CHAPTER 5

Duality Theory

Associated with every linear program is another called its dual. The dual of this
dual linear program is the original linear program (which is then referred to as the
primal linear program). Hence, linear programs come in primal/dual pairs. It turns
out that every feasible solution for one of these two linear programs gives a bound
on the optimal objective function value for the other. These ideas are important and
form a subject called duality theory, which is the topic of this chapter.

1. Motivation: Finding Upper Bounds
We begin with an example:

maximize 4x1 + xo + 3x3

subjectto x1 + 4xo <1
31— o+ 23 < 3
z1, T2, w3 > 0.

Our first observation is that every feasible solution provides a lower bound on the
optimal objective function value, (*. For example, the solution (21, xa,23) =
(1,0,0) tells us that ¢* > 4. Using the feasible solution (z1, z2, 23) = (0,0, 3), we
see that (* > 9. But how good is this bound? Is it close to the optimal value? To
answer, we need to give upper bounds, which we can find as follows. Let’s multiply
the first constraint by 2 and add that to 3 times the second constraint:

2 (1’1 +4.’E2 ) < 2(1)

+3 (3z1 — 2 + x3) 3(3)
111‘1 —|— 5I2 + 3173 11

<
<

Now, since each variable is nonnegative, we can compare the sum against the ob-
jective function and notice that

4x1 + 2o + 33 < 1lxy 4+ Do 4+ 323 < 11.

Hence, (* < 11. We have localized the search to somewhere between 9 and 11.
These bounds leave a gap (within which the optimal solution lies), but they are better
than nothing. Furthermore, they can be improved. To get a better upper bound, we
again apply the same upper bounding technique, but we replace the specific numbers
we used before with variables and then try to find the values of those variables
that give us the best upper bound. So we start by multiplying the two constraints
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54 5. DUALITY THEORY

by nonnegative numbers, y; and ys, respectively. The fact that these numbers are
nonnegative implies that they preserve the direction of the inequalities. Hence,

1 z1 + dao ) < U1
+yo(3x1 — o+ x3) < 3y
(Y1 + 3y2)w1 + (4y1 — y2)w2 + (y2)z3 < Y1 + 3yo.

If we stipulate that each of the coefficients of the x;’s be at least as large as the
corresponding coefficient in the objective function,

y1 +3y2 > 4
dyy — y2 > 1
yQZ )

then we can compare the objective function against this sum (and its bound):

C = 4$1+CE2+3(£3
(y1 + 3y2)z1 + (dyr — y2)w2 + (y2)73
Y1 + 3y2.

IAINA

We now have an upper bound, y; + 3y2, which we should minimize in our effort
to obtain the best possible upper bound. Therefore, we are naturally led to the
following optimization problem:

minimize y; + 3y2

subjectto  y1 + 3y > 4
dyy — y2 =2 1

Y2 > 3

Y1, Y2 > 0

This problem is called the dual linear programming problem associated with the
given linear programming problem. In the next section, we will define the dual
linear programming problem in general.

2. The Dual Problem
Given a linear programming problem in standard form,

n

maximize E CjT;
Jj=1
n

5.1
G- subject to E ai;r; < b; 1=12,....m
j=1

z; >0 17=12,...,n,
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the associated dual linear program is given by
m
minimize Z by

=1
m

subject to Zyiaij > ¢ j=L12....n
i=1

y; >0 1 =1,2,...,m.

Since we started with (5.1), it is called the primal problem. Our first order of
business is to show that taking the dual of the dual returns us to the primal. To
see this, we first must write the dual problem in standard form. That is, we must
change the minimization into a maximization and we must change the first set of
greater-than-or-equal-to constraints into less-than-or-equal-to. Of course, we must
effect these changes without altering the problem. To change a minimization into a
maximization, we note that to minimize something it is equivalent to maximize its
negative and then negate the answer:

min i b;y; = —max <— zm: biyi> .
i=1 =1

To change the direction of the inequalities, we simply multiply through by minus
one. The resulting equivalent representation of the dual problem in standard form
then is

m
—maximize Z(—bi)yi
i=1
m
subject to Z(—aij)yi < (—Cj) j=12...,n
i=1

Now we can take its dual:
n
—minimize Z(—cj)xj

j=1
n

subject to Z(—aij)xj > (=b;) i=12...,m
j=1

z; >0 i=1,2,....n,

which is clearly equivalent to the primal problem as formulated in (5.1).

3. The Weak Duality Theorem

As we saw in our example, the dual problem provides upper bounds for the
primal objective function value. This result is true in general and is referred to as
the Weak Duality Theorem:
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FIGURE 5.1. The primal objective values are all less than the dual
objective values. An important question is whether or not there is
a gap between the largest primal value and the smallest dual value.

