
Chapter 9
Logics of (Formal and Informal)
Provability

Rafal Urbaniak and Pawel Pawlowski

9.1 Introduction

Provability logics are, roughly speaking, modal logics meant to capture the formal
principles of various provability operators (which apply to sentences) or predicates
(which apply to sentence names). The first candidate for a provability logic was
the modal logic S4, which contains as axioms all the substitutions of classical
tautologies (in the language with �; throughout this survey when talking about
instances or substitutions we’ll mean instances and substitutions in the full language
of the system under consideration), all substitutions of the schemata:

(K) �(ϕ → ψ) → (�ϕ → �ψ)

(M) �ϕ → ϕ

(4) �ϕ → ��ϕ

and is closed under two rules of inference: modus ponens (from � ϕ and � ϕ → ψ

infer � ψ), and necessitation (Nec): if � ϕ, then � �ϕ.
The principles of S4 seem sensible when �ϕ is read as ‘it is provable that ϕ’: if

an implication and its antecedent are provable, then so is its consequent, whatever
is provable should be true, and if something is provable, we can prove that it is (by
simply displaying the proof). The system was used in 1933 by Gödel to interpret
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intuitionistic propositional calculus (which is closely related to reasoning about
provability). Alas, S4 turned out to be inadequate as a tool for modeling the behavior
of formal provability predicate within axiomatic arithmetic, mostly due to the fact
that (M), also (in the context of provability logics) called local reflection, while
intuitively plausible, cannot be provable in a consistent sufficiently strong axiomatic
arithmetic for the formal provability predicate of that arithmetic. Let us elaborate.

Let’s fix our attention on the standard first-order axiomatic arithmetic called
Peano Arithmetic (PA). With this system in the background, instead of talking
about an arithmetical formula ϕ, we can use a coding to represent it by some
natural number, denoted by �ϕ�. Once we’ve done this, there is (a standard way to
construct) an arithmetical formula ProvPA(x) true exactly about the codes of those
formulas, which are provable in PA. This is the formal provability predicate of PA.

One crucial property of this predicate is stated by Löb’s Theorem, according to
which for any arithmetical ϕ, if PA � ProvPA(�ϕ�) → ϕ, then already PA � ϕ.
This means that reflection can hold only for those sentences which are already
theorems of PA, and not universally for all sentences of arithmetic, and so S4 cannot
be the logic of formal provability predicate.

It turns out that another modal logic is the provability logic of formal arithmetical
provability—it’s the Gödel-Löb logic GL. Its axioms are all the substitutions of
classical tautologies, all the substitutions of (K), all the substitutions of:

(Löb) �(�ϕ → ϕ) → �ϕ

and the rules are modus ponens and necessitation. Various modal logics similar to
GL have been developed for various notions of provability related to the standard
formal provability.

In the language of GL we can express claims such as ‘p is provable’, but we
cannot express things such as ‘t is a proof of p’ (that is, we cannot express explicit
provability statements). The latter task can be achieved in the so-called Logic of
Proofs (LP), whose language is much richer: it contains terms for proofs, ways of
constructing complex terms for proofs, and a predicate ‘ is a proof of ’. LP is an
adequate logic of explicit provability. Various extensions of LP has been developed.

Somewhat independently of the research on the logic of the formal provability
predicate, attempts have been made to develop a formal logic of informal math-
ematical provability, for which (M) holds. The challenge is to develop a sensible
system which can be mixed with other parts of mathematics without running into
inconsistency due to (Löb) or related reasons.

This survey discusses the developments described above in a bit more detail.
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9.2 The Beginnings

9.2.1 Modal Logic S4

Formulas of the language of a propositional modal logic LM are built from
propositional variables p1, p2, . . . , two propositional constants ⊥ (contradiction)
and � (logical truth), classical connectives ¬,∧,∨,→,≡, brackets, and unary
modal connectives � and ♦, in the standard manner. Sometimes, without loss of
generality, we’ll treat LM as containing only a single classical connective and a
single modal operator—this will shorten some definitions, and is enough to make
all the other connectives definable. Given a formal language (not necessarily LM ,
the context will make the range of meta-variables clear on each occasion), we’ll use
lower case Greek letters ϕ,ψ, χ, . . . as meta-variables for formulas of that language
(sometimes, we’ll also use σ as a metavariable for an arithmetical sentence).

A normal modal logic contains as axioms all the substitutions of formulas of LM

for propositional variables in classical tautologies, all substitutions (in LM ) of the
schema:

�(ϕ → ψ) → (�ϕ → �ψ) (K)

and is closed under two rules of inference: modus ponens (from � ϕ and � ϕ → ψ

infer � ψ) and necessitation (Nec): if � ϕ, then � �ϕ. The weakest normal modal
logic is called K, all other normal logics are its extensions.

The standard semantics of LM involves relational models (also called Kripke
models). A frame F is a tuple 〈W,R〉, where W is a non-empty set of possible
worlds (or simply nodes, if you’re not too much into bloated terminology) and R is
a binary relation on W (‘is a possible world from the perspective of’), often called
an accessibility relation. A model M over F = 〈W,R〉 is a triple 〈W,R,�〉, where
� is a forcing (or satisfaction) relation between W and the formulas of LM (think
about it as ‘being true in’), satisfying the following conditions for any w ∈ W and
any ϕ,ψ ∈ LM :

w �� ⊥ w � �
w � (ϕ → ψ) iff w �� ϕ or w � ψ

w � �ϕ iff for all w′ ∈ W, if wRw′, then w′ � ϕ

It turns out that the class of formulas forced in every node in every frame is
exactly the class of theorems of K. Sound and complete semantics for various other
normal modal logics is obtained by putting further conditions on R.

One modal logic that will be of particular interest for us is S4, which (in one of
the formulations) is obtained from K by adding as axioms all the instances of the
following schemata:

�ϕ → ϕ (M)

�ϕ → ��ϕ (4)
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(M) is sometimes called (T), but in what follows we’ll often use T as a variable
for an axiomatic theory, so to avoid confusion, we’ll stick to (M). S4 is sound
and complete with respect to frames in which the accessibility relation is reflexive
(∀w ∈ W wRw) and transitive (∀w1, w2, w3 ∈ W(w1Rw2∧w2Rw3 → w1Rw3)).

Modal connectives of various modal systems admit various interpretations. �
can be interpreted as logical necessity, metaphysical necessity, physical necessity,
moral obligation, knowledge, etc.1 Different modal systems are taken to capture
principles essential for these various notions. In what follows, we’ll be concerned
with the reading on which �ϕ means ‘it is provable that ϕ’ (this reading will need
further specifications, as it will turn out). Now the question is: which modal logic
captures adequately the formal principles that hold for this reading?

Prima facie, S4 seems like a decent candidate. (K) holds, because the consequent
of a provable implication whose antecedent is provable is also provable. (M) holds,
because whatever is provable is true. Equation (4) holds, because if ϕ is provable,
then by producing a proof of ϕ, by the same token, you are proving that it is
provable (necessitation is reliable for pretty much the same reason). But are these
considerations satisfactory? Not completely. First of all, we still don’t know if there
aren’t any principles that hold for provability but are not provable in S4, because
the argument so far was about the soundness of S4 with respect to our intuitions
about provability, not about completeness. Secondly, the argument is somewhat
handwavy—it would be good to have a more precise explication of the notion of
provability involved. Thirdly, even with such an explication in hand, we have to
double-check if all principles of S4 hold with respect to this explication. Things
will turn out to be more complicated than one might initially expect.

9.2.2 Intuitionism and S4

S4 was first proposed as a logic of provability in the context of Brouwer’s
intuitionistic logic, which, very roughly speaking, results from replacing the notion
of truth with that of constructive provability. The intuitionstic logic was formalized
by Heyting [31] as Intuitionistic Propositional Calculus (IPC) (see also Troelstra
and van Dalen [76]). On the intuitionistic approach, a mathematical claim is true
just in case it has a proof, and false just in case there is a proof that it leads to
contradiction. This idea inspired Heyting and Kolmogorov [32, 33, 45] to introduce
the so-called Brouver-Heyting-Kolmogorov (BHK) semantics, which identifies truth
with provability, falsehood with refutability, and further specifies:

1Notice however that different interpretations might make different principles plausible. For
instance, (M) is not too convincing in the deontic reading, for unfortunately, not all that should
be the case indeed is the case.
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A proof of ϕ ∧ ψ consists of a proof of ϕ and a proof ofψ.

A proof of ϕ ∨ ψ is provided by giving either a proof of ϕ or a proof of ψ.

A proof ofϕ → ψ is a construction of proofs of ψ from proofs of ϕ.

⊥ has no proof and ¬ϕ means ϕ → ⊥.

Gödel [24] attempted to formalize the BHK semantics. He put forward S4 as the
logic of classical provability. Then, he suggested a translation t from the non-modal
language of intuitionistic logic into LM by taking a non-modal formula and putting a
box in front of each of its subformulas (in fact, this translation is already mentioned
in [61]). Gödel proved that if IPC � ϕ, then S4 � t (ϕ). The implication in the
opposite direction has been later on proved by McKinsey and Tarski [52]. Thus,
IPC, in a sense, can be taken to be about the classical provability, if, indeed, S4 is
the logic of classical provability (there are other modal logics into which IPC can be
translated). Alas, an explicit provability semantics of � in S4 was missing, and so,
the picture wasn’t quite complete. One natural candidate for the interpretation of �
was a formal provability predicate in a standard axiomatized mathematical theory,
to which we will now turn.

9.2.3 Arithmetical Provability Predicate

Considerations of formal provability predicate (or predicates) are usually developed
in the context of an axiomatic arithmetic. This is the case for various reasons:
via Gödel coding, instead of expressions, we can talk about numbers, standard
arithmetical theories are usually strong enough to include a sufficiently reach theory
of syntax (modulo coding), and arithmetic in general is a field where many results
are already known and can be borrowed and applied to syntax.

For the sake of simplicity, we’ll focus on one fairly standard axiomatic arith-
metic: Peano Arithmetic (PA), although many results apply to other arithmetical
theories, including some weaker ones (see for example Hájek and Pudlak [27] for
details). The language of PA, LPA, is a first-order language with identity and a few
specific symbols: 0, S,× and + (in the standard model of arithmetic N interpreted
as referring to the number zero, the successor function, multiplication, and addition,
respectively). For any number m, the standard numeral for m has the form S . . . S

︸ ︷︷ ︸

m

0

and is abbreviated by m. The specific axioms of PA consist of:

∀x (0 �= Sx) (PA 1)

∀x, y (Sx = Sy → x = y) (PA 2)

∀x (x + 0 = x) (PA 3)

∀x, y (x + Sy = S(x + y)) (PA 4)
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∀x (x × 0 = 0) (PA 5)

∀x, y (x × Sy = (x × y) + x) (PA 6)

and all the instances of the induction schema:

ϕ(0) ∧ ∀x (ϕ(x) → ϕ(S(x))) → ∀x ϕ(x) (PA Ind)

Formulas of LPA can be classified according to their logical complexity. If t

is a term not containing x, ∀x ≤ t ϕ(x) and ∃x ≤ t ϕ(x) abbreviate ∀x (x ≤ t →
ϕ(x)) and ∃x (x ≤ t ∧ϕ(x)) respectively. Such occurrences of quantifiers are called
bounded, and formulas whose all quantifiers are bounded are called �0-formulas.
The hierarchy proceeds in two “layers”, that of �n and that of �n formulas.
�0 = �0 = �0. �n+1-formulas are of the form ∃x1, . . . , xk ϕ(x1, . . . , xk), where
ϕ(x1, . . . , xk) is �n. �n+1-formulas are of the form ∀x1, . . . , xk ϕ(x1, . . . , xk),
where ϕ(x1, . . . , xk) is �n. Every formula of LPA is logically equivalent to a �n

formula and to a �m formula, for some n and m (and there always exist the least
such n and m).

