)

where the first sum indexes the sequence of hopped carrier frequencies {f,}, and the second sum indexes the vector of L data
symbols X,, = (Xpr41, Xnr 42, - - ., X(@u+1)r) that are transmitted at the nth hop.

FFH systems transmit the same data symbol on multiple (in general L) hopped carrier frequencies. If independent channel
conditions are experienced on each of the hop frequencies, then a diversity gain can be achieved by using diversity combining.
The FFH/MFSK complex envelope is

L
§(0) =AY Y ettty (t — (nL + i)T/L).

n =1

9.18)

where the first sum indexes the sequence of data symbols, {x,}, and the second sum indexes the vector of hop frequencies
f, = (furvr1-furv2s - - - finr1r) that are used when transmitting the nth data symbol.

With orthogonal MFSK the required frequency separation Ay depends on the type of detection that is used. Coherent
detection requires a frequency separation Ay = 1/2T, while non-coherent detection requires Ay = 1/T (Problem 4.7).
If coherent detection can be used, then the error probability of SFH/MFSK or FFH/MFSK on an AWGN channel is
given by (5.119). However, FH/MFSK is often detected non-coherently because of the difficulty in achieving rapid carrier
synchronization when the carrier frequency is hopped. The error probability of SFH/MFSK on an AWGN channel with non-
coherent square-law detection is given by (5.191). If FFH/MFSK is used on an AWGN channel, then the error probability
assumes a more complicated form due to a square-law combining loss [272].
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9.2 Spreading Sequences

CDMA systems achieve their multiple-access capability by using sets spreading sequences that are chosen to have three
desirable attributes: (1) the sequences are balanced so that each element of the sequence alphabet occurs with equal frequency,
(2) the autocorrelations have small off-peak values, to allow for rapid sequence acquisition at the receiver and to minimize
self-interference due to multipath, (3) the cross-correlations are small at all delays, to minimize multiple-access interference.

Spreading sequences are often characterized in terms of their discrete-time correlation properties. Let a®) = {af,k)} denote
the kth complex spreading sequence.! For spread spectrum systems that employ short codes, each data symbol is spread
by a full period of the spreading sequence. In this case the full period correlation properties are of interest. The full period
autocorrelation of the sequence a® is”

N-1
1 0* (k
Pua(n) = 7 > ala?), (9.19)
i=0
and the full period cross-correlation between the sequences a® and a®™ is

0" o
bem(n) = 2NZ“ all), (9.20)

where N is the length or period of the spreading sequence(s).
The aperiodic autocorrelation of a® is defined as

ZNZ z(k)* 1(14(2 » 0=n=N-1
¢,’f’k(n)= 2NZN+” Va” , -N+1<n<0- (9.21)

0 , |In| =N

For spread spectrum systems that employ long codes, each data symbol is spread by only a length-G subsequence of the
spreading code. In this case, the partial period correlations are of interest. The partial period auto- and cross-correlations are

G—1
1 *
Ham) = 55> a” alf, 9.22)
i=0
1 G—1
k* (m
Honn) = 55 al”a. (9.23)

The partial period correlations are not only a function of the delay n, but also depend upon the point in the sequence(s) where
the summation actually starts. The partial period correlations are difficult to derive analytically, except for certain types of
sequences. Therefore, a statistical treatment is often used under the assumption that the sequences are randomly generated,
i.e., the sequence elements are chosen randomly from the set {1, £/} independently and with equal probability. For random
sequences

1 1 .
—E[a =0 5E[|aff‘)|2] =1 EE[aff) a™] = 0. (9.24)

Hence, the mean value of the partial period autocorrelation is

G—1
Itgr ) = Eldp(m)] = G ZE[ 70 1 = 8w, (9.25)

I'The following development also applies to real spreading sequences.

2Throughout this section complex spreading sequences are assumed. For real spreading sequences, the correlation functions are similar but are
normalized by N rather than 2N.
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where

1, n=4¢N
SN = %o n AN (9.26)

and £ is an integer. The variance of the partial period autocorrelation is

2 — P -l
Oy = E[lgp, (m[7] — P x(n)

G—1G-1
®* & ®F ®
(2G)2 ZZE[a Qitnd 1+n] _/'szkk(n)
i=0 j=0
= (1 =8.en)(1/G). (9.27)

Likewise, the mean and variance of the partial period cross-correlation are

e o = ElgL,m] =0, Vn (9.28)

Oy =B, =gy () =1/G. Vn. (9.29)

9.2.1 Spreading Waveforms

The full period cross-correlation between two spreading waveforms a®)(f) and a(¢), each of period T, is>

1

T
Rim(T) = o / a®* (1) a" (t + 7)dt (9.30)
0

1 oo oo N T
5 > Y a e / he(t — iT)ho(t + T — jT,)dr.
0

i=—00 j=—00

The integral in (9.30) is non-zero only where the chip pulses A.(t — iT,) and h.(t + © — jT.) overlap. Since the delay 7 can
assume any value let t = £T, + §, where £ = |t/T,] is an integer and 0 < § < T,. If the chip pulses are chosen to have
duration 7. and T = £T, + §, then the chip pulses overlap only fori = £ + jand i = £ +j + 1, so that

1 N—1 ©* ) 1 T.—§
Rk.m(f) = ﬁ Zai aHi?/o hc(l/)hc(t/ + S)dt/
i=0 ¢

N—1

1 .
+on a® Eﬁ,+1—/ he(VYho (! — T, + §)dr. 9.31)
i=0

The continuous-time partial autocorrelation functions of the chip waveform 4. (¢) (of duration 7,) are defined as [273]

1 T.—§8

Ry(8) = 7/ he(@)h (¢ + 8)d? (9.32)
c JO

. 1 (T

Ry(8) = — / he(@Yhe (! — T, + 8)df (9.33)
Tc T.—§

allowing us to write
Rin(T) = Grn(OR4(8) + Pem(C + DR, (). (9.34)

3For real-value spreading waveforms, the full period cross-correlation function is similar except for the factor of 1/2 in front of the integral.
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where ¢, ({) is the full period cross-correlation defined in (9.20). For example, if A.(t) = urz,(t), then

8 8
Rk,m(t) = ¢km(£) (1 - Fc) + ¢km(€ + I)Fc (9.35)

When G < N, the partial correlations in (9.22) and (9.23) must be used. In this case the cross-correlation in (9.34)
becomes a random variable that (for random spreading sequences) has mean and variance

Hin(®) = Hopn@RH(E) + tgyerRi(8) =0 (9.36)
~ 1 ~
O = Tgun RO + 07, ey R 0) = - (RZ(S) + Rﬁ(&)) . 9.37)
Likewise, the autocorrelation is also a random variable that (for random spreading sequences) has mean and variance

HResr) = M R(S) + Mo+ R(S)

={R(8), L+1=iG (9.38)
0, elsewhere

2 2 2 2 52
Oty = TR + 05 041y Ri(8)

RX(8), L=iG
= R©), L+1=iG (9.39)
1/G, elsewhere

where i is an integer.

9.2.2 m-sequences

One very well-known and important class of spreading sequences are the maximal-length sequences or m-sequences. As
shown in Fig. 9.6, an m-sequence a = {a}, a; € {0, 1}, is generated by using a linear feedback shift register (LFSR) of
length m. The sequence a = {a;} is obtained by using the level shift a; = 2a; — 1. The feedback or connection polynomial
in the LFSR is a primitive polynomial of degree m over GF(2), having the form

P(x) =14 pix + pax® + pax® + -+ + g X" 4+ 27, (9.40)

where p; € {0, 1}. Tables of primitive polynomials, p(x), are tabulated in many texts, e.g., [203]. Notice that py = 1, since
this represents the feedback connection tap. Also, p,, = 1; otherwise, if p,, = 0, the effective length of the shift register is
less than m.

Maximal length sequences are by definition the longest sequences that can be generated by an LFSR of a given length.
For a shift register of length m, a sequence of length N = 2™ — 1 is generated. As an m-sequence generator cycles through

> 4+
aiy L) a3 fpo------ >di_ (m-1)| Qi-m 0 =

1> -1

b p, Ps P

Fig. 9.6 m-sequence generator
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one full period of length N = 2™ — 1, the contents of the m-stage shift register go through all possible 2" — 1 non-binary
m-tuples values or states. The all-zeroes state is the only forbidden m-tuple, since the LFSR would lock in this state.

The m-sequences have many remarkable properties, and every full period of an m-sequence satisfies some important
randomness properties. First, the sequence is nearly balanced with 2”~! ones and 2"~! — 1 zeros. A run is defined as a string
of consecutive zeros or ones, and a sequence can be characterized in terms of its run length distribution. For m-sequences the
number of runs of length P, np, is

am=P=l = p=1,2 m—1
— B 9Ly ooy . .41
w { 1, P=m ©4D)
The full period autocorrelation of an m-sequence is
1 n=4{N
= ’ ) 9.42
() {—1/1\1 , n# N 042)

For large values of N, ¢ (n) ~ §(n) so that m-sequences are almost ideal in terms of their full period autocorrelation. For a
rectangular chip shaping function %.(f) = ur,(f), the corresponding spreading waveform a(#) has autocorrelation function

§ 8
R(7) = ¢(0) (1 - F) + oL+ D (9.43)

c

This function is plotted in Fig. 9.7.
The mean and variance of the partial period autocorrelation of an m-sequence can be obtained in a straightforward fashion
by replacing the expectations in (9.25) and (9.27) with averages over all possible starting positions. This gives

1 , n=4{N

Kem = %—I/G . n#£ N (9.44)

0 , n=4IN

2
%(”)_%é(lﬁ)(l—%) AN O4)

Unfortunately, m-sequences also have a number of undesirable properties. First, the number of m-sequences that can be
generated by an LFSR of length m is equal to the number of primitive polynomials of degree m over GF(2), and is given by
® (2" — 1)/m, where ®( - ) is the Euler Totient function

o) =n]] (1 — %) , (9.46)

pln

R(7)

~—— T=NT,—|

1
N

| | | T
[T [T [1L JT

III
ST, —~ 7

c

Fig. 9.7 Typical full period autocorrelation function of an m-sequence spreading waveform
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}j::lef :'clrozecszt)irrgazgzsst fc(iirse m |N Number of m-sequences | 6 worst | 0 best

m—squuences 5 31 6 0.35 0.29
6 63 6 0.36 0.24
7 127 | 18 0.32 0.13
8 255 | 16 0.37 0.12
9 511 | 48 0.22 0.06
10 | 1023 | 60 0.37 0.06
11 12047 | 176 0.14 0.03
12 14005 | 144 0.34 0.03

where the product is over all primes p that divide n. Hence, there are relatively few m-sequences for a given shift register
length m. Second, only for certain values of m, do there exist a few pairs of m-sequences with low full period cross-
correlations. In general, m-sequences do not have good cross-correlation properties. Consider the full period cross-correlation
$r.m(n) between two m-sequences a®) and a®™ . Let us define the average full period cross-correlation

1 N—1
0 =D ben(n). (947)

n=0

The value of 6 depends on the particular pair of m-sequences that are selected. The best and worst case values of 6 are shown
in Table 9.1. Notice that the worst case full period cross-correlations are very large even for long sequence lengths.