THEOREM 5.1.If (21,22,...,2,) is feasible for the primal and (yi1,y2,
-+ s Ym) is feasible for the dual, then

ZCJ'LL']' < Z bzyz
i i

PROOEF. The proof is a simple chain of obvious inequalities:
Seins <3 (L)
, 7 ;
= Z YiQij 5
ij

J

=> | Do | w
4 J
Szbiyu
i

where the first inequality follows from the fact that each z; is nonnegative and each
c; is no larger than ) . y;a;;. The second inequality, of course, holds for similar
reasons. (]

Consider the subset of the real line consisting of all possible values for the
primal objective function, and consider the analogous subset associated with the
dual problem. The weak duality theorem tells us that the set of primal values lies
entirely to the left of the set of dual values. As we shall see shortly, these sets are
both closed intervals (perhaps of infinite extent), and the right endpoint of the primal
set butts up against the left endpoint of the dual set (see Figure 5.1). That is, there is
no gap between the optimal objective function value for the primal and for the dual.
The lack of a gap between primal and dual objective values provides a convenient
tool for verifying optimality. Indeed, if we can exhibit a feasible primal solution
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(%, x5, ..., 2%) and a feasible dual solution (y7, 3, . ..,y ) for which
* *
z :ijl,'j - E blyz )
j i

then we may conclude that each of these solutions is optimal for its respective prob-
lem. To see that the primal solution is optimal, consider any other feasible solution

(x1,22,...,x,). By the weak duality theorem, we have that
Doy < ) byl =) e
J ( J
Now, since (z7,x5,...,z}) was assumed to be feasible, we see that it must be

optimal. An analogous argument shows that the dual solution is also optimal for
the dual problem. As an example, consider the solutions z = (0, 0.25, 3.25) and
y = (1,3) in our example. Both these solutions are feasible, and both yield an
objective value of 10. Hence, the weak duality theorem says that these solutions are
optimal.

4. The Strong Duality Theorem

The fact that for linear programming there is never a gap between the primal
and the dual optimal objective values is usually referred to as the Strong Duality
Theorem:

THEOREM 5.2. If the primal problem has an optimal solution,

*

xt = (x7, 25, ..., 1)),
then the dual also has an optimal solution,

Y= (yrvy;ﬂ cee 7yr*n)»
such that

(5.2) > ey =Y by
j i

Carefully written proofs, while attractive for their tightness, sometimes obfus-
cate the main idea. In such cases, it is better to illustrate the idea with a simple
example. Anyone who has taken a course in linear algebra probably already appre-
ciates such a statement. In any case, it is true here as we explain the strong duality
theorem.

The main idea that we wish to illustrate here is that, as the simplex method
solves the primal problem, it also implicitly solves the dual problem, and it does so
in such a way that (5.2) holds.

To see what we mean, let us return to the example discussed in Section 5.1.
We start by introducing variables w;, @ = 1,2, for the primal slacks and z;, j =
1,2, 3, for the dual slacks. Since the inequality constraints in the dual problem are
greater-than constraints, each dual slack is defined as a left-hand side minus the
corresponding right-hand side. For example,

21:y1—|—3y2—4.
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Therefore, the primal and dual dictionaries are written as follows:

¢= 4dr1 + xo + 373
(P) w1=1— l‘1—4.132

w2:373x1+ To — XT3 .

—§=  — 1 — 3y

z21=—4+ y1+ 3y
zg=—14+4y1 — ¥y
23 =—3 + Y2 .

D)

Note that we have recorded the negative of the dual objective function, since we
prefer to maximize the objective function appearing in a dictionary. Also note that
the numbers in the dual dictionary are simply the negative of the numbers in the pri-
mal dictionary arranged with the rows and columns interchanged. Indeed, stripping
away everything but the numbers, we have

0 4 1 3 0—1-3
114 neg.—transp. -4 1 3
3.3 1-1 —Lod-l

3 0 1

That is, as a table of numbers, the dual dictionary is the negative transpose of the
primal dictionary.

Our goal now is to apply the simplex method to the primal problem and at the
same time perform the analogous pivots on the dual problem. We shall discover that
the negative-transpose property persists throughout the iterations.