The class of �1 formulas is of particular interest, because it turns out that a
function is recursively enumerable (see Smith [68] for a nice introduction to the
topic) just in case it is �1-definable. This result, for instance, makes sure that an
axiomatic system which is strong enough to handle �1-sentences (in a sense to
be specified) is strong enough to properly handle computable functions, including
those related to syntactic manipulations, and so is strong enough to prove things
about syntax of a formal language within it.

We say that an arithmetical theory T is �1-sound just in case for any �1-formula
ϕ, if T � ϕ, then N |= ϕ (that is, ϕ is true in the standard model of arithmetic).
The dual notion is that of �1-completeness. T is �1-complete just in case for any
sentence ϕ ∈ �1, if N |= ϕ, then T � ϕ.

Fact 1.1 PA is �1-complete.

There are various ways of coding syntax, effectively mapping syntactic objects,
such as expressions, formulas, sentences and sequences thereof to natural numbers,
so that each syntactic object τ of LPA is represented by its Gödel code �τ�. The
details are unimportant here, so let’s just focus on one of them and work with it
(again, see Smith [68] for an accessible introduction).

Consider now any theory T in LPA extending PA. It is said to be elementary
presented just in case there is an arithmetical �0-formula AxT(x) true of a natural
number just in case it is a code of an axiom of T. Such a formula can be further used
in a fairly standard way to construct a �0 arithmetical formula PrfT(y, x) which
is the standard binary proof predicate of T such that it is true of natural numbers
m and n just in case m is the code of a sequence of formulas which is a proof of
the formula whose code is n (the details of the construction are inessential here).
Moreover:

(Binumeration) If in the standard model PrfT(m, n), then PA � PrfT(m, n)

If in the standard model ¬PrfT(m, n), then PA � ¬PrfT(m, n)
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PrfT(y, x) can be further used to define the so-called standard provability
predicate (since we won’t be talking about non-standard provability predicates,
we’ll simply talk about provability predicates, assuming they’re standard) and the
consistency statement:

ProvT(x) := ∃y PrfT(y, x)

Con(T) := ¬ProvT(�⊥�)

ProvT(y) is obtained from a �0 formula by preceding it with an existential
quantifier, and so, it is a �1-formula. Therefore, by �1-completeness, the first
half of (Binumeration) holds for it (and the second one fails, for somewhat more
complicated reasons):

If in the standard model ProvT(n) is true, then PA � ProvT(n)

Note however, that even though the second half of (Binumeration) fails,
ProvT(x) succeeds at defining provability, in the sense that ProvT(�ϕ�) is true in
the standard model of arithmetic just in case in fact T � ϕ (by the way, from now on
we’ll skip using the bar above numbers coding of formulas, assuming it is normally
there, that is, that in the formulas we’ll mention, numerals of codes of formulas are
standard).

Still assuming T is elementary presented, ProvT(x) satisfies the following so-
called Hilbert-Bernays conditions [34, 48] for any arithmetical formulas ϕ,ψ :

T � ϕ iff PA � ProvT(�ϕ�) (HB1)

PA � ProvT(�ϕ → ψ�) → (ProvT(�ϕ�) → ProvT(�ψ�) (HB2)

PA � ProvT(�ϕ�) → ProvT(�ProvT(�ϕ�)�) (HB3)

In particular, the provability predicate of T can be taken to be that of PA itself. Also,
keep in mind, that most of the results apply to certain theories weaker than PA and
to elementary presented theories extending PA, either of which we usually chose to
ignore for the sake of simplicity.

Another important piece of the puzzle will be Gödel’s incompleteness theorems,
which we include here in a somewhat modernized statement:

Theorem 1.2 If an elementary presented theory T extends PA and is consistent,
then there is a sentence G ∈ LPA such that T �� G and T �� ¬G. Moreover,
T �� Con(T ).

Incompleteness follows from a more general result (which have been stated by
Carnap [17]; see Gaifman [23] for a deeper historical discussion):

Lemma 1.3 (Diagonal Lemma) For any formula ϕ(x) ∈ LPA there is a sentence
λ ∈ LPA such that

PA � λ ≡ ϕ(�λ�)
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The Diagonal Lemma, when we take ϕ(x) to be ¬ProvPA(x), entails the existence
of a sentence that can be used in the incompleteness proof, which provably satisfies
the condition:

G ≡ ¬ProvPA(�G�)

Such a G is independent of PA. The result generalizes: if a theory satisfies certain
requirements and is consistent, its Gödel sentence is independent of it.

Quite a few years later Henkin [30] asked a related question: what happens,
however, with sentences such as:

H ≡ ProvT(�H�)? (Henkin)

The question was soon answered by Löb [48]:

Theorem 1.4 (Löb) If the Diagonal Lemma applies to T, and the provability
predicate of a theory T satisfies (his formulation of) the Hilbert Bernays conditions
(HB1-3), T � ProvT(�ϕ�) → ϕ if and only if T � ϕ.

For a given sentence ϕ, the formula ‘ProvT(�ϕ�) → ϕ’ is called reflection for
ϕ (over T), and Löb’s theorem says that reflection is provable in T for all and only
theorems of T. The theorem can be obtained fairly easily from the Diagonal Lemma
applied to ProvT(x) → ϕ. For if the Diagonal Lemma applies to T (it is enough
that T extends PA), the Lemma entails the existence of a ψ such that:

T � ψ ≡ (ProvT(�ψ�) → ϕ) (L)

The rest of the reasoning is propositional.

1 T � (ProvT(�ψ�) → ϕ) → ψ (L), Classical logic

2 T � ψ → (ProvT(�ψ�) → ϕ) (L), Classical logic

3 T � ProvT(�ψ → (ProvT(�ψ�) → ϕ)�) (HB1), 2

4 T � ProvT(�ψ�) → ProvT(�(ProvT(�ψ�) → ϕ)�) (HB2), 3

5 T � ProvT(�ψ�) → (ProvT(�ProvT(�ψ��)) → ProvT(�ϕ�)) (HB2), 4

6 T � ProvT(�ψ�) → ProvT(�ProvT(�ψ��)) (HB3)

7 T � ProvT(�ψ�) → ProvT(�ϕ�) 5, 6

8 T � ProvT(�ϕ�) → ϕ Assumption

9 T � ProvT(�ψ�) → ϕ 7, 8

10 T � ψ Classical logic, 1, 8

11 T � ProvT(�ψ�) (HB1), 10

12 T � ϕ 9, 11
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9.2.4 The Inadequacy of S4 with Respect to Formal Provability

Coming back to the question of whether � of S4 can be sensibly interpreted
as the formal provability predicate: what happens when we take �ϕ to mean
ProvT(�ϕ�)? As it turns out, things fall apart quite quickly. For the sake of
simplicity we’ll take the case where T = PA, but the point generalizes to consistent
recursively axiomatizable extensions of PA.

Since S4 � �ϕ → ϕ for any ϕ, the interpretation would require that for all
ϕ ∈ LPA, PA � ProvPA(�ϕ�) → ϕ. But this, jointly with Löb’s theorem, would
entail that for any ϕ ∈ LPA, PA � ϕ. So, if PA is consistent, S4 is not the logic of
the formal provability predicate of PA.

There is a somewhat different way to notice the inadequacy of S4 in this
context, already brought up by Gödel [24]. The formula expressing Con(PA)

is ¬ProvPA(�⊥�), which is logically equivalent to ProvPA(�⊥�) → ⊥. At
the modal level, this is just an axiom of S4, since �⊥ → ⊥ falls under
schema (M). Thus, if S4 was adequate, we would have PA � Con(PA), which
would contradict Gödel’s second incompleteness theorem. Moreover, necessitation
would yield �(�⊥ → ⊥), and so in S4 we would be able to derive the claim
that the consistency claim is derivable, which again, contradicts Gödel’s second
incompleteness theorem.

At this stage, at least two questions remain open. What is the right modal logic
of formal provability? What’s the right provability semantics for S4?

9.3 Gödel-Löb Modal Logic (GL)

9.3.1 Axiomatizing GL

The inadequacy of S4 was mainly due to Löb’s theorem. How to proceed to obtain
a modal logic better fit to the formal provability interpretation?

The first move results from noticing that it was (M) that was responsible for
the trouble. Consequently, (M) has to be dropped. Another step is to notice that a
formalized version of Löb’s theorem can be proved in any elementary presented T
extending PA, so that we have:

T � ProvT(�ProvT(�ϕ�) → ϕ�) → ProvT(�ϕ�)

So, our modal logic of provability should validate the corresponding modal princi-
ple:

�(�ϕ → ϕ) → �ϕ (Löb)
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GL (from Gödel-Löb) is a modal system resulting from these moves. Its axioms
are all the substitutions of classical tautologies (in the language of LM ), all the
substitutions of (K), all the substitutions of (Löb), and the rules are modus ponens
and necessitation.

Note that while (Nec) is a rule of GL, we cannot have ϕ → �ϕ as an axiom
schema. While (Nec) is well-motivated (it says, in the intended interpretation, that
any theorem is provably provable), the implication would say that anything true is
provable, and that is far from obvious. In the arithmetical setting, we already have
the formalized version of the second incompleteness theorem:

PA � Con(PA) → ¬ProvPA(�Con(PA)�)

so if we also had:

PA � Con(PA) → ProvPA(�Con(PA)�)

it would follow that PA � ¬Con(PA).
Now, is GL at least sound with respect to the formal provability interpretation?

Well, the necessitation rule is the modal version of (HB1) and (K) is the modal
version of (HB2). We can also prove in GL the modal version of (HB3), that is,
GL � (4), and so it can also be dropped when moving from S4 to GL.

To get a better grasp of proofs in GL, let’s see what the proof of this fact looks
like. Before we give the proof we need two introductory steps. For one thing, since
we have (Nec) and (K), we can easily move from GL � (ϕ → ψ) or from
GL � �(ϕ → ψ) to GL � �ϕ → �ψ . In what follows we’ll make such moves
without hesitation, sometimes calling them (Distr)—since they basically consist
in distributing � over material implication. If you’re not convinced, the official
argument starts with � ϕ → ψ . Use (Nec) to obtain � �(ϕ → ψ). Then (K)
tells you � �(ϕ → ψ) → (�ϕ → �ψ), and so by detachment � �ϕ → �ψ . It’s
just too repetitive to go through these moves every time.

For another, we’ll need this fairly straightforward fact:

Fact 3.1 GL � �(ϕ ∧ ψ) ≡ (�ϕ ∧ �ψ)

Proof Reason within GL. From left to right:

1. ϕ ∧ ψ → ϕ Tautology
2. ϕ ∧ ψ → ψ Tautology
3. �(ϕ ∧ ψ) → �ϕ (Distr), 1
4. �(ϕ ∧ ψ) → �ψ (Distr), 2
5. �(ϕ ∧ ψ) → (�ϕ ∧ �ψ) Classical logic, 3, 4
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From right to left:

1. ϕ → (ψ → (ϕ ∧ ψ)) Tautology
2. �ϕ → (�ψ → �(ϕ ∧ ψ)) (Distr), 1
3. (�ϕ ∧ �ψ) → �(ϕ ∧ ψ) Classical logic, 2

��
Observe also that Fact 3.1 entails (left to right, together with conjunction

elimination):

GL � �(�ϕ ∧ ϕ) → ��ϕ (3.2)

Finally we have:

Fact 3.3 GL � (4), that is GL � �ϕ → ��ϕ.

Proof Again, let’s reason within GL.