9.2.3 Gold Sequences

A set of Gold sequences [141] consists of 2" + 1 sequences each with a period of N = 2™ — 1 that are generated by using a
preferred pair of m-sequences obtained as follows. Let GF(2") be an extension field of GF(2). Let « be a primitive Nth root
of unity in the extension field GF(2"), where N = 2" — 1. Let p; (x) and p;(x) be a pair of primitive polynomials over GF(2)
each having degree m such that p; () = 0 and p>(a?) = 0 for some integer d. Consider the case when m # 0 mod 4. If
d=2"+10rd =2"—-2"41andif e = GCD(m, h) is such that m/e is odd, then p; (x) and p, (x) constitute a preferred pair
of polynomials. Note that p,(x) may not be unique. For example, with m = 5, both 4 = 1 and & = 2 will work, so that either
p2(x®) = 0 or po(x°) = 0 may be chosen. To find the corresponding polynomials, the reader is referred to Peterson’s table of
irreducible polynomials [262]. The two m-sequences a'") and a'® that are generated by using p; (x) and p,(x) are known as a
preferred pair of m-sequences. Their cross-correlation function is three-valued with the values {—1, —t(m), t(m) — 2}, where

2mtD/2 11 | modd

t = .
(m) 2m+2)/2 L 1 even

(9.48)

By using the preferred pair of sequences a'’) and a®, a set of Gold sequences can be constructed by taking the sum of a‘!
with all cyclically shifted versions of a® or vice versa. A typical Gold sequence generator is shown in Fig. 9.8, where the
preferred pair of polynomials are p;(x) = 1 + x> + x° and po(x) = 1 + x + x> + x* + x°. This above procedure yields N
new sequences each with period N = 2™ — 1. These sequences along with the original two sequences give a set of 2 + 1
Gold sequences.

It is important to note that not all the 2" + 1 Gold sequences are balanced with 2! ones and 2! —1 zeros. In fact, it can
be shown that only 2" —2"~¢—1 of the Gold sequences are so balanced. The balanced Gold sequences are the most desirable.
With the exception of the preferred pair of sequences a'') and a®, the Gold sequences are not m-sequences and, therefore,
their autocorrelation functions are not two-valued. However, Gold sequences have three-valued off-peak autocorrelations
and cross-correlations, with possible values {—1, —t(m), t(m) — 2}, where t(m) is defined in (9.48). The cross-correlation
properties of m-sequences and Gold sequences are summarized in Table 9.2. Notice that Gold sequences have much smaller
peak cross-correlations than m sequences.
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Fig. 9.8 A Gold sequence generator with p; (x) = 1 + x% + x° and p>(x) = 1 +x + x? + x* + x°. This sequence generator can produce 32 Gold
sequences of length 31

Table 9.2 Peak cross-correlation of m-sequences and Gold sequences

Number m Peak m-sequence Gold sequence
m N sequences cross-correlation Pmax/ P (0) t(m) t(m)/$(0)
3 7 2 5 0.71 5 0.71
4 15 2 9 0.60 9 0.60
5 31 6 11 0.35 9 0.29
6 63 6 23 0.36 17 0.27
7 127 18 41 0.32 17 0.13
8 255 16 95 0.37 33 0.13
9 511 48 113 0.22 33 0.06
10 1023 60 383 0.37 65 0.06
11 2047 176 287 0.14 65 0.03
12 4095 144 1407 0.34 129 0.03

9.2.4 Kasami Sequences

The construction of Kasami sequences proceeds as follows [175, 176]. Let m be even. Let p;(x) be a primitive polynomial
over the binary field GF(2) with degree m and « as a root, and let p,(x) be the irreducible minimal polynomial of a¢ where
d = 2"? + 1. Once again, these polynomials can be identified using Peterson’s table of irreducible polynomials [262]. Let
a" and a® represent the two m-sequences of periods 2 — 1 and 2”/2 — | that are generated by p; (x) and p,(x), respectively.
The set of Kasami sequences is generated by using the two m-sequences in a fashion similar to the generation of Gold
sequences, i.e., the set of Kasami sequences consists of the long sequence a'") and the sum of a"’ with all 2/ — 1 cyclic
shifts of the short sequence a®. The number of Kasami sequences in the set is 2"/2, each having period N = 2” — 1. In
fact, this set is known as the small set of Kasami sequences. A typical Kasami sequence generator is shown in Fig. 9.9 with
generator polynomials p; (x) = 1+x+x°and p,(x) = 14+x+x>. Like Gold sequences, the off-peak autocorrelation and cross-
correlation functions of Kasami sequences are also three-valued, however, the possible values are {—1, —s(m), s(m) — 2},
where s(m) = 2"/% + 1.

9.2.5 Barker Sequences

Barker sequences only exist for lengths 2, 3,4, 5, 7, 11, and 13, given as follows:
a=(+1-1)

a=(+1+1-1)
a=(+1+1-1+1)
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Fig. 9.9 A Kasami sequence generator with p; (x) = 1+x+x° and po(x) = 1+x+x>. This sequence generator can produce 8 Kasami sequences
of length 63

a=(+l1+1+1-1+1)
a=(+l+1+1—-1-1+1-1)
a=(+l+1+1-1-1—-1+1—-1—-1+1-1)
a=(Fl+1+14+1+1-1—-1+1+1—-1+1—1+1)

The mirror images (or time reversed) sequences are also Barker sequences. Barker sequences of other lengths do not exist.
Barker sequences are specially designed sequences that have almost ideal aperiodic autocorrelation functions, as defined
in (9.21). For the Barker sequences

1 , n=0

) 9.49
0,1/Nor—1/N , 1<|n|<N-1 ( )

¢I(<l,k (n) =

9.2.6 Walsh-Hadamard Sequences

Walsh-Hadamard sequences are obtained by selecting as sequences the rows of a Hadamard matrix Hy;. For M = 2 the
Hadamard matrix is

+1 +1
H, = . .
=[50 050

Larger Hadamard matrices are obtained by using the recursion

Hyy = [HM Hy ] 9.51)

For example,

T +1 41 4+1 +1 +1 +1 +1 +1
+1 =141 -1 +1—-1+1—1
+1 41 -1 -1 4141 -1 -1
+1 =1 =1 +1+1 -1 -1 +1

s = 4112111 | ©-52)

+1 =1 +1 =1 =1 +1 =1 +1

+1 41 =1 =1 =1 =1 +1 +1

+1 =1 =1 +1 =1 +1 +1 —1

The rows in the Hadamard matrix define the Walsh-Hadamard sequences, and have the property that they are mutually
orthogonal.
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The Walsh-Hadamard sequences can be used for orthogonal spreading, also called orthogonal CDMA, where the users
are distinguished by assigning them different Walsh-Hadamard sequences, and the data symbols are sent by using simple
binary spreading as shown in Fig. 9.4. With orthogonal CDMA, the data symbols of the different users must be synchronized
to within a small fraction of a chip period. This is because the Walsh-Hadamard sequences have very poor cross-correlations
at non-zero lags. In fact, some of the Walsh-Hadamard sequences are just cyclic shifts of each other. Finally, multipath
will also destroy the orthogonality of the received waveforms, because the Walsh Hadamard sequences have large off-peak
autocorrelation values even at small lags. This will lead to multiple-access interference in orthogonal CDMA systems.

9.2.6.1 Orthogonal and Bi-orthogonal Modulation

The Walsh Hadamard sequences can be used for modulation rather than spreading. There are several possibilities. One is
M-ary orthogonal modulation, where k = log, M bits are used to select one of the M orthogonal waveforms for transmission.
The signals can be detected coherently or non-coherently as discussed in Chap.5. Another possibility is a variant of
biorthogonal modulation, where each row of the Hadamard matrix is used to send one bit of information. In this case M
bits are sent at one time. This type of modulation requires coherent detection.

9.2.7 Variable Length Orthogonal Codes

For multimedia applications, it is necessary to support a variety of data streams ranging from low to very high bit rates.
Quite often these streams are used concurrently and they all use the same spread bandwidth. Consider a system where each
data symbol in the highest bit rate stream R = Ry, is spread by an orthogonal sequence of length N = 2. Then the data
symbols in a stream with bit rate R = Ry, /2% are spread by a sequence of length 2% One way to achieve orthogonality
between spreading sequences with different spreading factors is to use tree-structured orthogonal codes. The construction of
these codes is illustrated in Fig. 9.10. Tree-structured orthogonal codes are generated recursively according to the following:

¢ Cu,1 cn,l
2n,1
" Cu,1 _cn,l

Con,2
= . |= : (9.53)
' [cn,n Con }
c2n,2n
Cn,n _cn,n
C41 =(LLLL)
€y =(1,1)
€= €, , ~(L1-1-1)
C4’3=(1,—1,1,—1)
C =(1.-
2=
Cua=(l-1-Lh)
SF=1 SF=2 SF=4 (spreading factor)
R=Rumax R= Rpax  R=Rpax (data rate)
2 4

Fig. 9.10 Construction of orthogonal spreading codes with different spreading factors
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where ¢, is an orthogonal code set of size 2n. The orthogonality properties are similar to Walsh-Hadamard sequences. In
fact the set of sequences is identical, and only their order is different.

A code can be assigned for use if and only if no other code either on the path from the specific code to the root of the
tree, or on the subtree produced by the specific code, is already being used. Hence, the total number of available codes is not
fixed, but depends on the rate or spreading factor of each physical channel.

9.2.8 Complementary Code Keying

Complementary codes have the property that the sum of their aperiodic autocorrelation functions is zero for all delays except
zero delay. That is,

1 M
2 2o Fiun) = (. (9.54)
k=1

A variety of constructions exist for complementary codes and two examples are given here. The IEEE 802.11b standard uses
length-8 CCK sequences for 11 Mb/s transmission. The eight complex chip values for CCK code words are

¢ = {e/(¢1+¢2+¢3+¢4)’ o/ (¢ +¢3+¢4)’ e/'(¢1+¢z+¢>4)’
_ei(¢1+¢4)7 e}'(¢1+¢2+¢3)7 ej(¢‘+¢3), _CJ'(¢1+¢2)’ ei(¢1)} , (9.55)
where the phases {¢1, ¢», ¢3, ¢4} are QPSK phases. The phases ¢,, ¢3, and ¢4 each take on four different values, leading to a
code alphabet of size 64. The phase ¢, is differentially encoded across successive codewords. Since each of the four phases
¢ to ¢4 represents 2 bits of information, 8 bits are transmitted per codeword. The chip rate for IEEE 802.11 is 11 Mchips/s,
so that the resulting bit rate is 11 Mb/s.

The IEEE 802.11b standard for 5.5 Mb/s transmission is similar but uses CCK with length-4 sequences. The complex
chip values for the CCK code words are

¢ = {ej(¢1+¢2+¢3), ei(¢1+¢3), ei(¢1+¢2), _ef(¢1)} , (9.56)

where, again, the phases {¢;, ¢, ¢3} are QPSK phases.

9.2.9 Zadoff-Chu Sequences

A Zadoff—-Chu sequence, sometimes called a Chu sequence [64], is a complex-valued sequence defined in the time domain
by the following:

<71mn2
- .
ailm) _)e ‘”Zn(n;l) when N is even 0<n<N-1 9.57)
e’/ ~ , whenN is odd

where m is called the sequence index or family, such that m is relatively prime to the sequence length N (meaning that the
only integer that divides m and N is 1). The number of Zadoff—Chu sequences for a given length N is the number of integers
that are relatively prime to N. Thus, to maximize the number of available Zadoff—Chu sequences for a given sequence length
N, N may be chosen to be a prime number.