Since the primal dictionary is feasible, no Phase I procedure is necessary. For
the first pivot, we pick x3 as the entering variable (z; has the largest coefficient,
but z3 provides the greatest one-step increase in the objective). With this choice,
the leaving variable must be wy. Since the rows and columns are interchanged in
the dual dictionary, we see that “column” x3 in the primal dictionary corresponds
to “row” z3 in the dual dictionary. Similarly, row ws in the primal corresponds to
column ¥ in the dual. Hence, to make an analogous pivot in the dual dictionary, we
select y- as the entering variable and z3 as the leaving variable. While this choice of
entering and leaving variable may seem odd compared to how we have chosen enter-
ing and leaving variables before, we should note that our earlier choice was guided
by the desire to increase the objective function while preserving feasibility. Here,
the dual dictionary is not even feasible, and so such considerations are meaningless.
Once we give up those rules for the choice of entering and leaving variables, it is
easy to see that a pivot can be performed with any choice of entering and leaving
variables provided only that the coefficient on the entering variable in the constraint
of the leaving variables does not vanish. Such is the case with the current choice.
Hence, we do the pivot in both the primal and the dual. The result is
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(=9 — 521 + 422 — 3w
(P) wlzl— Z‘1—4.132
T3 =3 —3r1+ a2 — wa.

—6=—9— y — 3z
z1= 5+ y1+323
2o =—4+4y; — 23
Yo = 3 + z3.

D)

Note that these two dictionaries still have the property of being negative-transposes
of each other. For the next pivot, the entering variable in the primal dictionary is z2
(this time there is no choice) and the leaving variable is w;. In the dual dictionary,
the corresponding entering variable is y; and the leaving variable is z5. Doing the
pivots, we get

CZ 10 — 6$1 — wy — 3IU2
(P) T3 = 0.25 — 0.2521 — 0.25w,
T3 — 3.25 — 325J£‘1 - 025’[1.)1 — wa .

—&=—-10 — 0.2529 — 3.2523

(D) 21 = 6 + 0.2529 + 3.2523
Yy = 1+ 0.2529 4+ 0.2523
Y2 = 3 + 23 .

This primal dictionary is optimal, since the coefficients in the objective row are all
negative. Looking at the dual dictionary, we see that it is now feasible for the anal-
ogous reason. In fact, it is optimal too. Finally, both the primal and dual objective
function values are 10.

The situation should now be clear. Given a linear programming problem, which
is assumed to possess an optimal solution, first apply the Phase I procedure to get
a basic feasible starting dictionary for Phase II. Then apply the simplex method to
find an optimal solution. Each primal dictionary generated by the simplex method
implicitly defines a corresponding dual dictionary as follows: first write down the
negative transpose and then replace each x; with a z; and each w; with a y;. As long
as the primal dictionary is not optimal, the implicitly defined dual dictionary will be
infeasible. But once an optimal primal dictionary is found, the corresponding dual
dictionary will be feasible. Since its objective coefficients are always nonpositive,
this feasible dual dictionary is also optimal. Furthermore, at each iteration, the
current primal objective function value coincides with the current dual objective
function value.

To see why the negative transpose property is preserved from one dictionary
to the next, let’s observe the effect of one pivot. To keep notations uncluttered, we
consider only four generic entries in a table of coefficients: the pivot element, which
we denote by a, one other element on the pivot element’s row, call it b, one other
in its column, call it ¢, and a fourth element, denoted d, chosen to make these four
entries into a rectangle. A little thought (and perhaps some staring at the examples
above) reveals that a pivot produces the following changes:
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The pivot element gets replaced by its reciprocal;

Elements in the pivot row get negated and divided by the pivot element;
Elements in the pivot column get divided by the pivot element; and

All other elements, such as d, get decreased by be/a.

These effects can be summarized on our generic table as follows:

1

b a 0 0
pivot

d c d— @ E

a a

Now, if we start with a dual dictionary that is the negative transpose of the primal
and apply one pivot operation, we get

S

Note that the resulting dual table is the negative transpose of the resulting primal
table. By induction we then conclude that, if we start with this property, it will be
preserved throughout the solution process.

Since the strong duality theorem is the most important theorem in this book,
we present here a careful proof. Those readers who are satisfied with the above
discussion may skip the proof.

PROOF OF THEOREM 5.2. It suffices to exhibit a dual feasible solution y* sat-
isfying (5.2). Suppose we apply the simplex method. We know that the simplex
method produces an optimal solution whenever one exists, and we have assumed
that one does indeed exist. Hence, the final dictionary will be an optimal dictionary
for the primal problem. The objective function in this final dictionary is ordinarily

written as
C = C + Z Ej.’Ej.
JEN
But, since this is the optimal dictionary and we prefer stars to bars for denoting
optimal “stuff,” let us write ¢* instead of . Also, the collection of nonbasic vari-
ables will generally consist of a combination of original variables as well as slack
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variables. Instead of using ¢; for the coefficients of these variables, let us use ¢ for
the objective coefficients corresponding to original variables, and let us use d; for
the objective coefficients corresponding to slack variables. Also, for those original
variables that are basic we put cj = 0, and for those slack variables that are basic
we put d7 = 0. With these new notations, we can rewrite the objective function as

¢=C¢C" +Zc;‘-xj —&—dewi.
j=1 i=1

As we know, ¢* is the objective function value corresponding to the optimal primal
solution:

n
(5.3) =) el
j=1
Now, put
(54) yr = —d, i=1,2,...,m.