1. ϕ → ((ψ ∧ χ) → (χ ∧ ϕ)) Tautology
2. ϕ → ((��ϕ ∧ �ϕ) → (�ϕ ∧ ϕ)) Substitution, 1
3. ϕ → (�(�ϕ ∧ ϕ) → (�ϕ ∧ ϕ)) Fact 3.1, 2
4. �ϕ → �(�(�ϕ ∧ ϕ) → (�ϕ ∧ ϕ)) (Distr), 3
5. �(�(�ϕ ∧ ϕ) → (�ϕ ∧ ϕ)) → �(�ϕ ∧ ϕ) (Löb)
6. �ϕ → �(�ϕ ∧ ϕ) Classical logic, 4, 5
7. �ϕ → ��ϕ (3.2), 6

��
We’ve shown that (4) is derivable in GL. But since (M) was the source of the

problems, we also need to make sure it is not a derivable theorem schema for GL.
Simply dropping it from the axiom schemata is not enough.

Fact 3.4 If GL �� ⊥, it is not the case that for any ϕ, GL � �ϕ → ϕ.

Proof Suppose the opposite holds. Then we have GL � �⊥ → ⊥, and so we can
reason within GL:

1. �⊥ → ⊥ Assumption
2. �(�⊥ → ⊥) (Nec), 1
3. �(�⊥ → ⊥) → �⊥ (Löb)
4. �⊥ Detachment, 2, 3
5. ⊥ Detachment, 1, 4

��
The assumption of consistency of GL above is explicit not because we have any

serious doubts about it. It’s rather that when it is explicitly stated, the unprovability
of reflection can be easily proven in a few steps, as we’ve just seen. Proof of a similar
claim without this assumption is slightly more convoluted.
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Fact 3.5 GL �� ⊥ and GL �� �p → p.

Proof The general structure of the argument is this. We show that all theorems of
GL have a certain property, which ⊥ and �p → p don’t have, and so ⊥ and
�p → p are not theorems of GL. The property is: being a classical propositional
tautology under the following translation. So now we need to define a translation t

from LM into the classical propositional language, which translates all theorems of
GL into classical tautologies, but at the same time translates ⊥ and �p → p into
formulas whose negations are classically satisfiable. Let’s start with the translation:

t (⊥) = ⊥
t (p) = p (for all propositional variables)

t (ϕ → ψ) = (ϕ)� → (ψ)�

t (�ϕ) = �

Clearly:

1. If ϕ is a substitution of a classical tautology, t (ϕ) is a tautology. This is because
the translation effectively is a substitution, and it gives a formula in the classical
propositional language, in which all substitutions of tautologies are classical
tautologies.

2. t(K) is � → (� → �), which is a classical tautology.
3. t(Löb) is � → �, which also is a tautology.

We handled the axioms of GL, making sure their translations are classical tautolo-
gies. Now we need to take care of the inference rules.

4. Consider modus ponens (arguments for any classical propositional rule are pretty
much the same). One can still apply modus ponens to t (ϕ), t (ϕ → ψ) =
(t (ϕ) → t (ψ)). So if GL � ϕ, GL � ϕ → ψ , we know that GL � ψ , and
that the following are tautologies: t (ϕ), t (ϕ) → t (ψ), and t (ψ).

5. What about necessitation? Say GL � ϕ so that also GL � �ϕ. Quite trivially
t (�ϕ) = �, which is a tautology.

Together, points 1–5 show that all theorems of GL translate into classical tau-
tologies. Finally, we have to show that the translations of the formulas that we’re
interested in aren’t tautologies.

6. t (�p → p) = � → p, which is not a tautology.
7. t (⊥) = ⊥, which also isn’t a tautology.

Points 6–7 mean that these formulas are not theorems of GL, which completes the
proof. ��
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9.3.2 Another Way Towards GL: K4LR

Another modal logic that might come to mind when one thinks of � as provability is
K4LR. Just as GL, it allows necessitation and classical consequence (for the modal
language), and just as GL it has (K) as an axiom schema. But it keeps (4), drops
(Löb), and admits the following Löb’s rule (LR) instead:

If � (�ϕ → ϕ), infer � �ϕ (LR)

It turns out that GL and K4LR have the same theorems.

Fact 3.6 If K4LR � ϕ, then GL � ϕ.

Proof We need to check that GL proves the axioms of K4LR and that it is closed
under its rules. As for the axioms, (K) is shared, and Fact 3.3 shows that GL �(4).
As for the rules (Nec) is shared, and we only need to show that GL is closed under
(LR). This can be shown by the following reasoning within GL:

1. �ϕ → ϕ Assumption (as a GL-theorem)
2. �(�ϕ → ϕ) (Nec), 1
3. �(�ϕ → ϕ) → �ϕ (Löb)
4. �ϕ MP, 2, 3
5. ϕ MP, 1, 4

��
Implication in the opposite direction also holds.

Fact 3.7 If GL � ϕ, then K4LR � ϕ.

Proof (K) and (Nec) and classical logic in the background are shared. The only
thing that needs to be shown is K4LR �(Löb), that is that (LR) in the context of
K4LR is strong enough to give us the formula corresponding to the rule.

To see that this is not immediately obvious, note that, in principle, rules are
weaker than corresponding implications, because they apply to theorems only. For
instance, (Nec) is sensible because it says that any theorem is necessary, but the
formula p → �p is not an axiom of any sensible standard modal logic, for it says,
roughly, that any truth is necessary. Let’s prove (Löb) within K4LR.

1. �(�ϕ → ϕ) → (��ϕ → �ϕ) (K)
2. �(�ϕ → ϕ) → ��(�ϕ → ϕ) (4)

3. �[�(�ϕ → ϕ) → �ϕ] → [��(�ϕ → ϕ) → ��ϕ] (K)
4. �[�(�ϕ → ϕ) → �ϕ] → [�(�ϕ → ϕ) → ��ϕ] PL, 1, 3
5. �[�(�ϕ → ϕ) → �ϕ] → [�(�ϕ → ϕ) → �ϕ] PL, 2, 4
6. �(�ϕ → ϕ) → �ϕ (LR), 5
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Line 1 applies (K) to the antecedent of (Löb). In line 2 we use (4) to modalize the
antecedent of (Löb) even deeper. Line 3 applies axiom (K) to distribute necessity
over the antecedent and the consequent of (Löb). By classical logic, lines 2 and
3 allow us to replace ��(�ϕ → ϕ) with �(�ϕ → ϕ) in the antecedent of the
consequent of the formula in line 3. In line 5, thanks to line 1 we could remove one
box in the last consequent of the formula in line 4. Now we notice that line 5 is just
the premise for an application of (LR) and we apply this rule. ��

9.3.3 GL vs. Logical Necessity

What difference does it make to read � as ‘it is provable in the system’ rather than
as ‘it is logically necessary’? Well, (K), (4) and necessitation intuitively speaking
hold for both readings. But there are some important differences.

One thing, already mentioned, is that GL �� �p → p, while all suitable
candidates for a modal logic of logical necessity (the main one being S5) prove
�p → p. And rightly so, for it seems intuitively true that whatever is logically
necessary holds.

What about (Löb)? It obviously is a theorem of GL (yes, we’re sloppy about the
distinction between formula and schemata, but this shouldn’t cause any misunder-
standing). But if we read � as logical necessity, it is somewhat difficult to sort out
our modal intuitions about (Löb). Notice that our intuitions about necessity validate
reflection for all formulas. Among them is:

�⊥ → ⊥

This seems right: if a contradiction is necessary, it is true (hopefully, it isn’t).
Also, the implication seems to be a logical truth itself, and as such should also
be necessary. So we have:

�(�⊥ → ⊥)

as an intuitive truth when � is read as logical necessity. At the same time, we
(with a few notable exceptions, such as Graham Priest) don’t think there are true
contradictions – so, a fortiori, we don’t think there are necessary contradictions.
This gives us:

¬�⊥

Put those two things together, and we easily have:

¬[�(�⊥ → ⊥) → �⊥]
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So, when we read � as logical necessity, we have an intuitively convincing formula
which is the negation of an instance of (Löb)! And in general, it seems false that just
because all necessary sentences are true, all sentences are true.

Another way to see why (Löb) is problematic when � is read as necessity is
this. Substitute ¬p and apply a few trivial classical moves and the fact that ♦ϕ is
equivalent to ¬�¬ϕ:

�(�¬p → ¬p) → �¬p

�¬(p ∧ �¬p) → �¬p

¬�¬p → ¬�¬(p ∧ �¬p)

♦p → ♦(p ∧ �¬p)

But the last formula says that if p is possible then it is possible that p and yet p

is necessarily false. This surely isn’t an intuitively convincing principle of logical
necessity.

9.3.4 GL and Deontic Modalities

Multiple sources, when introducing GL, mention [67]—a paper titled “The Logical
Basis of Ethics” as the source in which the Löb’s theorem stated as a modal formula
first occurred. However, to our knowledge, none of these sources actually explains
what it was doing there. For instance, in Verbrugge [78] all that we can read about
it is:

Ironically, the first time that the formalized version of Lö’s theorem was stated
as the modal principle [. . . ] was in a paper by Smiley in 1963 about the logical
basis of ethics, which did not consider arithmetic at all.

We’d like to be more specific, and so a short digression about how (Löb) entered the
stage follows.

Smiley is developing the ideas from Anderson [1], where an attempt is made to
define a deontic modality O (it is obligatory that) in terms of an alethic one (it is
necessary that). Anderson’s basic idea is to define:

Oϕ =df �(¬ϕ → S)

where S is an unspecified constant expressing the claim that some sanction is
applied. Given this analysis, a modal logic of obligation is obtained via a translation
from a modal logic of necessity (as far as Anderson’s system is concerned, the
resulting system is S4 with O instead of �).

Smiley [67] contains an interesting discussion of a philosophical concern raised
by Nowell-Smith and Lemmon [60] as to whether S is supposed to contain a deontic
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aspect, or is it supposed to be purely factive, and different difficulties arising in
these two cases, but let’s put these issues aside. Smiley’s point, however, is that a
contrapositive reformulation of Anderson’s account makes the connection between
the left-hand side and the right-hand side more intuitive. Instead of meeting a
sanction if φ is not performed, Smiley talks about being a consequence of a moral
code, so that:

Oϕ ≡ �(T → ϕ)

where T is a moral code. Now, Smiley argues, we can ask what inferential principles
hold for O no matter which particular T is chosen.

An important difference in Smiley’s approach, however, is that the above
equivalence is not definitional, and so the respective formulas aren’t replaceable
in all contexts. This is like treating the equivalence as an assumption (to which
(Nec) cannot be applied) rather than as an axiom schema. This reading, he claims,
validates (K), application of (Nec) to tautologous formulas, but not axioms (4) or
(M). Accordingly, he conjectures that the right modal logic will comprise exactly
these.

Further on, Smiley discusses another reading, on which Oϕ holds if ϕ follows
from the totality of obligatory propositions. But then, there is no single sentence
expressing this totality, and so instead of using T as a sentential symbol, Smiley
considers using it as an operator, so that T ϕ means that ϕ belongs to this totality.
While one might object that it is not clear what philosophical progress can be made
by analysing being an obligatory sentence in terms of following from the totality
of obligatory sentences (especially as, presumably, all obligatory sentences that
follow from the totality of obligatory sentences are already in it), we can still ask
what formal properties O thus defined would have. Smiley’s reply is that given that
such operators aren’t treated in any modal logic, we should turn to arithmetic and
the arithmetical provability predicate, which, arguably, might have similar formal
properties as ‘being a consequence of a moral code’ (so the claim in [78] that the
paper didn’t consider arithmetic at all is a bit hasty). A this point, Smiley observes
that on this arithmetical reading, all tautologous formulas are theorems, (K) and (4)
hold, and so do modus ponens and (Nec). Then, Smiley mentions Löb’s theorem
saying:

. . . and Kripke has pointed out to me that this proof can itself be arithmetised
to provide a proof of the formula O(OA → A) → OA.
[67, 244]

So, indeed, Smiley does mention the formula in the context of ethics.
Now, just a few words about what doesn’t happen in the paper. Smiley doesn’t

explain how (Löb) would be understood if the modality is interpret as a deontic
modality, doesn’t discuss any philosophical motivations for (Löb) in this interpreta-
tion (independent of the behavior of provability in arithmetic), and doesn’t propose
(Löb) as an additional axiom of a modal logic of obligation.