The DFT of the Zadoff—Chu sequence in (9.57) for N even can be obtained from the table of DFT pairs in [75] as

(N—k)2 1) 1 m—1

I Z S[(n—k)—sz/Z (958)

A(m) _ ejn( mN 4
0 =
£=0
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where m > 0, mN is even, and § = e27/m When m = 1 this reduces to
A = eI/, 9.59)

An important property of Zadoff—Chu sequences is their orthogonality to their cyclic shifts. Lemma 9.1 below provides a
general theorem for circular auto-orthogonality.

Lemma 9.1. If and only if a sequence {A;}, k = 0,--- ,N — 1, is circular auto-orthogonal, i.e.,
1,1=0
N ZAkA(k I I C1#0° (9.60)
meaning that Ay is orthogonal to any of its cyclic shifts, then the time domain sequence {a;}, k = 0,--- , N — 1, has constant
envelope.
. . . . . 2 DFT DFT
Proof. The proof can be carried out by manipulating properties of the DFT. Since |a,|* = a,a;, a, — A, and a; —
A*
(=k)N°
DFT
lan? = ana,—A ® AF ) = ZA,A(, o (9.61)

where @ is circular convolution. If {A;} is circular auto-orthogonal, then the right side of (9.61) is equal to ~/Né&;. This
leads to a,a; = 1 and, therefore, |a,| = 1. Conversely, if |a,| = 1, then a,a; = 1, and its DFT is VN From (9.61),

A ® A;k_k)N = +/N§;. Therefore, {A;} is circular auto-orthogonal. From the fact a, D—FT> Ay and |a,| = |Ax| = 1 both
sequences a, and Ay, are circular auto-orthogonal, based on Lemma 9.1.

Zadoff—Chu sequences have the following useful properties:

* Constant Envelope: The Zadoff—Chu sequences have constant envelope in the time domain.
* Auto-orthogonal: The Zadoff—Chu sequences have a perfect periodic autocorrelation in the time domain

m)* g _ s =0,...,Njc— 1. 9.62
¢m,m(n) NZC Z [+n (f’l) ’ n ’ » INZC ( )

=0

* Low Cross-correlations: The cross-correlation of two different prime length Zadoff—Chu sequences of family m; and m,
is a constant 1//Nzc regardless of time shift, provided that m; — m; is relatively prime to Nyc.

Example 9.1. Consider the special DFT pair [75]

0T 2
a,=¢e¢’se’ v, n=0,--- N—1
Ay =¢efe NV, k=0,--- ,N—1, (9.63)

This particular DFT pair satisfies all the properties of Zadoff-Chu sequences and, moreover, Ay = a; so the DFT
sequence of the a, is simply its conjugate. In the time domain, the sequence a, serves as a perfect synchronization
sequence, having unity peak-to-average power ratio (PAPR). Meanwhile, the sequence Ay has constant envelope in the
frequency domain. This property simplifies the process of channel estimation in the frequency domain since the sub-
carriers are excited with known training symbols of equal power, such that the power spectrum of the pilot waveform
is flat over the bandwidth of interest.
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9.3 Power Spectral Density of DS Spread Spectrum Signals

The DS/QPSK waveform can be thought of as a QPSK waveform where the nth data symbol is transmitted with the amplitude
shaping pulse in (9.5). For uncorrelated zero-mean data symbols, the results in Sect.4.9.1.2 show that the power spectral
density (psd) of the DS/QPSK complex envelope is c.f. (4.218)

A2
o [H, (NI, (9.64)

Ss(f) = T

where h,(t) is the amplitude shaping pulse. In the case of a short code, the amplitude shaping pulse is

N—1
ha(t) =Y aghe(t — kT.). (9.65)
k=0
Taking the Fourier transform of 4,(t) gives
N—1
Hy(f) = He(f) ) age > (9.66)
k=0
and
N—1N-1
Ho(* = [H (PP Y Y aage e 0T, (9.67)
k=0 £=0

The above expression can be put in a more convenient form by using the aperiodic autocorrelation defined in (9.21). It can
be shown that

\H,(H)* = [Ho(F)]> 2N (£), (9.68)

where ®“(f) is the discrete-time Fourier transform (DTFT) of the aperiodic autocorrelation function, defined by

N—1
)= Y ¢pUme e, (9.69)
n=—N+1
Using T = NT, and 02 = %E[|x,~|2] = 1/2 gives
A2 2 §a
S5(f) = 4 [HNI” 2°(F). (9.70)

Observe that the psd depends on both |H..(f)| and ®“(f). Suppose the spreading sequence has an ideal “thumbtack” aperiodic
autocorrelation function

p ~f1, n=0
¢%(n) = 0. n#0" 9.71)
Then ®“(f) = 1 and
Ss(f) = T [H ()] 9.72)

In this case, the psd depends only on the chip shaping response |H.(f)|. For example, if h.(t) = uz.(¢), then H.(f) =
T.sinc(fT,.) and S5(f) = A>T.sinc?(fT.). Unfortunately, spreading sequences having the ideal aperiodic autocorrelation
function in (9.71) do not exist for any non-trivial length. Consider the two sequences:
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Fig. 9.12 Aperiodic autocorrelation function for the length-15 m-sequence

al) = (14+1-1—-141-1-1-1414+14+1)

AP = (F1-1—-14+1—-1-1—-1414+14+14+1—-14+1-1+1).

465

(9.73)

The first is a length-11 Barker sequence and the second is a length-15 m-sequence. The scaled aperiodic autocorrelation
functions N¢“(n) for these sequences are shown in Figs. 9.11 and 9.12, respectively.

The corresponding power spectral densities with the rectangular chip shaping function h.(f) = ur,(¢) are plotted in
Figs. 9.13 and 9.14, respectively. Notice that the aperiodic autocorrelation of the m-sequence deviates significantly from the
ideal function in (9.71). This leads to peaks and nulls in the spectrum shown in Fig. 9.14. Such spectral peaks are undesirable.
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Fig. 9.13 Psd with the length-11 Barker sequence
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Fig. 9.14 Psd with the length-15 m-sequence

The length-11 Barker sequence is seen to provide a much smoother psd without any large peaks. For this reason, and the fact
that a minimum length-10 sequence is required by the IEEE 802.11 WLAN standard, the length-11 Barker sequence was
chosen.

It is interesting to note that if CCK is used, then the psd depends on the DTFT of the average aperiodic autocorrelation
function in (9.54). In this case,

1 M
7 doop (=1, (9.74)
k=1
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and the psd has the ideal form in (9.72). Finally, if a long code is used, then the power spectrum must be obtained by
averaging over all possible spreading code subsequences of length G. Usually, this will result in a “smoother” power density
spectrum.

9.4 Performance of DS/QPSK in CW Tone Interference

Spread spectrum systems must often operate in the presence of narrowband interference. This section examines the effect of
continuous wave (CW) tone interference on the performance of DS/QPSK. Consider a DS/QPSK system with dual-channel
quaternary spreading as shown in Fig. 9.3. The bandpass DS/QPSK waveform is

s =4Y (x,,,,h,,,,(r — nT) cos(2fot) — Xguhon(t — nT) sin(znﬂ.z)), (9.75)

where A is the amplitude. During time interval [nT, (n 4+ 1)T) the transmitted quaternary data symbol is x, = (x7,.X0,n),
Xin, Xon € {+1/ V2, —1/+/2} and the spreading waveforms are

G—1 G—1
hia(0) =Y aagrihe(t —nT) | hon(®) =) agac+ihe(t —nT.). (9.76)
k=0 k=0

With dual-channel quaternary spreading, the energy per modulated symbol is

T
E=/0 s2(r)dt

T
=M/‘%%m”ﬂhw+%w@mmmﬁm
0

A2 T

— | (B,(0) + h},)
4 0 ’ ”

A2 G—1 T,
vy (@76 + D n644) / hZ(1)dt
k=0 0
A2 T,
=G— / R (1)dt
2 0
= ke 9.77)

where

A2 T,
E.= — / R (t)dt 9.78)
2 Jo

is the energy per PN chip. Note that (9.78) and (9.2) differ by a factor of 2, because (9.2) assumes complex spreading
while (9.78) assumes quadrature spreading. This can be seen by comparing the energy of the bandpass waveforms in (9.6)
and (9.75) over the interval [nT, (n + 1)7T).

The received bandpass signal in the presence of continuous wave (CW) tone interference and additive white Gaussian
noise (AWGN) is

r(1) = s(0) +n() +J(0), (9.79)
where n(r) is AWGN with two-sided power spectral density N,/2 and J(¢) is the CW tone interference of the form

J(t) = Ajcosnfyt + 0), (9.80)
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Fig. 9.15 Quadrature demodulator for DS/QPSK

where A; is the tone amplitude, f; is its frequency, and 6 is a random phase uniformly distribution on the interval [, 7).
The tone energy in a time interval of duration T is

AT

The received signal is despread and processed with the quadrature demodulator shown in Fig. 9.15 to generate the decision
variables Z; and Z,. To derive the values of Z; and Z, the signal, noise, and interference terms are considered separately.
During the time interval [nT, (n + 1)T) the contribution of the signal term to Z; and Z is

Z](S) :/ S[([) h[n(l)dl
= /TAxlnh]n(l) A h[n(t)dt
0

=X/, \/4E/ h ,(Hdt

= x;,VE, 9.82)

where (9.77) was used. Likewise,
Zo(s) = xouVE. (9.83)

The contribution of the AWGN term to Z; and Z is

T
Zi(n) = / i) h,na)dt 9.84)

2
ZQ(I’l) :/(; le(l)\/ghQ'n(l‘)dl‘. (9.85)

It can be shown that Z;(n) and Zy(n) are independent zero-mean Gaussian random variables with variance N, /2.
Finally, the contribution of the CW tone interference term to Z; and Z, can be calculated as follows:

T
Zi(J) :/(; J(8)2 cos(2nf.t) 4 h,,,(t)dt

T A2
= / Ajcos(2mfit)2 cosmfet)\| —hra(t)dt
0 4E
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(A2 (T
= Ay iE / 2hy ,(t) cos(27f.t) cosRrf;t + 0)dt
0

[A2 (T
=Ay iE / hyu(t) {COS(ZJTZ‘ft +0) 4 cosu Ast + 9)} dr,
0

where

X =fe+ 1
Ar = fr —fe.

Using A; = /2E;/T gives

AT 1 T
z0) = VEN F 7 / h,,n(t)(cos(znzfur 0) + cosQmAst + 9)>dt
0

Finally, using
A2 T,
E = G—/ R2(t)dt
2 Jo

gives

T
Zi(J) = \/Ej/h_c% /0 hl.n(t)(cos(ZnZth + 0) + cos(2m Ast + 9)>dt,

where

- 1 [T
h, = — h.(t)dt.
- /0 0

Using further trigonometric identities gives

Zi(J) = \JE /R (005(0)% /O ' h,,,,(t)(cos(zn:,.;) + cos(ZnAft))dt

— sin(@)% fOThI,n(t)(sin(2n2ft) + sin(ZJTAft))dt) .