Come to think of it, (Löb) in the deontic reading, doesn’t seem too plausible.
On one hand, it should be the case that whatever should be the case happens (i.e.
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obligations should be obeyed). On the other hand, it seems unintuitive that just
because of that, simply anything whatsoever should be the case.

9.3.5 GL and Formal Provability

We know S4 turned out inadequate with respect to formal provability predicate. GL
does a much better job. To elaborate, we first need to explain the relation between
LM and LPA that will underlie what follows.

A mapping from propositional variables of LM to the set of sentences of LPA
is called an arithmetical realization. In a sense, an arithmetical realization tells us
which variables are to be interpreted as which sentences of arithmetic. Given an
elementary presented theory T, any arithmetical realization r can be extended to a
T-interpretation rT(ϕ) of a modal formula, by the following conditions:

rT(⊥) = ⊥ rT(�) = �
rT(p) = r(p) for any variable p

rT(ϕ → ψ) = rT(ϕ) → rT(ψ)

rT(�ϕ) = ProvT(�rT(ϕ)�)

If you worry that LPA doesn’t really contain ⊥ and �, feel free to replace them
with any LPA-formulas that are, respectively, refutable and provable by pure logic.
Let’s call the set of all possible T-interpretations of ϕ ∈ LM (under all possible
realizations) ϕT.

Given the correlation between the axioms and rules of GL and the Hilbert-
Bernay’s conditions and Löb’s theorem, adequacy of GL at least in one direction
is clear:

Fact 3.8 GL is sound with respect to the arithmetical interpretation, that is:

If GL � ϕ, then PA � ϕT.

(where by PA � ϕT we mean that PA proves all the members of ϕT).

In fact, implication in the opposite direction also holds, provided that T is �1-
sound, so that the claim can be strengthened to equivalence [71]:

Theorem 3.9 (Solovay Completeness) If T is �1-sound, then for any ϕ ∈ LM :

GL � ϕ if and only if T � ϕT.

This shows that given a sensible arithmetical theory, those principles of its formal
provability predicate that are provable in arithmetic are adequately axiomatized by
GL. The proof lies beyond the scope of this survey, but the general strategy can
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be quickly described. Assume GL �� ϕ. Then, by the results to be described in
Sect. 9.3.6 (feel free to read this passage again after reading that section) there is a
finite transitive and reversely well-founded model such that for some w in it, w �� ψ .
Since the set of worlds in the model W is finite, we can safely identify W with an
initial segment of natural numbers = {1, 2, . . . , n} with w = 1 and 1Ri just in case
1 < i ≤ n. The tricky part now, the part for which Solovay is deservedly famous, is
using this arithmetical counterpart of W to construct an interpretation such that the
arithmetical theory fails to prove the arithmetical interpretation of ϕ.

9.3.6 Relational Semantics for GL

We have drawn a connection between GL and the formal provability predicate.
What about relational semantics for GL, though? As it turns out [63], there is a
natural class of relational models with respect to which GL is sound and complete.

Theorem 3.10 GL is sound and complete with respect to the class of finite frames
in which R is transitive and irreflexive.

There is a somewhat different class of frames with respect to which GL is sound
and complete. We say that the accessibility relation R is reversely well-founded in
W just in case every non-empty subset X of W has an R-maximal element (that is,
a w ∈ X such that ¬∃w′ ∈ W wRw′).

Theorem 3.11 GL is sound and complete with respect to transitive and reversely
well-founded frames.

Notice that there is a connection between these two. Any reversely well-founded R

is irreflexive, and a transitive R on a finite set is reversely well-founded just in case
it is irreflexive. The result can be strengthened:

Theorem 3.12 GL is sound and complete with respect to finite transitive and
reversely well-founded frames.

Since the proof employs a construction that given a formula to be checked gives an
upper limit on the finite size of models to be checked, the proof by the same token
proves the decidability of GL.

The full proof of weak completeness (that is, the one that applies to theoremhood,
read on for details) is beyond the scope of this survey. To give you a taste, however,
we’ll run the following interesting part of the argument to the effect that if (Löb)
holds in a frame, its accessibility relation is reversely well-founded. We’ll argue by
contraposition, by showing that if a frame isn’t reversely well-founded, there is a
possible world in it and a forcing relation over it, such that (Löb) fails there.

So assume R is not reversely well-founded. This means there is a set X ⊆ W

such that the elements of X constitute an infinite chain w1Rw2Rw3 . . . . Take �
such that w � p for all w ∈ W \ X and w′ � ¬p for all w′ ∈ X. Pick an arbitrary
w ∈ X. Now we want to show that the antecedent of (Löb), �(�p → p), holds in
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w. This requires showing that �p → p holds in any world accessible from w. So
assume wRv. We’ll want to show v � �p → p.

Either v ∈ X or v �∈ X. If the former, then v can access at least one world in
the infinite chain. So for some u ∈ X, vRu. Since p is false in all elements of X

we have u �� p and so v � ♦¬p, that is v � ¬�p. But this classically entails
v � �p → p. If the latter, v � p, and classically v � �p → p.

Either way, if wRv, v � �p → p. Since our choice of v was arbitrary, and
the only assumption was that wRv, this means that w � �(�p → p). This is the
antecedent of (an instance) of (Löb). On the other hand, w is in a chain in X, and so
it can access a world where p fails, and so w � ¬�p, which is the negation of (our
instance of) (Löb).

Notice that the property of being conversely well-founded isn’t first-order defin-
able.2 That is, there is no first-order formula containing the binary predicate letter R

which holds in a model just in case R is conversely well-founded. For suppose there
is such a formula ψ . Introduce infinitely many new constants c1, c2, . . . . Consider
the infinite set of formulas composed of ψ and {ciRcj | i < j} (which jointly
state the existence of an infinite chain). Each finite subset of that set is satisfiable
in a model (take any finite conversely well-founded model, where there are more
objects than constants under consideration). But then, by compactness theorem for
first-order classical languages (which in one of its formulations says that if any
finite subset of a set of first-order formulas is satisfiable, then so is the whole set),
the whole set has a model. Among other things, this model makes ψ true (in which
no new constants occur), and yet, R in it cannot be conversely well-founded, because
it has to contain an infinite R-chain of objects corresponding to the new constants.

Compactness (to be elaborated on in Sect. 9.3.7), as used in the above argument,
holds for first-order logic, and our argument was about first-order definability, so its
use in this context is legitimate. This issue shouldn’t be confused with the question
of compactness of GL, because, as it will turn out, GL itself is not compact.

One remark: soundness and completeness in the above theorems is taken in the
weak sense: ψ is valid in all finite, transitive and reversely well-founded frames just
in case it is a theorem of GL. This sense is to be distinguished from strong soundness
and completeness. To introduce this notion we have to define GL-derivability first.
We say that ψ is GL-derivable from (a finite or infinite) premise set 
 (
 �GL ψ)
just in case there is a proof of ψ from the axioms of GL and formulas belonging to 


by the rules of GL, provided (Nec) is applied only to theorems of GL (alternatively,
iff there is a proof of ψ from theorems of GL and elements of 
 by means of
modus ponens only; the latter formulation has the advantage that the deduction
theorem to the effect that � ϕ → ψ just in case ϕ � ψ applies to derivability
thus defined). Now, the relevant strong completeness claim is that 
 �GL ψ just
in case in every possible world in every finite, transitive and reversely well-founded
model, if all elements of 
 are true in it, then so is ψ . Alas, the claim is false—strong

2See [14] for an extensive introduction to issues related to definability of properties of frames.
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completeness for GL fails, pretty much for the same reasons for which compactness
fails for GL. We’ll explain this in more detail soon.

Given the arithmetical soundness and completeness, relational semantics pro-
vides us with a handy tool for showing that a certain claim about provability is not
provable in PA: to show this it is enough that its modal counterpart is not provable
in GL, and given the relational semantics, to show this it is enough to construct
a transitive reversely well-founded model making the claim false. A nice example
[15] is that of

�(�p ∨ �¬p) → (�p ∨ �¬p)

Is it provable in GL? The answer is negative. Consider a model composed of three
possible worlds a, b, c such that aRb, aRc, c � ¬p, b � p. Since b and c are blind
worlds, b, c � �p,�¬p,�p ∨ �¬p, and so a � �(�p ∨ �¬p). Yet, a sees a
world where p and a world where ¬p, and so a �� �p ∨ �¬p.

This means there is an arithmetical sentence σ which can be assigned to p by a
realization, such that the negation of the resulting PA-interpretation of the formula
in question can be consistently added to it.

In other words, it is consistent with PA that it is provable that either σ is provable
or refutable, but nevertheless σ is neither provable nor refutable. And this clearly is
a nice little fact that will score you some extra points in a late night conversation
with a stranger in a pub.

9.3.7 Compactness Failure for GL

Compactness was already mentioned in Sect. 9.3.6. We say that a logic L is compact
just in case for any set 
 of formulas of the appropriate formal language, if every
finite subset of 
 has a model suitable for L, the whole 
 has such a model. In the
case of GL, compactness would mean that for every set 
 of formulas of LM , if
every finite subset of 
 has a transitive and conversely well-founded model, then so
does 
. Interestingly, compactness fails for GL.

To see why, first reflect on the meaning of ♦ in this context. ♦ϕ is defined as
¬�¬ϕ, and so while ‘�ϕ’ is read as ‘ϕ is provable’, the intuitive reading of ‘♦ϕ’ is
‘ϕ is not refutable’ or ‘the negation of ϕ is not provable’.

Now we can proceed with the reasoning. Take an infinite assembly of proposi-
tional variables p0, p1, . . . , and the following infinite set of formulas:

C = {♦p0} ∪ {�(pi → ♦pi+1) | i ∈ N}

Every finite subset of C has a transitive reversely well-founded model. There is no
space for the general argument here, but to see why this is plausible consider the
finite subset of C:
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C2 = {♦p0,�(p0 → ♦p1),�(p1 → ♦p2)}

Take (the transitive closure of) the frame composed of w,w0, w1, w2 only, such that
wRw0Rw1Rw2. Whether propositional variables are true at w is irrelevant, for the
other worlds take the forcing relation such that wi � pi and wi �� pj if i �= j . We’ll
argue that w � C2.

• Since wRw0 and w0 � p0, w � ♦p0.
• w2 �� p0, so w2 � p0 → ♦p1. For a similar reason, w1 � p0 → ♦p1. Moreover,

since w1 � p1, w0 � ♦p1, and so w0 � p0 → ♦p1. This shows that p0 → ♦p1
holds in all worlds accessible from w. So w � �(p0 → ♦p1).

• A perfectly analogous argument goes for w � �(p1 → ♦p2).

However, C doesn’t have a transitive and conversely well-founded model. For
suppose there is a model with a w such that w � C. Define:

X = {v | wRv ∧ ∃i v � pi}

That is, collect all the possible worlds accessible from w where at least one pi

holds. We have ♦p0 ∈ C, so w � ♦p0, and X is non-empty, say wRw0, w0 � p0.
Since w � �(p0 → ♦p1), w0 � p0 → ♦p1. So w0 � ♦p1, and there is a
w1 ∈ X such that w1 �= w0 (R is irreflexive) such that w0Rw1 and w1 � p1. But
w � �(p1 → ♦p2) and (by transitivity) wRw1, and so w1 � p1 → ♦p2. Therefore
w1 � ♦p2, and so w1 has to see yet another member of X, etc. In short: X has to
contain an infinite chain, which contradicts the assumption that R is conversely
well-founded.

The example of C can be also used to explain why strong completeness fails for
GL. We already know C has no transitive, conversely well-founded model. Another
way to say this is that C semantically entails ⊥ (with respect to this class of frames):
C |=⊥. Yet, ⊥ is not derivable from C, C �� ⊥—for any proof from C could only
use a finite number of premises from C, and we already know that no finite subset
of C entails (and so, by soundness, proves) ⊥.

The fact that compactness fails is partially responsible for why the semantic
completeness for GL is a bit more tricky than one for a more usual modal logic.
Normally, in the proof, one constructs a canonical model by taking infinite sets
of consistent formulas as possible worlds; for GL, however there are syntactically
consistent sets of formulas which nevertheless aren’t semantically coherent.
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9.3.8 Letterless Sentences and the Normal Form Theorem
for GL

A letterless sentence of LM is a formula built from the classical and modal
connectives, devoid of propositional variables, and containing only ⊥ among its
atomic formulas. Instead of preceding ϕ with n boxes, we’ll write �nϕ.

One of the reasons why letterless sentences are interesting is because some
of them formally certain fairly natural statements. For instance, ¬ProvT(�⊥�)
is (=formalizes) the consistency statement (hopefully true, but under standard
conditions unprovable), ProvT(�¬ProvT(�⊥�)�) is the provability of consistency
(false), ¬ProvT(�⊥�) → ¬ProvT(�¬ProvT(�⊥�)�) expresses the second
incompleteness theorem, etc.

One of the interesting uses of GL (to which we will move soon) relate to the
existence of a certain decision procedure, whose description employs the notion of a
normal form. By a normal form of a letterless sentence ϕ we mean a truth-functional
combination of sentences of the form �i⊥.

Theorem 3.13 (Normal form theorem (Boolos)) For any letterless formula ϕ ∈
LM , there is a normal form letterless ψ such that GL � ϕ ≡ ψ .

The normal form theorem, while at first it might seem abstract, will come handy
quite soon, see Sect. 9.3.11.

9.3.9 ω-Consistency

An arithmetical theory T is ω-inconsistent just in case there is a formula ψ(x) in the
language of T such that for each n ∈ N we have T � ψ(n), and yet, we also have
T � ∃x ¬ψ(x). T is ω-consistent iff it is not ω-inconsistent.

ω-inconsistency doesn’t entail inconsistency simpliciter. After all, T can have a
non-standard model, where all the standard numbers have the property expressed
by ψ , and yet, some non-standard number (not named by a numeral) is a witness to
∃x ¬ψ(x) (see [29, 43, 46] for more details on non-standard models of arithmetic).
By the same token, consistency doesn’t entail ω-consistency either.

Now, in the standard interpretation of GL, � represents provability. What is
represented by ♦? Well, by definition ♦ϕ just in case ¬�¬ϕ, and so ♦ϕ holds just
in case the negation of ϕ is not provable – that is, just in case ϕ is consistent (with
the underlying axiomatic system of arithmetic). In this sense, GL can be thought of
as a logic of consistency.

The question arises—what is the logic of ω-consistency? Can its propositional
principles be axiomatized? The answer is easier than expected.

Let ωConT(�ϕ�) be the arithmetical formula expressing the ω-consistency of ϕ

with an elementary presented theory T. If we think of it as ♦ϕ, then �ϕ corresponds
to ¬ωConT(�¬ϕ�). Accordingly, let’s modify the definition of realisation so that:
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rT(�ϕ) = ¬ωConT�¬rT(ϕ)�.

Theorem 3.14 Given the above conventions, the set of always provable formulas
is axiomatized by GL, and the set of always true formulas is axiomatized by S (an
extension of GL described in Sect. 9.4.1).

9.3.10 Provability in Analysis

Roughly speaking, analysis is second-order arithmetic, that is, arithmetic with
second-order logic available, where the infinity of instances of the induction schema
is replaced with a single induction axiom (see however [66] for more details and
variety of higher-order systems):

∀P [(P (0) ∧ ∀x (Px → P(Sx)) → ∀x Px]

What is the logic of provability of analysis? Again, no surprises: it is GL.
Now imagine we want to strengthen the system with the so-called ω-rule will

allows to infer ∀x ψ(x) from ψ(n) for all n ∈ N. Note: ψ is ω-inconsistent with T
just in case ¬ψ is derivable from T by one application of the ω-rule.

It turns out that this move doesn’t change the underlying logic of provability.
Still, GL is the modal logic of provability in analysis with the ω-rule.

9.3.11 Applications of GL

Solovay completeness allows us to use GL to make inferences about provability
predicates of elementary presented theories. Let’s call a sentence of LPA a constant
sentence of PA if it belongs to the least set of formulas containing ⊥ (if you don’t
like ⊥ being explicitly in LPA take it to be 0 = 1), closed under classical connec-
tives, such that if ψ is a constant sentence, then so is ProvPA(�ψ�) (the notion
generalizes to other theories). The notion was introduced by Harvey Friedman,
who asked whether there is an effective decision procedure for evaluating the truth-
value of constant sentences. The answer is positive and relies on Theorem 3.13. The
procedure is this:

• Take the letterless ϕ ∈ LPA and find the letterless ψ ∈ LM such that rT(ψ) = ϕ

(notice, for letterless sentences, the choice of r is irrelevant).
• Put ψ in the normal form.
• �i⊥ has the same truth value as ⊥, so delete all �i in front of ⊥.
• We are left with a sentence in the non-modal language of propositional logic,

devoid of propositional variables. Evaluate it. It is true just in case so is ϕ.
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One nice general result about GL that has interesting consequences is De Jongh-
Sambin fixed point theorem. To introduce it, some preliminaries are needed. A
formula ϕ of LM is said to be modalized in the propositional variable p just in case
every occurrence of p in ϕ is within the scope of � (this also applies to vacuous
cases, so formulas devoid of p are also modalized in p). A formula is called a
p−formula if it contains no variable other than p.

A formula ϕ is called a fixed point of a formula ψ with respect to variable p just
in case ϕ contains only those sentence letters that occur in ψ , doesn’t contain any
occurrence of p, and:

GL � �(p ≡ ψ) ≡ �(p ≡ ϕ)

Theorem 3.15 (De Jongh-Sambin fixed point theorem) If ψ is modalized in p,
there is a fixed point ϕ for ψ relative to p.

This form of the theorem is useful for eliminating apparent self-reference from
arithmetical sentences: finding their provably equivalent counterparts which do not
contain self-reference. For instance, if ψ is ¬�p, the fixed point is ¬�⊥. So, by
fixed point theorem:

GL � �(p ≡ ¬�p) ≡ �(p ≡ ¬�⊥)

By arithmetical soundness of GL, for any arithmetical sentence χ , we have PA �
χ ≡ ¬ProvPA(�χ�) just in case PA � χ ≡ ¬ProvPA(�⊥�). So χ , equivalent
to its own unprovability turns out to be also provably equivalent to the consistency
statement. A few more examples. The fixed point of �p is �. So if we take χ

provably equivalent to its own provability, the fixed point theorem tells us that we
can equally well describe χ without self-reference, in the sense that:

PA � χ ≡ ProvPA(�χ�) iff PA � χ ≡ �

and similarly:

PA � χ ≡ ProvPA(�¬χ�) iff PA � χ ≡ ProvPA(⊥)

PA � χ ≡ ¬ProvPA(�¬χ�) iff PA � χ ≡ ⊥

The utility of the fixed point theorem might perhaps become more clear if we look
at a somewhat different formulation. Let ψ(p) be a formula containing p among
propositional variables occurring in it.

Theorem 3.16 (De Jongh-Sambin, second formulation) For any ψ(p) ∈ LM

modalized in p, there is a formula ϕ ∈ LM containing only variables from ψ ,
not containing p, such that:

GL � ϕ ≡ ψ(ϕ)
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Any fixed points of ψ(p) are provably equivalent in GL.

In a sense, fixed point theorem is the modal counterpart of the Diagonal Lemma.
This formulation makes it clear why the theorem is called a fixed-point theorem.
Generally, a fixed point of a function f is an argument such that f (x) = x, and ϕ is
the fixed point of ψ because ψ(ϕ) ≡ ϕ.

Moreover, the proof is effective, in the sense that it provides a recipe for
constructing appropriate fixed points. Some examples of formulas and their fixed
point are:

Formula Fixed Point
�p �
�¬p �⊥
¬�p ¬�⊥
¬�¬p ⊥
q ∧ �p q ∧ �q

Consider the third formula. ¬�p says that p isn’t provable. Its fixed point is
¬�⊥, and so, by the fixed point theorem, we have:

GL � ¬�⊥ ≡ ¬�(¬�⊥)

But the arithmetical realization of ¬�⊥ for T is Con(T). So the above formula
(from left to right):

¬�⊥ → ¬�(¬�⊥) (G2)

represents the formalized version of Gödel’s second incompleteness theorem: if the
theory is consistent, it doesn’t prove its own consistency.

In fact, Gödel’s second incompleteness can be fairly easy reached in GL without
the full power of the fixed point theorem:

1. �(�⊥ → ⊥) → �⊥ (L)
2. ¬�⊥ → ¬�(�⊥ → ⊥) contraposition, 1
3. ¬�⊥ → ¬�(¬�⊥) def. of ¬, 2

Second incompleteness is about not being able to prove the consistency claim.
This, however, can be strengthened to the undecidability of consistency, because in
GL it is also possible to prove that if the inconsistency is not provable, then neither
is the inconsistency claim:
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1. �⊥ → ⊥ (M)
2. �(�⊥ → ⊥) (Nec), 1
3. ��⊥ → �⊥ (Distr), 2
4. ¬�⊥ → ¬��⊥ Contraposition, 3

The modally formalized version of Gödel’s first incompleteness theorem is:

¬�⊥ → (�(p ≡ ¬�p) → ¬�p) (G1)

It also can be proved within GL (we’ll use “CL” to mark moves made by classical
propositional logic)

1. �p → p (M)
2. �¬p → ¬p (M)
3. �p ∧ �¬p → ⊥ CL, 1, 2
4. (�p ≡ �¬p) ∧ �p → �p ∧ �¬p CL
5. (�p ≡ �¬p) ∧ �p → ⊥ CL, 3, 4
6. (�p ≡ �¬p) ∧ �p → �⊥ CL, 5
7. �(p ≡ ¬p) → (�p ≡ �¬p) (Distr)
8. �(p ≡ ¬p) ∧ �p → �⊥ CL, 6,7
9. ¬(�(p ≡ ¬p) → ¬�p) → �⊥ CL, 8
10. ¬�⊥ → (�(p ≡ ¬p) → ¬�p) CL, 9

Another argument which is quite easy to run with GL at hand, is for the claim
that no sentence consistent with PA can imply all reflection principles. For suppose
that for any ϕ

1. GL � S → (�ϕ → ϕ) Assumption
2. GL � S → (�¬S → ¬S) Instance of 1
3. GL � �¬S → ¬S CL, 2
4. GL � ¬S (Löb), 3

The result means that in PA (and in any sensible T extending PA) we cannot finitely
axiomatize reflection principles involving the provability predicate of any sensible
T′ extending PA (PA included).

Coming back to the fixed point theorem, observe that it doesn’t hold for all
formulas of LM . For instance, a fixed point of p (or ¬p ) itself would be a letterless
sentence Sp such that GL � Sp ≡ p (or GL � S¬p ≡ ¬p), and it can be easily
proven by induction on formula length that there is no such a letterless sentence.
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9.4 Close Kins of GL

9.4.1 Modal Logic S

What happens, however, when instead of asking about those principles that are
provable in the background arithmetic, we ask about those principles which are true
in the standard model?

Modal system S is defined as the closure of GL together with (M) under modus
ponens and substitution. Notice: (Nec) is inadmissible, apart from the job it does in
generating the theorems of GL, included in S. Otherwise we could argue:

1. �⊥ → ⊥ (M)
2. �(�⊥ → ⊥) (Nec), 1
3. �⊥ (Löb), 2
4. ⊥ CL, 1, 3

The failure of (Nec) means that S is not a normal modal logic. Interestingly,
despite the failure of (Nec) in S, S validates the inference from S � ϕ to S �
♦ϕ, which is not validated by GL. For reflection for ¬ϕ gives S � �¬ϕ → ¬ϕ,
contraposition gives S � ϕ → ¬�¬ϕ. The result then follows by the definition of
♦ and modus ponens.