In a similar fashion

Zi(J) = /0 TJ(t)2 sin(27f.1) \/ghgn(l‘)dt

— VE /i (005(9)% /0 ThQ_n(t)(sin(ZnAft)—sin(ZnEft))dt

1 T
+ sin(9) / hoa(t) ((cosr A - sin(znzft))dt) .
0
Combining the signal, noise, and CW tone interference terms gives

Z[ = Z[(S) —|— Z](I’l) + Z](J)
ZQ = ZQ(S) + ZQ(H) + ZQ(J)
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(9.86)

(9.87)
(9.88)

(9.89)

(9.90)

9.91)

(9.92)

(9.93)

(9.94)

(9.95)
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Hence, Z; and Z are independent Gaussian random variables with means

ElZ)] = x1.VE+ 1 VEi/he
E[Zy] = xpuVE + Iy \ E;/he.

and variance N, /2, where
1 T
I; = cos(@)?/ hl,,,(t)<cos(2n2ft) + cos(ZnAft))dt
0
1 T
—sin(6) / h,,n(t)(sin(znzfz) n sin(ZJTAft))dt
0
1 T
lo = cos(0) / hQ_n(t)<sin(27tAft) - sin(znxft))dt
0

T
+sin(9)% /0 hQ,n(t)(cos(znAfz)—sin(znzft))dz.

9.4.1 Short Code

(9.96)

(9.97)

(9.98)

For the purpose of illustration assume a rectangular chip shaping pulse h.(f) = ur,(t) so that i, = 1 in (9.96), and assume a
short code (G = N) so that each data symbol is spread by the same sequence. Furthermore, assume that the same spreading

sequence is used on the in-phase and quadrature components of the modulated carrier such that

G—1

h(t) = hi(t) = hon(t) = Y agur, (t = kT).
k=0

It follows that

1 NT, N—1
T / Z agur, (t — kT,) ( cos(2mw Xyst) + cos(ZHAft))dt
c JO k=0

I = cos(@)N

1 NT, N—1

—sin(6) > atr, (1 = KT.)((sin( 1) + sin(27 Agt) ) dr
k=0

NT. Jo

-1

N k+1
1
=5 Z a (cos(@)/ (cos(2nEfTCt) + cos(2nAfTCt))dt
k=0 k

k+1
— sin(@)/ (sin(ZnZ‘cht) + sin(2nAfTCt))dt) .
k

Likewise,

1 N—1

k+1
Ip = — Z ay | cos(0) / (sin(271Acht) - sin(2nZ}-Tct))dt
Nz k

k+1
+ sin(@)[ (cos(27rAfTCt) — sin(ZHEfTCt))dt) .
k
Fortunately, the above integrals exist in closed form. Defining
o £ 2w 5T,

B 2 2m AT,

(9.99)

(9.100)

(9.101)

(9.102)

(9.103)
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yields
b:%gﬁ%mw%mm+n?—mmn+m@+n?—mwn
=0
ﬂm@(mmm—jmkmmy+mwm—?mwuwv)
(9.104)
and
bzﬁgi%Gm@(mmm—?mkumyfmw@—imkum»
=0
+ﬂmﬁcm@+n?—m@m_wmm—?mhum»)
(9.105)

Due to the random phase of the CW tone interferer, the CW tone interference is circularly symmetric similar to
AWGN. This allows us to rotate the signal constellation for the purpose of calculating the bit error probability. The rotated
constellation is shown in Fig. 9.16. In the absence of CW tone interference, the probability of correct symbol reception is

Plc] = (1 —Py)*, (9.106)
where
Py, = Q<v27/b) (9.107)

is the bit error probability, and y, = E},/N, is the received bit energy-to-noise ratio.
When CW tone interference is present, the probability of correct reception is

Pcipgp, = (1 = Pp1)(1 — Ppa). (9.108)
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Fig. 9.16 QPSK signal constellation with tone interference
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Observe that the error probability depends on the transmitted symbol and the interference impairment I; and . Referring to
Fig.9.16

Pcioop = (1 — Pp1)(1 — Ppa) (9.109)
where
2E, 272
Pn=Pn=0| % (1 + 2VE,JEL, + (E;JE) 1,) . (9.110)
Hence,

Pyoo = Q (fEb (1 +2E, JEL, + (E,/E)2I,2>) . 9.111)

N,

In a similar fashion,

2F,

Pyor = Q \/ Nb (1 +2VE;/Ely + (EJ/E)ZIé)) 9.112)
2F,

Py =0 \/Nb (1 —2VE;/EL + (E,/E)21})> (9.113)
2F,

Pyjio = Q \/Nb (1 —2y/E;/Elp + (EJ/E)%)) . (9.114)

Since all symbols are equally likely, the bit error probability is

1
P, = Z(Pbloo + Pyj11 + Ppjio + Ppjor)- (9.115)

Observe that the bit error probability depends on /; and Ip. However I; and I, are random variables due to the random phase
0. Therefore, the bit error probability must be calculated by averaging (9.115) over random phase of the CW tone interferer.

Figure 9.17 shows the bit error probability when the length-15 m-sequence a® in (9.73) is used as a short code (G = 15).
Figure 9.17 arbitrarily assumes that f. = 280 MHz, and 7, = 191 x 107 s. Observe that the bit error probability varies
greatly with the frequency of the CW tone interferer. It is interesting to note that an interfering tone placed at the carrier
frequency f, does not give the worst case performance. Also, the bit error probability is seen to exhibit an error floor due to
the AWGN.

Figure 9.18 shows the bit error probability when the length-11 Barker sequence a!) in (9.73) is used as a short code
(G = 11). Observe that the length-11 Barker sequence generally has worse performance for the same E/E; than the length-
15 m-sequence, except at frequencies where the length-15 m-sequence is highly sensitive to tone interference. This is because
the length-11 Barker sequence has a lower processing gain compared to the length-15 m-sequence.

Figure 9.19 inverts Fig. 9.17 and plots the E/E; required to achieve a bit error rate of 107° with the length-15 m-sequence
in the presence of a CW tone interferer and AWGN. Likewise, Fig. 9.20 inverts Fig. 9.18 for the length-11 Barker sequence.
Observe that the sensitivity to CW tone interference is much less with the Barker sequence.

The sensitivity of the error probability to the frequency of the tone interferer can be explained as follows. The data symbols
on the in-phase and quadrature channels are spread by using the amplitude shaping pulse

N—1
h(t) =) ache(t — kT.). (9.116)
k=0
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Fig. 9.18 Bit error probability with the length-11 Barker sequence
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Fig. 9.19 Required C/I to achieve 107 bit error rate with a length-15 m-sequence
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Fig. 9.20 Required C/I to achieve 10™° bit error rate with a length-11 Barker sequence
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where {ay 2’;01 is the periodic spreading sequence of length N. After quadrature demodulation, the receiver employs a
correlator or matched filter detector having the impulse response*

h(t) = h*(NT, — 1)
N—1

=Y ay-ihe(t— kT.). 9.117)
k=0

The filter 4, (¢) has transfer function

R

—00
00 N—1 '
= / > an-ih(t — KT )e ™ dr
T k=0
N—1 00
= ZaN_k / he(t — kT.)e 7> ds
k=0 >
N—1
= H() Y ay—e
k=0
= H.(A(f), (9.118)
where
N—1
A(f) — ZQN—ke_jZHﬂ(TC' (9119)
k=0

For a rectangular chip shaping function h.(¢) = ur,(?),
He(f) = sinc(fTo)e e, (9.120)

The corresponding amplitude response |H,(f)| for the length-15 m-sequence and the length-11 Barker sequence is identical
in form to the corresponding transmitted psds shown in Figs.9.14 and 9.13, respectively. The frequencies where |H,(f)|
has the highest relative gain are the exact same frequencies where the CW tone interferer causes a large error probability.
If the length of the short code is increased, the sensitivity to CW tone interference will not necessarily diminish. To make
the receiver less sensitive to CW tone interference, the aperiodic autocorrelation function in (9.21) should be as close to
ideal as possible. In other words, the power spectrum @ ;(f) defined in (9.69) is as flat as possible. Although some types of
sequences, such as Gold and Kasami sequences, have excellent cross-correlation properties, their aperiodic autocorrelation
functions are usually far from ideal resulting in a power spectrum ®; ;(f) is typically full of peaks and nulls. The Barker
sequences have the best aperiodic autocorrelation properties for a given sequence length N when they exist, and will result
in the least sensitivity to tone interference.

9.4.2 Short Code Design

Sometimes it is desirable to construct short sequences of a given sequence length N that have good aperiodic autocorrelation
properties with a corresponding power spectrum that is a flat as possible. One possibility is to design such sequences based
on a MMSE criterion baaed on their aperiodic autocorrelation function in (9.21). The ideal aperiodic autocorrelation function

4The usual case is assumed, where h.(—t) = h.(7).
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is the perfect “thumb-tack” function ¢, 19D () = §(n). In this case, the discrete-time Fourier transform of b 19 () gives
the flat power spectrum ®“(f) = 1. However, spreading codes having ideal aperiodic autocorrelation functions do not exist
for any length. Here, short spreading sequences are designed to minimize the mean square error

=

—1

(4200 — g1 (n))2 9.121)

Z| =
i

n

=z

—1

(4 (m)”. (9.122)

1

I
z| =

n

where the summation may be started at n = 1 since ¢y, (0) = 1 for any sequence. Unfortunately, there is no easy analytical
method to find such sequences. However, for relatively small N the sequences can be found by an exhaustive search. For
sequence lengths N = 2,3,4,5,7,11 and 13, the above process will generate the Barker sequences in Sect. 9.2.5, along with
their mirror images (time reversed sequences). So the Barker sequences are optimal in a minimum mean square sense.

Example 9.2. Suppose our objective is to find MMSE binary spreading sequences of length N = 15. In this case, the
following four sequences will minimize the mean square error in (9.122):
x={-1-1-1-1-14+14+1-1-14+14+1-14+1-1+1}
X ={+1-1+1-14+14+1-1-14+14+1-1-1-1-1-1}
x3={-1-1-14+14+14+1-14+14+14+1-14+1+1-1+1}
x4 ={+1-1+14+1-14+14+1+1-1+1+1+1-1-1-1}
Observe that x; and x3 are the mirror images (time reversals) of X, and x4, respectively. The aperiodic

autocorrelation function for all four sequences is identical and the scaled version N¢“(n) is plotted in Fig.9.21. Each
sequence has ¢ = 1 with a maximum “off-peak” aperiodic autocorrelation value equal to max,N¢“(n) = 3.

16 T T T T T T T

14 | -

12 1

No(n)

TTTTTT T T 1171711

-16 -12 -8 —4 0 4 8 12 16

Fig. 9.21 Aperiodic autocorrelation for optimized length-15 sequences

(continued)
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Example 9.2 (continued)

20.0 T

15.0 | ]

10.0 | 1

50 1

0.0 | 1

S,s(f)(dB)

-5.0 1

-10.0 | ]

-15.0 | 1

-20.0 .
-1.0 0.0 1.0

Normalized Frequency, fT,

Fig. 9.22 Power spectrum with optimized length-15 sequences

The corresponding power spectral density achieved with these sequences is shown in Fig.9.22 for the case of
rectangular chip shaping, h.(f) = ug,(t). Note that the power spectrum exhibits considerably less variation than that
corresponding to the length-15 m-sequence in Fig. 9.14, but is not as good as that corresponding to the length-11 Barker
sequence in Fig.9.13.