Now, let S(ϕ) be:

(�ϕ1 → ϕ1) ∧ · · · ∧ (�ϕk → ϕk)

where �ϕ1, . . . ,�ϕk are all subformulas of ϕ of the form �χ . The following holds:

Theorem 4.1 (II Solovay Completeness) If T is sound (that is, for any ϕ ∈ LPA,
if T � ϕ, then N |= ϕ), the following conditions are equivalent for any ψ ∈ LM :

S � ψ

GL � S(ψ) → ψ

N |= ψT

In a sense, Theorem 4.1 tells us that the only claims always true but not always
provable are those which are required to make reflection hold.

Since S isn’t a normal modal logic, it doesn’t have straightforward relational
models. A semantics for S in terms of the so-called tail models have been given by
Visser [80].



218 R. Urbaniak and P. Pawlowski

9.4.2 Strong Provability and Grzegorczyk’s Grz

Consider exending a realization r to the Grzegorczyk T-interpretation rG
T , which

differs from T-interpretation in what it does with the modal operator:

rG
T (�ϕ) = rG

T (ϕ) ∧ ProvT(�rG
T (ϕ)�)

Thus, while the standard interpretation reads the box as provable, Grzegorczyk
interpretation reads it as true and provable [26]. The arithmetically complete logic
of strong provability [15] is Grz, which is obtained from S4 by adding:

�(�(ψ → �ψ) → ψ) → ψ (Grz)

There is an interesting connection between most of the axioms of Grz and the
properties of strong provability provable in a somewhat weaker system K4 (that
is, GL without (Löb)) [70]. Define [s]ϕ as �ϕ ∧ ϕ. Then, if K4 � ϕ, then also
K4 � [s]ϕ. K4 proves (all instances of) the following:

[s]ϕ ∧ [s](ϕ → ψ) → [s]ψ
[s]ϕ → [s][s]ϕ, [s][s]ϕ → [s]ϕ

[s]ϕ → ϕ

Note however, that if we replace � in (Grz) with [s], the result is not a K4 theorem
schema (it is invalidated by a single-world model, where ψ is false in the only
possible world).

By the way, strong provability can be used in obtaining GL in yet another
manner. For suppose you want to enrich K4 with something that does the job of
the diagonal lemma at the arithmetical level. To do this is, we need to say that if
something is the consequence of a diagonalization, it should be a theorem. One way
to capture this intuition is to add the Diagonalization Rule:

If � [s](p ≡ ϕ(p)) → ψ, then � ψ. (DR)

De Jongh has proven that GL is closed under (DR), and Smoryński has shown that
K4+(DR) coincides with GL.

Grz is another example of a logic of provability into which a translation of
intuitionistic IPC can be given. Extensions of Grz to the context of the logic of
proofs have been further studied in [58, 59].
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9.4.3 Provability of �1-Sentences (GLV and GLSV)

�1 sentences have the specific property that for any such sentence σ

PA � σ → ProvPA(�σ�).

Accordingly, the modal logics of the provability of �1 sentences has been charac-
terized by Visser by first taking GLV to be an extension of GL with all formulas
of the form p → �p (it’s crucial that p is a propositional variable, because �1
aren’t closed under arbitrary Boolean combinations). The rules of GLV are the
same as those of GL—modus ponens and (Nec). Then, GLSV has as axioms all
the theorems of GLV and all instances of reflection, and its only rule of inference is
modus ponens.

A realization r is a �1-realization if for any propositional variable p, r(p) is a
�1-sentence. Call a relational model a GLV-model just in case it is finite, irreflexive,
transitive and such that for all w, v ∈ W and all propositional variables p:

wRv,w � p ⇒ v � p

(the last condition means that accessibility preserves the satisfaction of propositional
variables).

Theorem 4.2 ([82, 84]) GLV � ψ just in case ψ is valid in all GLV-models just in
case for all �1-realization r , PA � rPA(ψ). GLSV � ψ iff for all �1 realizations
r , rPA(ψ) is true in the standard model.

9.5 The Logic of Proofs LP

9.5.1 Motivations

One of the reasons why thinking about provability is tricky, especially in the context
of first-order theories, is that a universal quantifier is involved. Given that first-
order arithmetical theories have non-standard models which contain non-standard
numbers, this leads to certain troubles. In general, if we take a model M of an
arithmetical theory, it might be the case that ∃x ϕ(x) holds in that model, with no
ϕ(n) holding for n ∈ N, because the existential formula has a non-standard witness.

In particular, this applies to ProvT(�ϕ�), which in fact means ∃x PrfT(x, �ϕ�).
The problem is, this formula doesn’t entail that for some n ∈ N, PrfT(n, �ϕ�). This
feature results in certain disparities in the behavior of ProvT(y) and PrfT(x, y).

The case where this is particularly visible is that of reflection. Explicit reflection
has the form PrfT(n, �ϕ�) → ϕ. All instances of explicit reflection are provable in
the underlying arithmetical theory T (satisfying our standard conditions). For either
N |= PrfT(n, �ϕ�) or N �|= PrfT(n, �ϕ�). In the former case, then indeed there
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is a proof of ϕ in T, and since T � ϕ, by classical logic, T � PrfT(n, �ϕ�) → ϕ.
If, on the other hand, it’s not the case that PrfT(n, �ϕ�), then (since it’s a �0
formula, and we assumed T to be sufficiently strong) T � ¬PrfT(n, �ϕ�), and
again, by classical logic, T � PrfT(n, �ϕ�) → ϕ. Either way, an arithmetical
theory satisfying the standard strength requirements proves explicit reflection, for
any n ∈ N and any ϕ ∈ LPA.

In contrast, due to Löb’s theorem, given a consistent and sufficiently strong T,
local reflection for ProvT(x):

ProvT(�ϕ�) → ϕ

is provable only for those formulas, which are theorems of T. Indeed, at the level of
GL, due to (Löb), one cannot consistently add reflection �ϕ → ϕ, for otherwise,
the reasoning already described in Sect. 9.4.1 can be used to derive contradiction.

Clearly, LM lacks the resources to represent explicit reflection, because �
represents provability, and �ϕ → ϕ can be used to represent local reflection only.
A more expressive language to achieve that goal has been devised to underlie the
logic of proofs, LP [5, 7, 8].

9.5.2 The Language and Axioms of LP

The pure language of the logic of proofs extends the non-modal propositional
language with new symbols:

• proof variables (x, y, z, . . . ) and proof constants (a, b, c, . . . ),
• three proof operation symbols: binary application (·), binary union (+) and unary

proof checker (!),
• is a proof of symbol (:).

A proof polynomial is either a proof variable, or a proof constant, or is built from
proof polynomials by means of ·,+, or !. Binary application intuitively corresponds
to modus ponens, in the sense that if t is a proof of ϕ → ψ , and s is a proof of ϕ,
then t · s is a proof of ψ . The union of two proofs t and s, t + s proves anything that
either t or s does. The proof checker operation checks whether a given proof t of ϕ

is correct, and if it is, it yields a proof that t proves ϕ.
The is a proof of symbol is used to construct atomic formulas from proof

polynomials and formulas. If t is a proof polynomial and ϕ is a formula, t :ϕ is
a formula saying that t is a proof of ϕ, or simply t proves ϕ.3

3A short historical remark: Gödel suggested the use of explicit proofs to interpret S4 in a public
lecture in Vienna, without describing the logic. The content of the lecture has been published in
1995, and the logic of proofs was formulated independently before that publication.
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One rule of LP is modus ponens. The axioms of LP (on top of classical
propositional logic) are:

t:(ϕ → ψ) → (s:ϕ → (t · s):ψ) (Application)

t:ϕ → ϕ (Reflection)

t:ϕ →!t:(t:ϕ) (Proof checker)

s:ϕ → (s + t):ϕ, t:ϕ → (s + t):ϕ (Sum)

Another rule of LP, allows to introduce c:ϕ as a theorem, whenever ϕ is an axiom,
where c is a new constant in a given proof. In this context, the LP-counterpart of
(Nec) is a derivable rule.

Fact 5.1 If LP � ϕ, then for some proof polynomial p, LP � p:ϕ.

Notice that LP is not a normal modal logic: we can’t simply treat t: as we would
treat � in a normal modal logic. For instance, (K) for t: fails, as this is not generally
the case:

t:(p → q) → (t:p → t:q)

9.5.3 Properties of LP

LP is decidable [53]. It is also sound and complete with respect to provability
interpretation in PA (where proof polynomials are mapped to appropriate proof
codes). Quite some time ago we seemed to have left S4 behind, as arithmetically
inadequate. One of the nice features of LP is that it brings S4 back to the table. A
forgetful projection of an LP-formula ϕ is a modal formula resulting from replacing
all the occurrences of t:(ϕ) with �(ϕ).

Theorem 5.2 ([6]) The forgetful projection of LP is S4.

Possible worlds semantics for LP (requiring the extension of the standard
framework with the so-called evidence function) has been developed by Mkrtychev
[53] and Fitting [21].

LP itself doesn’t allow to express (and a fortiori) prove mixed statements about
explicit proofs and provability, which nevertheless seem of indepedent interest. For
instance, in the provability semantics the following explicit-implicit principle is
valid:

¬(t:ϕ) → �¬(t:ϕ).
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9.5.4 Mixed Logic of Explicit Proofs and Provability (B)

Such claims can be proven in a mixed logic of explicit proofs and provability, B [5].
The axioms are that of GL enriched with:

t:ϕ → ϕ

t:ϕ → �(t:ϕ)

¬(t:ϕ) → �¬(t:ϕ)

and the Rule of reflection, which allows to infer B � ϕ from B � �ϕ. Artemov
proved also the following:

Theorem 5.3 B is sound and complete with respect to the semantics of proofs and
provability in PA.

For a survey of further studies and properties of LP and its extensions, see [10]
and other developments in [58, 85, 86].

9.6 Formal Logics of Informal Provability

9.6.1 Motivations

Informal provability is closely related to what mathematicians do when they prove
theorems, rather than to formal provability in an axiomatic system [72]. A sentence
is informally provable if it is provable by any commonly accepted mathematical
means. According to the proponents of the standard view there is no important
difference between formal and informal proofs. Any informal proof, they say, is
just a sloppy and incomplete version of a fully formalized proof in an appropriate
formal theory. Thus, informal provability reduces to formal provability within some
axiomatic system, usually to some version of set theory.

Yet, some people disagree with the above picture [37, 47, 51, 57]:

• It is not clear which axiomatic system we should choose to represent informal
provability. It seems that the informal notion of provability is unified whereas in
different formal systems different theorems are provable.

• It is not clear how to convert an informal proof into a formal one.
• It is not clear whether we should associate each informal proof with exactly one

formal proof or with some abstraction class of formal representations of informal
proofs, and if yes, how such a class is to be identified.

• It is not clear whether the conversion to formal proofs preserves identity laws
for informal proofs. It may be the case, that two substantially different informal
proofs are associated with exactly the same formal representation.
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• Formal proofs are stated in a fully formalized language. Informal proofs on
the other hand are stated in the natural language expanded with additional
mathematical vocabulary.

• The role of axioms is different in proofs of these two kinds. In formal proofs
axioms are simply one of the syntactically admissible ways of extending a given
proof. In an informal proof, axioms partially or fully explicate the meaning of
the notions involved.

• The justification of subsequent steps is of a different nature. In formal proofs it’s
purely syntactical. In informal proofs, mathematicians often refer to semantical
notions such as truth-preservation or mathematical intuition.

• The reflection schema, which says that if something is (informally) provable
then it is true, is intuitively compelling for informal provability. Yet, as already
discussed, for any sensible notion of formal provability, we cannot have it.