9.4.3 Long Code

With a long code each data symbol is spread with a subsequence of a long PN sequence. In this case, the error probability
must be averaged over the starting phase of the PN subsequence that is used to spread each data symbol.

Figure 9.23 shows the effect of using a long PN sequence. Three cases are considered; a length-31 m sequence with
generator polynomial 1 + x?> 4+ x°, a length-127 m-sequence with generator polynomial 1 4+ x + x7, and a length-2047 m-
sequence with generator polynomial 1 + x + x!!'. Figure 9.24 shows the length-63 m-sequence with generator polynomial
1 + x + x°. The processing gain in each case is G = 15 chips/symbol. For the length-63 m-sequence, 15 and 63 have a
common factor of 3 and, therefore, there are three different sets of subsequences to consider.

Observe that the bit error probability with a long code is less sensitive to the CW tone frequency as compared to a
short code. For sequence lengths of 127 and 2047, the bit error probability is maximized when f; = f,.. For all three sequence
lengths, there are still some spectral irregularities, because the length of the shift register (5, 7, and 11) that is used to generate
the PN sequence is less than the processing gain (15). Hence, the data symbols are not spread with all possible binary
N-tuples, thus leading to the irregularities observed in Fig.9.23. It is interesting to note that the length-2047 m-sequence
seems to be more sensitive to an interfering tone at the carrier frequency than the length-127 m-sequence. The reason is that
the length-15 subsequences of the length-127 m-sequence tend to be more balanced (equal number of —1’s and 1’s) than the
length-15 subsequences of the length-2047 m-sequence.

Finally, comparison of Figs.9.17 and 9.23 leads to the observation that the bit error probability with the short length-15
PN sequence is worse than that realized with a long PN sequence (e.g., the length-127 m-sequence) with a processing gain
of 15 only over 4 narrow ranges of interfering tone frequencies.
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Fig. 9.23 Bit error probability with length-31, 127, and 2047 m-sequences
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Fig. 9.24 Bit error probability with length-63 m-sequence

9.5 DS Spread Spectrum on Frequency-Selective Fading Channels

Suppose that the DS complex envelope 5(¢) is strictly bandlimited to a bandwidth of W /2 Hz by using, for example, root-
raised cosine pulse shaping. Since the low-pass signal 5(¢) is band-limited to |[f| < W/2, the sampling theorem can be

invoked and 5(¢) can be completely described by the set of complex samples {5(n/W)}°2_ . The sampled version of 5(¢) is
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55() = _i s(%)(g(t—%) (9.123)
= 5(r) i 5(;—%). (9.124)

Taking the Fourier transform of both sides of (9.124) gives

Ss(f) =S¢« W Y 8(f —nW)

n=—0oo

=W > 5() % 8(f —nW)

=W > S(f—nw). (9.125)
From (9.125),
S(f) = %f?s(f) , 0= Ifl =W/2. (9.126)

Another useful expression can be obtained by taking the Fourier transform of both sides of (9.123) giving

S NN = TN —pan/w
35(F) = n;oos(w)e . (9.127)
Combining (9.126) and (9.127) gives
() = — i s(i) eIV 0 < |f] < W/2. (9.128)
w o~ C\w

If the low-pass signal 5(¢) is transmitted over a multipath-fading channel with time-variant transfer function 7'(f, t), the
received (noiseless) complex envelope is

(1) = / ~ S(HT(f, H)e/>df. (9.129)

Substituting S(f) from (9.128) gives

#(1) =% i s(%) /_ TG e Mgy
= 2 5()el-50)

where g(t, ) is the time-variant impulse response of the channel. By defining

2u(t) = %g (57) 9.131)



480 9 Spread Spectrum Techniques

the noiseless received complex envelope can be written as

oo

F) =Y gu®)s (t—%) 9.132)

n=—0o0

and it follows that the complex low-pass impulse response of the channel is

gty = ) &S (r - %) (9.133)

n=—0o0

For WWSUS channels, the {g,(f)} in (9.131) are independent complex Gaussian random processes. For all practical
purposes, the channel will be causal with an impulse response that is non-zero over a time interval of duration Tp,x. In
this case, g,(t) = 0, n < 0,n > L, where L = |Tiax /W] + 1 and |x] is the smallest integer greater than x. It follows that
the channel impulse response is

L
gt =Y 85 (v - ). (9.134)

n=1

In conclusion, the frequency-selective fading channel can be modeled as an L-tap, 1/W-spaced, tapped delay line with tap
gain vector

g(t) = (g1(0,£0),....8.()

as shown in Fig.9.25. It should be emphasized that the channel vector g(f) is not the same as the channel vector gr(7)
associated with the T-spaced discrete-time white noise channel model in Sect. 2.5.6.

If ideal Nyquist chip amplitude pulse shaping is used such that h.(f) = sinc(z/T.), then W = 1/T. and the channel
can be represented as a T.-spaced or chip-spaced tapped delay line. Such a model is very convenient because it leads to a
simplified analysis. However, if any other pulse shape is used, such as a root-raised cosine pulse, then the tapped delay line
channel model in Fig. 9.25 is not T,-spaced, e.g., a root-raised cosine pulse with 8 = 1 (or 100% excess bandwidth) results
a T,/2-spaced tapped delay line. Moreover, the 1/W-spaced tapped delay line model was derived under the assumption of a
strictly band-limited (non-causal) chip shaping pulse 4.(f). Any time-limited (causal) chip shaping pulse leads to a spectrum
S(f) that is not band-limited and, therefore, the underlying assumptions in deriving the 1/ W-spaced tapped delay line model
are violated. Very often, the channel is approximated as consisting of uncorrelated 7,-spaced rays, i.e.,

oo

gt.1) = Y g8 (z —nT.). 9.135)

n=—0oo

)

L 1 L
w w /4
gl(T)CXD gEC@ g3(‘t)<><>
B0

Fig. 9.25 Tapped delay line model of a frequency-selective fading channel, from [272]




9.5 DS Spread Spectrum on Frequency-Selective Fading Channels 481
9.5.1 RAKE Receiver

A variety of receiver structures can be used to detect DS spread spectrum signals. For DS CDMA where multiple users
share the same band, there are two broad types of detectors. The first is a conventional correlator or matched filter detector.
With a conventional detector the other user interference, or multiple-access interference, is treated as additional unwanted
noise. The second is a multiuser detector, that uses co-channel demodulation to simultaneously detect all the signals that are
present. This section concentrates on conventional detectors for DS spread spectrum signaling on multipath-fading channels.

A simple type of conventional detector uses the autocorrelation properties of the spreading sequences to reject the
multipath interference [136, 137]. Sometimes this is called a multipath rejection receiver. Another approach is to exploit
the autocorrelation properties of the spreading sequences to resolve the multipath components and combine them together
to obtain a diversity advantage. Since the diversity is obtained from the multipath channel it is sometimes called multipath
diversity.

To develop the multipath diversity receiver, suppose that one of M possible waveforms having complex envelopes
Sm(t),m =0,..., M — 1 are transmitted at each baud epoch. With the frequency-selective fading channel shown in Fig. 9.25,
the corresponding received complex envelope is

L
) = Zg((t)Em (t - é) + n(t) = S (t) + (1) (9.136)
=1
where
L ¢
S(t) = ;g[ ()5m (t - W) . (9.137)

As discussed in Sect. 5.2, the maximum likelihood coherent receiver employs a correlator or matched filter to the possible
received pulses 5,,(f) to compute the metrics

T
u(m) = Re {/ ?(t)ﬁ,’;(t)dt} —E;
0

= Re

L
/ ' ()Y g st —t /W)dt} — Ej,. (9.138)
0 (=1

where Ej;, is energy in the received pulse §,,(¢). The receiver chooses the index m that maximizes p(m).

The receiver described by (9.138) correlates the received complex envelope 7(f) with delayed versions of the possible
waveforms 5,,(?), followed by maximal ratio combining. This leads to the receiver structure shown in Fig. 9.26. By changing
the variable of integration in (9.138) an alternate form of the RAKE receiver can be obtained as shown in Fig. 9.27. In this
case the waveform 5,,(¢) is correlated with delayed versions of the received complex envelope 7(¢). The receivers in Figs. 9.26
and 9.27 were first derived by Price and Green [270], and are commonly called RAKE receivers due to their function and
resemblance to an ordinary garden rake.

9.5.2 Error Probability of DS/BPSK with a RAKE Receiver

Consider DS/BPSK signaling with a short PN code (G = N). The two possible DS/BPSK waveforms that are transmitted at
each baud epoch have the complex envelopes

So(t) = —51(t) = Ah(1), (9.139)

where

N—1
h(t) =) ache(t —nT,). (9.140)
k=0
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Fig. 9.26 RAKE receiver for DS/QPSK signals

7 (1)

u(m)
Re {SZ( )dl} b

Fig. 9.27 Alternate form of RAKE receiver for DS/QPSK signals

With DS/BPSK the received waveforms 5, () have equal energy so the bias term Ej;, in (9.138) is not needed. Assume that
So(?) is transmitted. Then using (9.138)

L T
=> > Re %gmgz/ so(t—m/W)sg‘(z—E/W)dz} + 7, (9.141)
m=1 (=1 0
where
L T
ii=) Re %g; / a5 (t — m/W)dt} (9.142)
m=1 0

and g,, = «,,¢/*. The random variable 7 is Gaussian with zero mean and variance

o7 =2EN, Y _ap,. (9.143)
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In general, the integral in (9.141) is a complicated function of the spreading sequence and chip amplitude shaping pulse
that is used. However, certain cases lead to useful insight. For example, suppose the ideal Nyquist pulse A.(t) = sinc(¢/T,)
with bandwidth W = 1/T, is used. Strictly speaking this pulse is non-causal so the limits of integration in (9.141) must be
from —oo to oo. This leads to’

I = /oo So(t —m/W)5s5(t — £/ W)dt

N—1N—1
_ g2 ZZaka]/ he(t — (m + BT he(t — (€ + j)T,)de
k=0 j=0
= A? Zakaerk e/ hZ(t)dt
— 2ENpua(m — £) = 2Epoa(m — 0) (9.144)

where the second last step follows under the assumption of a short code. Therefore, (9.141) becomes
= 2EZO¢ ~|—2EZ ZRe{gmge}qﬁaa(m ) + 7. (9.145)

The second term in the above expression is a self-interference that arises from the non-ideal autocorrelation properties of the
spreading sequence.

To demonstrate the effect of the self-interference, assume a WSSUS Rayleigh fading channel and consider the random
variable

Ym.l = Re {gmgz}

= oy, COS(P )ty cOS(y) + apy sin(¢hy, ) et sin(gy). (9.146)
Define the new random variables
X1k = ag cos(¢r) Xox = oy sin(¢y). (9.147)
Then
2 2 1 X1k
Xix +Xoux ¢r = Tan™ ——. (9.148)
Therefore,
Yo = XimXie + Xy mXre. (9.149)
Since the X; ; and X; are independent zero-mean Gaussian random variables with variance ok2, Y,..¢ has the Laplacian density
1 Iyl
Py, () = 7 exp % - . (9.150)
O0m0y¢ O0m0y¢

Making the substitution for Y, , and rearranging the sum in the second term in (9.145) gives

Y itkPaa(k) + 1. (9.151)

L—1
_ZEZa +4EZ
k=1

L—1—k
1

i=

3Since DS/BPSK signaling is used the spreading sequence a is real with autocorrelation function ¢, (n) = E[a;@;+,).
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It is difficult to evaluate the effect of the self-interference exactly, because the Y,, ; are non-Gaussian and correlated. However,
the self-interference due to multipath can be minimized by using spreading codes that have small autocorrelation sidelobes
in the time intervals during which delayed signals with significant power are expected. For large delays, the stringent
requirements on the autocorrelation function can be relaxed. For asynchronous CDMA applications, the spreading codes
still must have small cross-correlation sidelobes over all delays. It is easy to find reasonably large sets of sequences that
satisfy these properties. For example, a set of 2" + 1 Gold sequences can be generated of length 2" — 1. Of these 2 4 1
sequences, 2m=n+1 4 1 will have their first autocorrelation off-peak (¢,, — 2 or t,,) at least n chip durations from the main
autocorrelation peak. Consequently, these 2"+ + 1 sequences will introduce negligible self-interference if they are used
on channels having impulse responses up to n7, seconds long.

If the spreading sequences have an ideal autocorrelation function, i.e., ¢, (n —m) = &, then there is no self-interference
and (9.151) becomes

L
pw=2EY ap +i. (9.152)
m=1
Under this condition, the probability of bit error is
Py(yp) = Q (\/ 27/})) : (9.153)

where y}, is the received bit energy-to-noise ratio given by

L

L 2
1
= (26 2] =%y, 9.154
neb(ra) -3y 0150

m=1

where
= i (9.155)
Vm N, .
With Rayleigh fading, each of the y,, is exponentially distributed with density function
1 Vin
p(ym) = TP T (9.156)

where y,, is the average received bit energy-to-noise ratio for the kth channel tap. To compute the density of y,, first note that
the characteristic function of y,, is

) 1
¥y, (v) = ——— (9.157)
1 —JUVYm
so that the characteristic function of y; is
L 1
v) = P ra— 9.158
1/’yb(lv) ”!:[1 1= o7 ( )

By using a partial fraction expansion and taking the inverse characteristic function, the density of yj is

LA X
Pu@) =) Zexp {—ﬁ} : (9.159)

m=1

where

A, =11 (9.160)
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Fig. 9.28 Bit error probability with a RAKE receiver for DS/BPSK signaling on a multipath-fading channel. The channel has L = 4 taps and a
4-tap RAKE receiver is used

Therefore, with Rayleigh fading the average probability of bit error is

P[0 (V) putons

0
1 <& 7
_ _ m
= 2’;Am (1 1+;7m)' 9.161)

In order to proceed further the y,, must be specified. One plausible model assumes an exponentially decaying power-delay
profile, e.g.,

P = Ce X/, (9.162)
where ¢ controls the delay spread and C is chosen to satisfy the constraint Z;:l Ym = Yp. Solving for C yields

_ (1 _ e—l/s)e—k/s

m = e—1/e _ a—(L+1)/e J7b' (9.163)

The probability of bit error is plotted in Fig.9.28 for L = 4 and various values of ¢. For small ¢, the channel is not
dispersive and very little multipath diversity is obtained. However, as ¢ becomes large the channel becomes more dispersive
and a greater diversity gain is achieved.

Finally, the number of taps actually used in the RAKE receiver can be less than the channel length L. However, such a
RAKE receiver will not capture all the received signal energy and will suffer from some loss in performance.

9.6 Error Probability for DS CDMA on AWGN Channels

DS CDMA systems achieve multiple-access capability by assigning each user a unique PN spreading sequence. In general,
however, the transmissions from the different users are not synchronized and arrive at the intended receiver with different
amplitudes, delays, and phases. The exact error probability with a conventional correlation detector will depend on the
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particular spreading sequences that are employed and will also be a function of the random amplitudes, delays, and phases of
the signals that arrive at the intended receiver. Unfortunately, the exact error probability is difficult to derive and evaluate and,
therefore, a variety of upper and lower bounds, and Gaussian approximations to the probability of error have been suggested
in the literature.

Suppose that K users simultaneously access the channel using DS/BPSK signaling with short spreading codes of length N.
The transmitted complex envelope for the ith user is

591 =AY xR0 (t —nT) 9.164)
where
N—1 )
W) =" al’h(t —kT,) (9.165)
k=0

and a® = {a,(f) }and X0 = {xﬁf) } are the ith user’s spreading and data sequences, respectively. A real-valued spreading
sequence assumed with chips a,(;) chosen from the set {—1, +1}, corresponding to simple binary spreading or dual channel

quaternary spreading. The data symbols x are independent, random variables chosen from the set {—1, +1} with equal
probability. In practice, the spreading sequences a” are carefully chosen to have good correlation properties, e.g., Gold
sequences or Kasami sequences.

With CDMA, the signals from the various MSs in a cell will arrive at the corresponding BS with different power levels.
DS CDMA systems must be power controlled such that all signals arrive at the intended receiver with the same power
level; otherwise, a large performance loss will result. Power control is needed to combat the near-far effect, where strong
signals will capture the receiver and prevent detection of the weaker signals. The power control loop must be fast enough
to compensate not only for path loss and shadowing, but envelope fading as well. Under the assumption of perfect power
control and a frequency non-selective channel, the received complex envelope will be®

K
) =Y P50t — 1) + () (9.166)

i=1

where the {7;} and {¢;} are the random delays and carrier phases of the received signals. This leads to the model shown in
Fig.9.29.

This section considers the performance of an ideal correlation detector, where the composite received signal at a BS is
multiplied by a synchronized and conjugated replica of the spreading sequence corresponding to a particular target MS whose
data sequence is to be detected. Multiplication of a spreading sequence by a synchronized version of itself will despread
the received signal corresponding to the particular target MS, while further spreading the received signals corresponding

X X T,
) al(;\rN() \ﬁjq)l

x (1) x />‘<\s (1) />‘<\ . 7 (1)
o a,(t) o2 o
. . (1)

Fig. 9.29 DS CDMA signaling on a perfectly power controlled flat fading channel

SHere the normalization o = 1 is assumed.
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to other MSs in the composite received signal. As a result, the data sequence of the target MS can be obtained from
the output of the correlator. Due to symmetry, only the decorrelator that recovers the data sequence from the first MS is
considered. Furthermore, since only the relative delays and phases of the K signals comprising the composite received signal
are important, it can be assumed that ; = 0 and ¢; = 0, while the remaining ¢; are uniformly distributed on [0, 27) and the
remaining t; are uniformly distributed on [0, T'). Hence, it is assumed that the composite received signal at the BS is despread
by multiplying by the spreading sequence a(!(t).

The decision variable at the output of the correlator in Fig. 9.1 has been derived by Lehnert and Pursley [200] as

[ = [ o+ ZB 0 x5 cos ¢k} + iy (9.167)
where 71; is a zero-mean complex Gaussian random variable with variance N,
B, l(x(k) X, 1 L) = x 1R11: (@) +x )R’,Zl(rk) (9.168)
and R}, (v) and R} , (7) are the continuous-time partial cross-correlation functions of a® (1) and a (1), defined by
] T
R} (1) = T / a®(t — 1)a"™ (1)dt (9.169)
0
A 1 (7
R}, (v) = - / a® (t — 1)a"™ (1)dt. (9.170)
T

The functions R}, () and IAQZ'm (7) can be expressed in terms of the discrete aperiodic cross-correlation function ¢, () and
the continuous-time partial chip autocorrelation functions R, (§) and R;,(8) in (9.33) as

R},,(2) = ¢f,,(€ — N)Ry(8) + ¢f,,(L + 1 — N)Ry(8) 9.171)
R (2) = ¢ (ORK(S) + ¢, (€ + DR;(S) 9.172)

where £ = |t/T.] and 6 = © — £T,. Note that § is uniform on [0, 7,) and £ is uniform on the set {0,1,...,N — 1}.
Combining (9.168), (9.171), and (9.172) gives

Ba G xf w)=[af2 98, (6 = V) + x99, (60 | Ri80)
6+ 1= V) + X098, (6 + D] RGO ©.173)

To proceed any further requires information about the aperiodic cross-correlation functions of the spreading sequences
being used, as well as the chip amplitude shaping function. One possibility is to assume random spreading sequences, where

the length-N spreading sequences a) = {a —, are generated randomly such that the ak are randomly chosen from the set
{—1, +1} with equal probability. For random spreadlng sequences and a rectangular chip shaping function £.(f) = ur,(2),
Morrow and Lehnert [230] have shown that

5 1 X
W % =0 X Yoy g (9.174)

B (k)
1 (] Y N NN

X, 1,t)—x

(k)

where 6 is uniform on [0, 1), x(k) and x,~ are uniform on {—1, +1}, and X; and Y}, are discrete random variables having the

probability distribution functlons
. 1 (A .
px, (1) = 7= | ixa | ie{-A,-A+2,...,A—-2,A} (9.175)
2

. 1 (B .
pr, () = S\ is ) €e{-B,—B+2,...,B—2,B}. (9.176)
2
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The quantities A and B are related to

C 2 Ng (1) = Za(” aly, (9.177)
j=0
by
N—1+C
a1+ C (9.178)
2
N—l-C
B= (9.179)

where ¢{ | (1) is the aperiodic cross-correlation of the spreading sequence of the first user. The parameter B is the number of

chip boundaries in one period of the sequence a'’) at which a transition to a different value occurs. For random spreading
sequences, C has the probability distribution

. 1 (N=-1) |
pe() = sy | gyt |- P€ N F LN 43 N=3N-1}. (9.180)
2

9.6.1 Standard Gaussian Approximation

The standard Gaussian approximation assumes that the multiple-access interference

1= ZBkl(x(k) X 1) cos ¢y (9.181)

for sufficiently large K can be modeled as a Gaussian random variable with a distribution that is completely specified by
its mean and variance. The approximation is obtained by conditioning the multiple-access interference on the random set
of parameters {&, ¢y, B or C} followed by ensemble averaging. Starting with the result in (9.174), it is straightforward to
show that

E[Bii M XY 5)lc) =0 (9.182)

n ’

since the conditional density functions for Py X, 1, Xk, and Yy, are symmetrical about zero. Hence, E[W;] = 0 and E[I] = 0.

To compute the variance of the multiple-access interference, it is convenient to define the vectors § = (81,85, ..., dx) and
¢ = (¢1,¢2, ..., ¢Pk). The variance of the multiple-access interference is
=E[I’|8.4.B]

= ZE[B2 (x(k), (kl %) |6k, B ] [C032¢k |¢k]

1 K
=3 > (1 + cos2p)E [Bkl(x(k) 521, %) |8, B ] (9.183)
k=2

Since all the Z; are independent it follows that

2B+ 1)(8} —8) + N
N2

[32 @02 ) |8k,B] = (9.184)
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so that

2B+ 1)(6} —8) + N
N2 '

1 K
o} = 3 ;(1 + cos(2¢x)) (9.185)

If the intended sequence is known, then B is known. For random sequences E[B] = (N — 1)/2, and using this value for B

1 K
0’ = v ;(1 + cos(2y)) (82 — & + 1/2). (9.186)

Several possibilities can be examined from here, including the following two important cases.