Since Gödel , however, there is an agreement as to which principles are intuitively
correct for informal provability: those are the principles of S4. So, if we were to
produce an axiomatization of those principles, which intuitively hold for informal
provability, the validity of all the instances of the reflection schema is crucial. For
formal provability, by Löb’s theorem, we know that the reflection schema is only
provable for theorems – and there is no independent philosophical motivation for
this restriction to be imposed on informal provability.

One way out might be to strengthen the underlying axiomatic system by
brute force by adding all the instances of the reflection schema. One thing to
observe, however is that even a small amount of reflection schema turns out to be
arithmetically strong:

Fact 6.1 Let T be a theory consisting of PA and all the instances of the reflection
schema for ProvPA(x) restricted to �1 formulas. Then T � Con(PA).

Proof Let ϕ be ∀x x �= x. It is a �1 pure logical contradiction. Let’s abbreviate it
as ⊥. By the assumption, T � ProvPA(�⊥�) → ⊥. By classical logic, T � ¬⊥.
So we have T � ¬ProvPA(�⊥�). ��

But say we’re not worried about intuitively obvious claims about provability
turning out to be arithmetically strong. Another observation is that as far as
formal provability is concerned, we can only consistently add reflection for the old
formal provability predicate, thus obtaining a new formal theory with new formal
provability predicate, for which reflection still fails to be provable.

Indeed, what we can consistently do still falls short of accepting reflection
for the theory that we are working within. Suppose we extend LPA with an
additional primitive symbol, a new provability predicate P , for which we add to
our background arithmetical theory T (extending PA) all instances of the Hilbert-
Bernays conditions and all the instances of the reflection schema, thus obtaining a
new theory TP. We run into the following problem:

Fact 6.2 No TP satisfying the conditions below is consistent.
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TP � P(�ϕ�) → ϕ

If TP � ϕ, then TP � P(�ϕ�)
(HB1-3) for P hold.

This and related results motivated various attempts to develop a formal logic
of informal provability (which formally captures inferential principles intuitively
valid for informal provability, most notably reflection) while avoiding such pitfalls.
The main idea is that instead of constructing a formal provability predicate within
arithmetic, one develops a logic of informal provability by introducing a new symbol
for provability and considering various axioms and rules that might apply to it.
We’ll now take a look at the main candidates, which come in two flavors. The first
group treats informal provability as an operator not as a predicate, thus blocking
those inferential moves with are available for predicates, but not for operators, and
thus avoiding contradiction at the cost of limited expressivity. The second group
of theories treats informal provability as a predicate, but limit the scope the Hilbert-
Bernays conditions for the new provability predicate. At the end of this section we’ll
also take a look at two stray dogs which don’t really fit into any of these groups.

9.6.2 Epistemic Arithmetic (EA)

Historically, the first theory of informal provability is Shapiro’s Epistemic Arith-
metic (EA) presented in [64] and developed by Goodman [25] and Flagg and
Friedman [22]. The idea here is to extend the standard arithmetical language LPA
to LK by adding a unary operator K that applies to formulas. The underlying
arithmetical theory is PA, and the behavior of K is characterized by the following
rules:

KI If 
 � ϕ and every element of 
 is epistemic, then 
 � K(ϕ)

KE K(ϕ) � ϕ

where a formula ϕ is ontic iff it does not contain any occurrences of the operator K

and is epistemic iff it has the form K(ψ) for some formula ψ . So EA has all axioms
of PA and the above two rules for K . Note, the above rules imply S4 principles
for K .

Unfortunately, the internal logic of EA (that is, what in EA is provably provable)
is quite a weak theory – in a sense, it is an elementary extension of intuitionistic
Heyting Arithmetic (HA). Define a translation V from LHA, the language of HA,
into LK . We use ϕ̄ to indicate that ϕ belongs to LHA as follows:

1. For atomic formulas: V (ϕ̄) = K(ϕ̄),
2. V (ϕ ∧ ψ) = K(V (ϕ)) ∧ K(V (ψ)),
3. V (ϕ ∨ ψ) = K(V (ϕ)) ∨ K(V (ψ)),
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4. V (ϕ → ψ) = K(K(V (ϕ)) → K(V (ψ))),
5. V (ϕ ≡ ψ) = K(K(V (ϕ)) ≡ K(V (ψ))),
6. V (¬ϕ) = K(¬K(V (ϕ))),
7. V (∀x ϕ(x)) = K(∀x V (ϕ(x))),
8. V (∃x ϕ(x)) = ∃x KV (ϕ(x)).

Just for the sake of simplicity we will write ϕ instead of ϕ̄ whenever it does not
lead to confusion. The above translation is sound and complete in the following
sense:

Theorem 6.3 For every ϕ ∈ LHA, if HA � ϕ, then EA � V (ϕ).

Theorem 6.4 ([25]) For every ϕ ∈ LHA, if EA � V (ϕ), then HA � ϕ.

EA, however, does have some interesting properties—we’ll mention only two
of them. The numerical existence property is that for any formula ϕ, if EA �
∃x Kϕ(x) then for some natural number n, EA � Kϕ(n). The disjunction property
is that if EA � K(ϕ ∨ ψ) then either EA � K(ϕ) or EA � K(ψ).

9.6.3 Modal Epistemic Arithmetic (MEA)

In Shapiro’s EA, K is a primitive operator which cannot be further analyzed.
Horsten [35] suggests that the provability operator is not primitive but complex.
He distinguishes between two components of informal provability: the modal and
the epistemic.

The modal component is associated with possibility. The epistemic component
is explained in terms of a mathematical proof. Instead of just one operator K we
have two unary operators applying to formulas: ♦ and P , where ♦ is interpreted as
possibility and P intuitively stands for “some mathematician has a proof that. . . ”.
In LPA extended with these two operators, LMEA, and following these intuitions
we present the so-called Modal Epistemic Arithmetic (MEA) [35]. The axioms of
MEA are as follows:

1. all the axioms of PA with induction for the extended language,
2. ♦ϕ → ϕ where ϕ is ontic i.e. ϕ ∈ LPA,
3. P(ϕ) → ϕ,
4. P(ϕ) → P(P (ϕ)),
5. (♦P(ϕ) ∧ ♦P(ϕ → ψ)) → ♦P(ψ),
6. all axioms of the modal system S5 for ♦,

and a rule of inference: if ϕ is a theorem, then so is ♦P(ϕ).
Axioms 1 and 2 are some variants of the reflection principle which is provable for

P for ontic sentences, and for ♦ for all sentences. It does not follow that reflection
is provable for ♦P . Axioms 3 and 4 are standard axioms for provability ((HB3) and
(HB1)). Note that (HB3) works for provability operator and (HB1) for ♦P . By a
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♦P -formula we will mean any formula ϕ where all subformulas of ϕ of the form
Pχ are immediately preceded with ♦.

Observation 6.5 Let ϕ ∈ LMEA be a ♦P -formula. Then the following claims hold:

MEA � ♦Pϕ → ϕ

MEA � ♦Pϕ → ♦P♦Pϕ

The above observation shows that we have a certain version of reflection schema
and certain version of (HB3), at least for a restricted class of formulas.

9.6.4 Problems with Provability as an Operator

The main aim of treating provability as an operator is to circumvent the impossibility
that arises for the formal provability predicate—that of having all HB conditions and
all the instances of the reflection schema at the same time.

Theorem 6.6 (Montague’s theorem) Peano Arithmetic, if consistent, cannot con-
tain (or be consistently extended to contain) a (possibly complex) predicate for
which all Hilbert-Bernays conditions and all instances of the reflection schema hold.

Proof Suppose that there is such a predicate, call it P . We will use natural deduction
system. Argue inside the theory:

1.λ ≡ P(�¬λ�) Diagonal lemma
1.1λ Hypothesis
1.2P(�¬λ�) Equivalence elimination: 1,1.1
1.3¬λ Modus ponens and reflection schema: 1.2
2.¬λ Reductio ad absurdum: 1.1 → 1.3
3.P (�¬λ�) (HB1)
4.¬P(�¬λ�) CL, 1, 2
5.contradiction CL, 3, 4

��
In order to prove Montague’s theorem one applies the diagonal lemma to a certain

formula involving provability predicate. But if provability is treated as an operator,
we cannot use the diagonal lemma to generate this paradoxical formula.

MEA is capable of proving variants of reflection schema. It is an interesting
result, for the name of the game here is to gather as many instances of reflection
schema as possible without inconsistency. Unfortunately, the theory has some other
philosophical problems:
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1. The choice which rules are postulated for P and which are postulated for ♦ seems
somewhat arbitrary. It is possible to consider different combination of those rules.
For instance, to add axiom (K) directly for P .

2. The reflection schema is available only for ♦P . It is not clear why other types
of reflection shouldn’t be introduced. For instance, reflection restricted to �1
formulas doesn’t look completely insane.

3. Usually provability is treated as a predicate and not as an operator. There seems to
be no motivation for using an operator, independent of blocking the Montague’s
theorem.

4. Both EA and MEA seem to be a bit too weak– there are translations to HA which
preserve theorems.

9.6.5 PEA and Its Basis

Another strategy is to treat informal provability as a predicate and weaken some
of the Hilbert-Bernays conditions for this predicate. Again, expand LPA with an
additional predicate P for informal provability, thus obtaining a new language LP .
The idea here is straightforward: we divide the set of problematic principles (HB
conditions and the reflection schema) for the additional predicate P between two
theories: PPEA and its basis. Then we add to PEA all the instances of the axiom
saying that if something is derivable in the basis, it is informally provable.

We will start with a theory called the basis of PEA (BPEA) [36], which is
defined by:

Basis Axiom 1 PA in extended language with induction extended to LP

Basis Axiom 2 P(�ϕ�) → (P (�ϕ → ψ�) → P(�ψ�)) for all ϕ,ψ ∈ LP

Basis Axiom 3 P(�ϕ�) → P(�P(�ϕ�)�) for all ϕ ∈ LP

So, we have (K) and (4) for P . By ProvB we mean the standard provability
predicate of BPEA. PEA is given by the following axioms:

Axiom 1 PA in the extended language with induction extended to LP

Axiom 2 P(�ϕ�) → ϕ for all ϕ ∈ LP

Axiom 3 ProvB(�ϕ�) → P(�ϕ�) for all ϕ ∈ LP

We have the reflection schema for P . Notice that we do not have (Nec) for P ,
but we have the implication ProvB(�ϕ�) → P(�ϕ�), which together with the
reflection schema gives us ProvB(�ϕ�) → ϕ which is a certain version of (Nec).

These theories are still under investigation. One of the nice things about PEA,
apart from the reflection schema holding in it, is the fact that PEA has nice models.

Fact 6.7 PEA has a model based on the standard model of arithmetic.
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However, it seems that the philosophical motivations underlying the system are
somewhat lacking. While informal provability seems unified, this system clearly has
two separate layers. The restrictions on the claims for which reflection can be used
is still there—it’s just that they’re somewhat less visible, because they arise at the
point in which a restriction is put on what can be provably provable (Axiom 3). Yes,
Axiom 2 guarantees that reflection is provable for any φ, but given that the internal
logic of P is built starting from the forma provability predicate of BPEA, it holds
universally at the price of being idle on many occasions.

9.6.6 Non-deterministic Many-Valued Approach

Another, rather non-standard approach [62] is to change the underlying logic and to
build theories of informal provability where the notion is treated as a partial notion.
The partition seems intuitive: some mathematical sentences are informally provable,
others are informally refutable and some, it seems, are informally undecidable.

In order to model reasoning with a partial notion formally a three-valued logic
comes handy. So think about partitions as values: 1 stands for informally provable,
0 for informally refutable, and n for neither.

One initial problem is that if we take a close look at disjunctions or conjunctions
of mathematical sentences, it seems that their logical value depends not only
on the values of their disjuncts or conjuncts. For instance, take two disjunction
of two undecidable sentences. One is built from the Continuum Hypothesis and
its negation. The other one is composed from the claim that the standard set
theory (ZFC) is consistent, and the General Continuum hypothesis. The first one is
informally provable, because it is a substitution of propositional tautology, whereas
the other disjunction at least isn’t known to be informally provable, and there is no
contradiction in thinking that it is not informally provable.