9.6.1.1 Chip and Phase Asynchronous Signals

The interfering signals are characterized by & uniform on [0, 1) and ¢ uniform on [0, 27r) so that E[§7 — &§] = —1/6 and
E[cos(2¢p)] = 0. In this case, 07 = (K — 1)/3N. Hence, the decision variable in (9.167) can be interpreted as Gaussian

random variable with mean xf,l) € {—1, +1} and variance (K — 1)/3N leading to the probability of bit error

3N
P,=0 (‘/ﬁ) . (9.187)

The carrier to interference ratio C/I can be defined as the carrier power divided by the total noise power

C 1
- = —. 9.188
1 K—-1 ( )

By comparing (9.187) with the probability of bit error for binary signaling on an AWGN channel, i.e., P, = Q(/2ys)
observe that the C/I and the effective bit energy-to-noise ratio, y;, are related by

2N C

. 9.189
3 ] ( )

Vb =

9.6.1.2 Chip and Phase Synchronous Signals

The interfering signals have §; = 0 and ¢ = 0 so that 6} = (K — 1)/N and

[ N

For chip and phase synchronous signals C/I and the effective y,, are related by

C
Yo =2N—. (9.191)

Coherent addition of interfering signals yields worst case interference with random spreading sequences. The orthogonal
Walsh-Hadamard sequences are less random (secure) but yield zero correlation (better performance) under this condition.
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9.6.2 Improved Gaussian Approximation

The standard Gaussian approximation can be quite inaccurate when the number of simultaneous users K is small or the
processing gain N is large. To circumvent this deficiency a number of improved approximations have been developed.

A simple and more accurate Gaussian approximation has been derived by Holtzman [166]. To describe this method, let
P(6) be any function of a random variable 6 having mean . and variance o>. Then using a Taylor series expansion about the

mean [ gives

1
P6) = P(u) + (6 — WP (1) + 56— 1P () + -+
Taking expectations
EPO)] ~ P(1) + 5P (1)0"

Instead of using the Taylor series expansion, start instead with differences (Stirling’s formula) and write

P(u+h)—P(u—h)

P(0) = P(n) + (6 — )

2h
1 2 P+ h) —2P(p) + P(n — h)
+50 - 7 + e

Taking expectations

LP(uth) —2P(w) + P(p—h) 5

E[P(6)] ~ P(w) + 5 -

Holtzman [166] has shown that 4 = +/30 yields good results so that
2 1 1
EIPO)] ~ 3P() + 2P+ v/30) + 2P — V/30).

To apply the above result, let i and o2 be the mean and variance of 67 in (9.185). It follows that

w= (KN_2 1)E[Lk].
where
Ly = %(1 + cos(2¢x)) (2(2B + 1)(8; — &) + N).
Then

KoL(voEm

=(K—-1)/3N
where the last line assumes ensemble averaging with random spreading sequences. The variance is

? KN—:l (E[L] — E*[Li] 4+ (K —2)cov(L;, Ly)) forany j # k.

K—-1 23N2+ 1+K—2 N 1 K-2
N* 360 20 36 20 36 )

o

(9.192)

(9.193)

(9.194)

(9.195)

(9.196)

(9.197)

(9.198)

(9.199)

(9.200)
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Fig. 9.30 Bit error probability against the number of users and various processing gains. The standard Gaussian approximation is shown to
underestimate the error probability for small numbers of users

This yields

b ZQ(/SN)+1Q 1
b R = —-— -
SAVE=L o k- 1/3v + Ve

1 1
+-0
6 \/(K—l)/3N—\/§o

(9.201)

The above calculations are very simple and lead to quite accurate results for all values of K and N. Figure 9.30 compares
the standard and improved Gaussian approximations for various processing gains and number of simultaneous users. Note
that the standard Gaussian approximation underestimates the error probability for small numbers of users. In this case, the
improved Gaussian approximation should be used. However, the accuracy of the standard Gaussian approximation improves
when the number of simultaneous users increases.

9.7 CDMA Multiuser Detection

The previous sections have considered the performance of DS CDMA with conventional correlation detection where
the multiple-access interference was treated as an unwanted impairment that can have a detrimental affect on system
performance. This section considers the use of CDMA multi-user detection to combat multiple-access interference. The
concept of DS CDMA multi-user detection is very similar to the concept of co-channel demodulation discussed in Sect. 7.7.
However, instead of distinguishing users by their different received pulses due to their signals propagation through different
frequency-selective fading channels, DS CDMA multi-user detection distinguishes the different users by assigning them
different spreading sequences. In any case, the mathematical development is very similar and results from Sect. 7.7 will be
used in our treatment of CDMA multi-user detection.
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Once again, consider a CDMA system consisting of K users that use short spreading codes. The transmitted complex
envelope for the ith user is given by

L
39 = A ng')a(“ (t —nT), (9.202)
n=1
where
N-1
a®(0) =" al’h(t —KT), (9.203)
k=0
and a® = {al,....al) } and x® = ... x} are the ith user’s length-N spreading sequence and length-L data

sequence, respectively. The data symbols xf,i ) are be independently chosen from the set {—1, 41} with equal probability. The
received complex envelope is given by

K
F) =AY gi(t— 1) +ii(r), (9.204)
i=1
where the {g;}, gi = a;¢/* and {r;} are the sets of random complex gains and delays that are introduced by the channel. The
delays are assumed to assumed to satisfy the condition 0 < 7; < T for 1 < i < K, where T is the data symbol duration. In the
case of synchronous CDMA transmission, 7; = 0 for 1 < i < K. Unlike the case of conventional correlation detection, the
CDMA signals are not power controlled and may be received with different power levels due to the different channel gains
a; for 1 < i < K. The fact that power control is not needed is a benefit of CDMA multi-user detection.

9.7.1 Optimum CDMA Multiuser Detection

The optimum CDMA multiuser detector determines the most likely sequence of transmitted bits x? = {xgi) e ,x(Li) } for
all users 1 < i < K, given the observation of the received waveform 7(f). There are generally two cases to consider:
synchronous CDMA and asynchronous CDMA. However, for our purpose only synchronous CDMA is considered where
the received complex envelope is given by

K
F) =AY g0 + ). (9.205)

i=1
In this case, it is sufficient to consider the received pulse corresponding to the kth baud interval, given by
K
F) =AY guxa(r) + (), (9.206)
i=1

and to detect the corresponding data vector x = {xI), ... x® )}, Similar to the development in Sect. 7.7, a complete set of
complex orthonormal basis functions can be used to represent the received waveform 7(¢) as a vector r = {7, }, such that

K
F.o=A Zgix(i)ar(zi) + iy, (9.207)
i=1
where
o) = / a0 ()dt (9.208)
—00

iy = / - i), (t)dt. (9.209)
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The 7, are uncorrelated zero-mean complex Gaussian random variables with variance %E[|ﬁn|2] = N,, so that the received
vector T has the joint conditional multivariate Gaussian density

N K 2
1 N
rlx) = ———ex n—A 2D 9.210
P(F[x) D]Z”No p ,;g : 9.210)
The optimum receiver chooses vector of symbols x = {x(), ... x®} to maximize p(¥|x) or, equivalently, to minimize the
metric
N K 2
) =>"[F—AY gua (9.211)
n=1 i=1

Since Z;V: | |74|? is independent of x, maximizing (9.211) is equivalent to maximizing
N

A g S "

i=1 n=1

uw(x) = 2Re

— A Z Z gix D gr " Z aPa” (9.212)
n=1

i=1i=1

In the limit as the number of observable random variables N approaches infinity, define

A al 0
yi 2 Jim Foa®” = / #0)a®" (1)dr (9.213)
n=1 —o0
A N * o0 - ) *
Riy £ lim aa® f a? (1)a"” (1)dr. (9.214)
— 00
n=1 —o0

Using (9.213) and (9.214) in (9.212) yields the final form

Hn(x) = 2Re

Azg* H* (t)

i=1

AZZng(’) xR (9.215)

i=1 =1

The variables {y’}, 1 < i < K in (9.213) are obtained by passing the received complex envelope 7(f) through a bank of

K correlators or matched filters and sampling the outputs. This essentially despreads and detects the received signal. The

parameter R; 7 in (9.214) is equal to the full period cross-correlation between the spreading waveforms a” (r) and a (7).
The decision metric in (9.215) can be put into a convenient vector product form as follows:

[1(x) = 2Re {x"G"y} — x"G"RGx, (9.216)
where
y= 0"y Hy®) (9.217)
x = (D, x®, . xE)r (9.218)
G = diag[AglsAgZ» o 7AgK] (9219)
R = [Rii]gxk - (9.220)

and x” is the complex conjugate transpose of x. Note that the optimum detector must know or estimate the complex channel
gains g;, 1 < i < K to compute the decision metrics. The matrix R may be assumed known, since the spreading sequences
are known. It is apparent that the complexity of the optimal detector grows exponentially with the number of users K and
becomes impractical for large K. For this reason, a number of sub-optimum CDMA multi-user detectors have been suggested
in the literature.
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9.7.2 Decorrelating Detector

The vector of samples at the output of the K correlators or matched filters is

y = GRx + v, (9.221)
where the zero-mean Gaussian noise vector

v =000 p® &)y (9.222)
has covariance matrix

®,, = %E [vv”] = N,R. (9.223)

It follows that the vector y has a joint conditional complex Gaussian distribution with mean GRx and covariance matrix N,R.
That is,

1
p(ylx) = Py O - GRx)"R™'(y — GRx); . (9.224)

1
@rN KRS
The best linear estimate of x is the one that minimizes the metric
w(x) = (y — GRx)"R™ (y — GRx) (9.225)
which results in the solution
x=R'Gly. (9.226)
To see how the decorrelator works, substitute (9.221) into (9.226) to obtain
x=x+R7'Gv (9.227)
Finally, the binary symbol decisions are obtained by
X = sign(X). (9.228)
Note that the decorrelator detector removes the multi-user interference in the signal terms, and this makes the detector near-
far resistance so that power control is not necessary. Also, the decorrelator detector inverts the channel G. This will result in
noise enhancement for users that have small channel gains, g;. Finally, if one or more pairs of spreading sequences are highly
correlated, the matrix R is ill-conditioned and will also cause noise enhancement.
9.7.3 Minimum Mean Square Error Detector
The MMSE detector is one that chooses the linear solution X = Ay to minimize the mean square error (MSE)

1 5 1
J(x) = EEX,V[Hx—xlIZ] = EE[llx—Ayllzl, (9.229)

where the expectation is over both the random data and noise vectors. The MMSE solution occurs when the error vector
x — Ay is orthogonal to the observation vector y, i.e.,

1
Exl(x = Ay)y’] =0

1 1
EExﬁu[xy”] - AEEx,»[yy”] =0. (9.230)
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For the case of synchronous CDMA,

1 1 1 1 1
EEx,v[xyH] = EEX[XXHRHG*] + EE,,[XVH] = ERHG* = ERG*’ (9.231)

since Ex[xx"”] = I with uncorrelated data, the noise vector v has zero mean, and R is a Hermitian matrix, i.e., R” = R. Also,

1 1
EAEX,IJ [yyH] = EAExv[(GRx + U)(GRX + v)H]

1 1
=A (EEX[GRXXHRHG*] + EEV [vv”])

1 H*
A(;GRR'G" +N,R

1
A (EGRRG* + NUR) . (9.232)
Substituting (9.231) and (9.232) into (9.230) and solving for A gives the equation
1 * 1 *
ERG —A EGRRG +N,R) =0 (9.233)

which leads to the solution
Aoyt = [GR+2N,(G*) '] (9.234)
Using A,p, the MMSE receiver computes the vector
X = Aoy (9.235)
and makes the decisions
X = sign(x). (9.236)
Like the decorrelator detector, the MMSE detector is near-far resistant. Also, from (9.234), if the noise is negligible compared
to the multi-user interference, i.e., N, = 0, then A, = R!G~! and the MMSE detector reduces to the decorrelator detector.

On the other hand, if the noise is dominant compared to the multi-user interference, i.e., N, is large, then from (9.234),
Aope = G*/2N,,. In this case, the MMSE detector reduces to the conventional correlation detector.

Problems

9.1. Suppose that a DS/BPSK spread spectrum signal is corrupted by a single, phase-asynchronous, CW interfering tone at
the carrier frequency. The received low-pass waveform is

7(r) =5() +1(),
where 5(¢) is defined in (9.4) and
(1) = A,

where ¢ is an arbitrary phase offset. Assume the use of a short Gold code (of arbitrary length). Compute the probability of
bit error with a simple correlation detector.



496 9 Spread Spectrum Techniques

9.2. Consider a DS/BPSK waveform that is subjected to broadband pulse jamming. In particular, a jammer with total power
J jams the DS/BPSK waveform a fraction p of the time with additive white Gaussian noise having a two-sided power spectral
density

Ny J

20 2Wyp'

where W is the spread spectrum bandwidth, and N; = J/W,, is the one-sided spectral density achieved by spreading the
total jammer power J over the spread spectrum bandwidth W,. During the remaining fraction of time 1 — p, the jammer is
off and the received DS/BPSK waveform is assumed to be noise-free. It is assumed that each modulated and spread BPSK
symbol is either completely jammed or not at all. The average received bit energy-to-jammer-noise ratio is defined as

By WS
TN, R

Vb

where S is the received desired signal power and R;, is the bit rate.

(a) Obtain an expression for the probability of bit error as a function of the jamming fraction p.

(b) Derive an expression for the jamming fraction p that will maximize the probability of bit error. Note that jamming
fraction must satisfy the constraint 0 < p < 1.

(c) What is the maximum bit error probability corresponding to the worst case jamming fraction found in part (b)?

9.3. Consider a non-coherently detected FH/BFSK waveform that is subjected to partial band noise jamming. In particular,
a jammer with total power J jams a fraction p of the spread spectrum bandwidth W, with additive white Gaussian noise
having a two-sided power spectral density

N, J

20 2Wyp'

where N; = J/ Wy, is the one-sided spectral density achieved by spreading the total jammer power J over the spread spectrum
bandwidth W,. The remaining fraction 1 — p of bandwidth is free of jamming and is also assumed to be noise-free. It is
assumed that each modulated and frequency hopped BFSK symbol is either completely jammed or not at all. The average
received bit energy-to-jammer-noise ratio is defined as

_E, WS
N, R

Vb

where S is the received desired signal power and R;, is the bit rate.

(a) Obtain an expression for the probability of bit error as a function of the jamming fraction p.

(b) Derive an expression for the jamming fraction p that will maximize the probability of bit error. Note that jamming
fraction must satisfy the constraint 0 < p < 1.

(c) What is the maximum bit error probability corresponding to the worst case jamming fraction found in part (b)?

9.4. The generator polynomials for constructing “Gold-like” code sequences of length N = 7 are

prx) =1+x+x
pr(x) =14+ +x°.

The sequences are said to be “Gold-like” because p;(x) and p,(x) are not a preferred pair and, therefore, will not actually
generate a set of Gold sequences. However, the procedure used to construct the set sequences is similar to that used to
construct Gold sequences. Generate all the “Gold-like” codes of length 7 and determine the cross-correlation functions of
one sequence with each of the others.

9.5. Consider the length-7 m-sequences that are generated by the polynomials

P =1+x+x
pr(x) =14+ +x°.
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(a) Find and sketch the full period autocorrelation functions of the sequences.

(b) Find and sketch the aperiodic autocorrelation function of the sequences.

(c) Find and sketch the full period cross-correlation function of the two sequences.

(d) Find the discrete-time Fourier transform of the aperiodic autocorrelation function, ®“(f), for each sequence.

9.6. Consider the length-7 Barker sequence
a=(+1,+1,+1,-1,-1,+1,-1)
and its mirror image sequence

a=(—1,+1,—1,—1,+1,+1,+1).

(a) Find and sketch the full period autocorrelation functions of the sequences.

(b) Find and sketch the aperiodic autocorrelation function of the sequences.

(c) Find and sketch the full period cross-correlation function of the two sequences.

(d) Sketch the discrete-time Fourier transform of the aperiodic autocorrelation function, ®“(f), and find the frequencies
where it attains its maximum and minimum values.

9.7. Suppose that the following length-7 time-domain sequences are being proposed for the synchronization word in an
OFDM system having block size N = 7.

x; = (+1,+1,+1,-1,-1,+1,-1)

x; = (+1,+1,+1,-1,+1,—1,-1)

(a) Compute and plot the periodic autocorrelation function and aperiodic autocorrelation function of these two sequences.

(b) Which sequence has better periodic autocorrelation characteristics for the purpose of synchronization.

(c) By taking the discrete-time Fourier transform of the aperiodic autocorrelation functions compute the power spectrum
®“(f) in each case. Plot your results.

9.8 (Computer Exercise). Write a computer program to generate a set of Gold sequences of length 127.

(a) Plot the mean and variance of the partial period autocorrelation as a function of the processing gain 10 < G < 20 for
this set of Gold codes.
(b) Repeat part (a) for the partial period cross-correlation.

9.9 (Computer Exercise). Consider a DS/BPSK CDMA system that uses length-31 Gold codes. The kth user spreads their
binary data by using the Gold code

a® — (k) (k) (k))‘

(@’ ay,... a5

The complex envelope of the modulated waveform for the kth user is

#@)=4) PO —n1),
n
where

31
W) =" aPur, (t - jTo).

j=1

{x,(,k) } is uncorrelated zero-mean binary data sequence, T, is the chip duration, and T = 31T, is the data bit duration.

(a) Pick one of the length-31 Gold codes at random for the kth user and write down the sequence. Plot the aperiodic
autocorrelation function of sequence.

(b) Plot the power spectrum of the kth user S%) (f) against the normalized frequency fT}.

(c) Repeat parts (a) and (b) for a randomly chosen length-63 Gold code for the kth user.
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9.10. Plot the continuous-time partial autocorrelation functions of the chip waveform, R;(§) and IAeh (6) in (9.32) and (9.33),
respectively, as a function of the fractional chip delay & for the following chip shaping pulses:

ur, (1) non-return-to-zero
ha(t) = § sin(zt/T,)ur. (1) half-sinusoid
1—2|t—1T./2|/Tcur,(t) triangular

9.11. Consider the set of Walsh-Hadamard sequences of length 16. Determine full period autocorrelation ¢y i (7) for this set
of sequences. Tabulate your results in the k X n matrix

P = [Prnlixn:

where pr, = Pri(n).

9.12. A WLAN system uses biorthogonal modulation based on the use of length-8 Walsh-Hadamard codewords. Following
the discussion leading to (4.81), a set of 16 biorthogonal signals is constructed according to

8
Sm(0) =AY hyho(t = kT,) | m=1,...,8
k=1
:_Em(t)’ m=29,...,16,
where T, is the “chip duration” and T = 8T, is the symbol duration. Assume an uncorrelated data sequence and assume that

all 16 signals are used with equal probability.

(a) Assuming that /. (f) = ur.(f), find the power density spectrum of the complex envelope Sz (f).
(b) Plot the power spectrum Ss(f) against the normalized frequency fT},, where T, is the bit duration.

9.13. A spread spectrum system transmits a binary data sequence x = {x;}, x; € {—1, +1}, by using the following length-3
short code spreading sequence

a=(—1,+1,+1).

(a) Compute and plot the full period autocorrelation of the sequence a.
(b) Compute and plot the aperiodic autocorrelation of the sequence a.
(c) Suppose the chip shaping function is

ha(f) = sin (’;—t) uz (7).

c

What is the transmitted power density spectrum Sg(f)?
(d) At which frequencies is the receiver most sensitive to tone interference?

9.14 (Computer exercise). Consider the four length-15 spreading sequences identified in Example 9.1.

(a) Write a computer program to exhaustively search for and find the 4 sequences.

b) The periodic autocorrelation and cross-correlation of these sequences are also important to ensure rapid acquisition and
to minimize multiuser interference. Define the 4 x 4 matrix ® = [¢ x|, where ¢y is defined as the maximum off-peak
periodic autocorrelation of sequence x* and ®; x is the maximum cross-correlation between x¥) and x®_ These quantities
are defined by

¢ x = max
n

| X

k) ()

N in Xitn
i=1

Find the 4 x 4 matrix ©.
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9.15 (Computer Exercise). Suppose that a DS/BPSK spread spectrum system uses an m-sequence of length 127 as a long
spreading code. The generator polynomial for the m-sequence is

p(x) =1+ +x.

The processing gain G is equal to 10, i.e., there are 10 chips per modulated symbol.

(a) Assuming that h.(f) = ur.(f), find the power density spectrum of the complex envelope Si(f). You must average over
all possible subsequences of length 10.

(b) Plot the power spectrum S5;(f) against the normalized frequency fT},, where T}, is the bir duration. Comment on the effect
of using a long code on the power spectrum.

9.16. Suppose that the multipath intensity profile of a channel is given by

P
¢e(r) = —e
e

(a) What is the average delay and delay spread of the channel?

(b) Suppose DS/BPSK spread spectrum is used on the channel. The receiver employs a two-tap RAKE receiver (assume
ideal Nyquist pulses and maximal ratio combining). The tap spacing of the RAKE tapped delay line is equal to the chip
duration 7. Neglecting self-interference, write down an expression for the probability of bit error in terms of the average
delay of the channel and the average received bit energy-to-noise ratio.

(c) If the bit error probability for a non-dispersive channel (u, = 0) is 1073, what is the value of delay spread . that will
reduce the bit error probability from 1073 to 1072

9.17. A multipath-fading channel has the multipath intensity profile

P
Golr) = e TIH,
u

T

Suppose that DS/BPSK spread spectrum is used on this channel. The receiver employs a 3-tap, T,-spaced, RAKE receiver
with selective diversity combining. Assume ideal Nyquist pulses and the use of spreading sequences having an ideal
autocorrelation function. Find the probability of error in terms of the average received bit energy-to-noise ratio.

9.18. Suppose that a 4-user synchronous CDMA system uses the following four length-15 spreading sequences:
x={-1-1-1-1-14+14+1-1-14+14+1-14+1-14+1}
xx={+1-1+1-14+14+1-1-14+14+1-1-1—-1—-1-1}
x3={-1-1-1+14+14+1-14+14+14+1-14+14+1-14+1}
4={+1-14+14+1-14+14+14+1-14+14+14+1-1-1-1}

Design a decorrelating detector, assuming an AWGN channel.
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