In order to formally represent the above intuition consider a standard proposi-
tional language with one additional modal operator B (LB ), intuitively read as it is
provable that. Use the three values and the indeterminacy discussed above to define
matrices for connectives and the operator B by:

ϕ ψ ¬ϕ Bϕ ϕ ∨ ψ ϕ ∧ ψ ϕ → ψ ϕ ≡ ψ

1 1 0 1 1 1 1 1

n 1 n 0/n 1 n 1 n

0 1 1 0 1 0 1 0

1 n 1 n n n

n n n/1 0/n n/1 0/n/1

0 n n 0 1 n

1 0 1 0 0 0

n 0 n 0 n n

0 0 0 0 1 1
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where for two values x, y, when we write x/y we mean that either the formula has
value x or y. The matrix is rather straightforward. The only interesting case is for B

when ϕ has value n. Then either we cannot informally prove its undecidability then
it remains n or we can do that, at the same time disproving B(ϕ), hence value 0.

By an assignment we mean a function v : Prop �→ V al from the set
of propositional variables to the set of values. An evaluation is an extension
of the assignment to complex formulas respecting conditions given above. The
general phenomenon is that an assignment doesn’t unambiguously determine unique
evaluation: it only underlies a class of evaluations that extend it. For instance, if
v(p) = v(q) = n, there will be one evaluation with e1

v(p ∨q) = n and another with
e2
v(p ∨ q = 1).

If we were to define a logic in terms of preservation of value 1, it would turn out
to be too weak (for instance, conjunction and disjunction aren’t even guaranteed to
commute). We need one more requirement:

Definition 6.8 (Closure condition) For any LB-formulas ϕ1, ϕ2, · · · , ϕn, ψ

such that

ϕ1, ϕ2, · · · , ϕn |= ψ,

where |= is the classical consequence relation for LB , for any e, if e(Bϕi) = 1 for
any 0 < i ≤ n, then e(Bψ) = 1.

We will use ýC ϕ iff for all evaluations satisfying the closure condition ϕ has
value 1. Similarly, we define 
ýC ϕ as the preservation of value 1 in all evaluations
satisfying the closure condition. This logic is called CABAT.

One of the most interesting features of this logic is the fact that under a certain
translation of the standard provability predicate as B, the translation of Löb’s
theorem doesn’t hold. This is a good sign. There was no initial intuition that Löb’s
theorem is correct principle for informal provability. It’s a rather unwanted technical
result.

If we look at Montague’s theorem, after applying the diagonal lemma, the rest
of the proof is done on the propositional level. We can translate all the premises of
the theorem together with the formula resulting from application of diagonal lemma
into CABAT language. It turned out that the theorem does not hold. This shows
that using quite natural philosophical intuitions we can build a formal system with
certain intuitive principles for provability which can be consistently extended with
all the instances of the reflection schema.

The above proposal has its drawbacks. It is nothing but obscure how to build
an arithmetical theory using this logic. It seems that the most common strategies
for building partial models using three-valued logics will not work here. The
second issue is that this proposal is still underdeveloped. The current semantics for
CABAT is convoluted – it is not clear which evaluations are removed by the closure
condition. Simpler and more intuitive semantics needs to be developed. Moreover,
provability here is treated as an operator not as a predicate, and it is not clear what
the consequences of moving to the predicate level with this logic would be.
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9.6.7 Conditional Epistemic Obligation and Believability Logic

A somewhat different formal approach to our (at least prima facie) commitment
to reflection arose in the context of formal axiomatic theories of truth built over
arithmetic (see [18, 28, 38] for more details on the truth-theoretic aspects of the
developments).

Truth-theoretic considerations aside, from the axioms and rules of PA local
reflection for PA doesn’t follow, and so we don’t seem logically committed to local
reflection for PA just because we accept the axioms and rules of the system. Yet,
there seems something irrational about accepting PA without thinking that for any
ϕ ∈ LPA, indeed, if PA � ϕ, then ϕ (if we had a truth predicate available, we could
use a single claim: that whatever PA proves, is true; but we’re trying to avoid getting
into a discussion of theories of truth). Assuming this is correct, the challenge is to
explain why someone who accepts PA is rationally commited to reflection which
nevertheless doesn’t logically follow from the axioms of PA by the rules of PA.
(Another example of a commitment of this sort is that to the Gödel sentence of PA,
which seems true, even though it doesn’t follow from PA.)

For such occasions, Ketland [44] introduced the notion of a conditional epistemic
obligation. Ketland hasn’t really explicated the notion, but only pointed out that
once we accept a theory, we become conditionally epistemically obligated to accept
some other claims in its language which nevertheless don’t follow from the theory
itself, and listed some examples such as that of reflection or the Gödel sentence.

A philosophically interesting explication of the notion of conditional epistemic
obligation is not trivial (see [18, 19] for a discussion). But even putting this
daunting task aside, the question arises whether we can achieve a more humble
goal: that of describing the inferential behavior of the predicate expressing this sort
of commitment by means of a formal system. Such an attempt can be found in the
works of Cieślinski. For the sake of simplicity, we’ll discuss the system as built over
a particular arithmetical theory, PA.

Extend LPA with a new unary predicate symbol B, thus obtaining a new language
LB . The goal is to describe the theory of believability built over PA. Let the result
of taking the axioms of PA with induction extended to LB be called PAB. Theory
Bel(PA) extends PAB with the following axioms:

∀ψ ∈ LB [ProvPAB(�ψ�) → B(�ψ�)] (A1)

∀ϕ,ψ ∈ LB [B(�ϕ�) ∧ B(�ϕ → ψ�) → B(�ψ�)] (A2)

On top of the axioms, Bel(PA) has two additional rules of inference. (Nec) for B,
which allows to infer

Bel(PA) � B(�ψ�)

from

Bel(PA) � ψ,

and the generalization rule (Gen), which allows to infer
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Bel(PA) � B(�∀x ψ(x)�)

from

Bel(PA) � ∀x B(�ψ(x)�).

While the motivations for (Nec) and the axioms are quite straightforward (and not
completely different from the considerations pertaining to PEA), one thing that
makes the theory stand apart is (Gen). Normally, in PA, just because for every
standard numeral n PA � ψ(n), it doesn’t follow that PA � ∀x (ψ(x)). This is
because PA as a first-order theory admits non-standard models, and so can have
a model in which there are non-standard numbers not denoted by any standard
numeral. It is exactly (Gen) that allows our commitment (tracked by B, that is,
the internal logic of Bel(PA)) to go beyond what PA already can prove, including
reflection and the consistency of PA.

9.7 Further Topics

The scope of this survey (which is, admittedly, already quite long) is limited. In
this section we list and briefly describe multiple further issues related to provability,
which we couldn’t properly cover. The list is, of course, far from complete.

9.7.1 Mixed Logic of Consistency and ω-Consistency

One interesting fact about the interaction between the notions of consistency and
ω consistency is that the negation of the consistency of PA, while not being
inconsistent with PA, is ω-inconsistent with PA. Now the question is: can we
develop a propositional logic to reason about such claims?

For this purpose we need a bimodal logic with two modalities [39, 40]. Let �ψ

stand for the provability of ψ , and � stand for the ω-inconsistency of ¬ψ with the
background theory.

The axioms of GLB (B from bimodal) are all tautologies, all instances of (K) for
�, all instances of (K) for �, all instances of (Löb) for � and all instances of (Löb)
for �, and all instances of the following schemata:

�ϕ → �ϕ

¬�ϕ → �¬�ϕ

The rules are modus ponens and (Nec) for � (clearly, (Nec) for � follows by the
first of the above formulas). Given a realization r for the language of GLB, it is
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extented to a T-interpretation by the standard conditions for classical connectives
together with:

rT(�ϕ) = ProvT(�rT(ϕ)�)
rT(�ϕ) = ¬ωConT (�rT(¬ϕ)�)

GLB is arithmetically sound and complete.

9.7.2 Provability Logic with Quantifiers

One way to extend LM with quantifiers is to add propositional quantifiers binding
propositional variables, which would allow to express claims such as ‘some formula
is not provable’, or ‘for every formula there is one which is provable just in case the
former one isn’t’ (by ∃p ¬�p and ∀p ∃q (�q ≡ ¬�p). As proven by Shavrukov
[65], the set of arithmetically valid sentences of this language is undecidable.

Another move to consider is moving to a first-order modal language and
extending the intended semantics appropriately. Alas, the set of first-order formulas
true in every realization is not effectively axiomatizable [2], and neither is the set
of formulas provable in PA under any realization (the complexity of this set �0

2)
[77]. Montagna et al. [56] showed moreover that quantified GL is not complete
with respect to any class of Kripke frames, and that it doesn’t have the fixed point
property. Similarly, the first-order version of the logic of proofs has been proven to
not be recursively enumerable [86].

9.7.3 Interpretability Logics

The notion of interpretability was introduced into meta-logic by Tarski et al. [75]. A
theory T is interpretable in theory U just in case the language of T can be translated
into that of U so that the translations of theorems of T become theorems of U. One
example of interpretability is the relation between PA and the standard set theory
ZFC. There is a translation from the language of arithmetic into the language of set
theory, such that the translations of all theorems of PA are provable in ZFC.

The formal symbol representing interpretability was introduced into a language
of a logic of provability by Švejdar [73]. The intended reading of ϕ � ψ if that for
a sufficiently arithmetically rich theory T (such as [PA]), T+ψ is interpretable in
T+ϕ.

Interpretability logics were further studied by Visser [81, 83]. There is a sensible
logic IL which axiomatizes interpretability principles valid in all sensible theories.
It is GL expanded with:
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�(ϕ → ψ) → ϕ � ψ

(ϕ � ψ ∧ ψ � χ) → ϕ � χ

(ϕ � χ ∧ ψ � χ) → (ϕ ∨ ψ) � χ

ϕ � ψ → (♦ϕ → ♦ψ)

(♦ϕ) � ϕ

However, the class of all principles that hold in all realizations is sensitive to the
choice of the underlying theory (see [83] for a comprehensive survey).

9.7.4 Generalization and Classifications

The notion of provability can be considered on a more general level, that of
provability logic of a given theory T relative to a metatheory U—the notion was
introduced by Artemov [4] and Visser [79]. Such a logic, denoted by PLT(U), is the
set of all propositional principles of provability for T that can be proven in U. From
this perspective, GL is the provability logic PLPA(PA), and S is PLPA(T r(N)),
where T r(N) is the set of all LPA-formulas true in the standard model of arithmetic.
Much work has been done on the classification of logics PLT(U), where T and U
are known and independently studied extensions of PA [3, 4, 12, 41, 80].

9.7.5 Algebraic Approaches

Magari [49, 50] developed an algebraic approach to provability logic. The Magari
algebra of T, is the set of T-sentences factorized modulo equivalence within T.
Further applications of the algebraic toolkit to provability logics are Montagna [54,
55].

9.7.6 Connections with Other Domains

Provability logics have some use in computability theory. For instance, Beklemishev
[12] uses them to investigate which computable functions can be proved to be total
by means of restricted induction schemata. Another domain where provability logics
find applications is proof theory [13]; see also Japaridze and Jongh [42] for a survey.
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9.8 References and Further Readings

A historical account of the beginnings of the development of the logics of provability
can be found in Boolos and Sambin [16]. For more introductory surveys of the logics
of provability, read [74, 78]. For a short, but dense survey see Artemov [9]. For a
survey focusing on self-reference read [70]. For material focusing on introducing the
Logic of Proofs consult [10]. For more advanced surveys of the logic of provability,
consult Japaridze and de Jongh [42] and Artemov and Beklemishev [11]. As for full
blown book-long treatments, Boolos [15] is invaluable, and so is Smoryński [69].
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