We shall show that y* = (yi,v5,...,y),) is feasible for the dual problem and
satisfies (5.2). To this end, we write the objective function two ways:

n n m

% * *,
E cjry ="+ E c;xj+ E d; w;
j=1 j=1 i=1

m

n n
=Y Gai+ > (—y) (b= Y aga
j=1 i=1 j=1
m n m
— C* _ Zbly;k + Z (C;F + nya”> Zj.
i=1 j=1 i=1

Since all these expressions are linear in the variables x;, we can equate the coeffi-
cients of each variable appearing on the left-hand side with the corresponding coef-
ficient appearing in the last expression on the right-hand side. We can also equate
the constant terms on the two sides. Hence,

m

(5.5) ¢ => by
=1
m
(5.6) cj:c;—l—Zy;‘aij, i=12,...,n
=1

Combining (5.3) and (5.5), we get that (5.2) holds. Also, the optimality of the
dictionary for the primal problem implies that each ¢ is nonpositive, and hence we
see from (5.6) that

m
nyaijZCj, j=1,2,...,n.
i=1
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By the same reasoning, each d; is nonpositive, and so we see from (5.4) that
y; >0, 1=1,2,...,m.

These last two sets of inequalities are precisely the conditions that guarantee dual
feasibility. This completes the proof. O

The strong duality theorem tells us that, whenever the primal problem has an
optimal solution, the dual problem has one also and there is no duality gap. But what
if the primal problem does not have an optimal solution? For example, suppose that
it is unbounded. The unboundedness of the primal together with the weak duality
theorem tells us immediately that the dual problem must be infeasible. Similarly,
if the dual problem is unbounded, then the primal problem must be infeasible. It
is natural to hope that these three cases are the only possibilities, because if they
were we could then think of the strong duality theorem holding globally. That is,
even if, say, the primal is unbounded, the fact that then the dual is infeasible is like
saying that the primal and dual have a zero duality gap sitting out at +occ. Similarly,
an infeasible primal together with an unbounded dual could be viewed as a pair in
which the gap is zero and sits at —oo.

But it turns out that there is a fourth possibility that sometimes occurs—it can
happen that both the primal and the dual problems are infeasible. For example,
consider the following problem:

maximize 2r; — o

subjectto x; — 1z < 1
—r1 +x9 < =2
T, 2 > 0.

Itis easy to see that both this problem and its dual are infeasible. For these problems,
one can think of there being a huge duality gap extending from —oo to +oc.

Duality theory is often useful in that it provides a certificate of optimality. For
example, suppose that you were asked to solve a really huge and difficult linear
program. After spending weeks or months at the computer, you are finally able
to get the simplex method to solve the problem, producing as it does an optimal
dual solution y* in addition to the optimal primal solution z*. Now, how are you
going to convince your boss that your solution is correct? Do you really want to ask
her to verify the correctness of your computer programs? The answer is probably
not. And in fact it is not necessary. All you need to do is supply the primal and
the dual solution, and she only has to check that the primal solution is feasible for
the primal problem (that’s easy), the dual solution is feasible for the dual problem
(that’s just as easy), and the primal and dual objective values agree (and that’s even
easier). Certificates of optimality have also been known to dramatically reduce the
amount of time certain underpaid professors have to devote to grading homework
assignments!

As we’ve seen, the simplex method applied to a primal problem actually solves
both the primal and the dual. Since the dual of the dual is the primal, applying
the simplex method to the dual also solves both the primal and the dual problem.
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Sometimes it is easier to apply the simplex method to the dual, for example, if the
dual has an obvious basic feasible solution but the primal does not. We take up this
topic in the next chapter.

5. Complementary Slackness

Sometimes it is necessary to recover an optimal dual solution when only an
optimal primal solution is known. The following theorem, known as the Comple-
mentary Slackness Theorem, can help in this regard.

THEOREM 5.3. Suppose that © = (1,22, . .., Ty ) is primal feasible and that
y = (Yy1,Y2, - -, Ym) is dual feasible. Let (w1, wa, ..., wy,) denote the correspond-
ing primal slack variables, and let (21, z2, . . . , 2 ) denote the corresponding dual

slack variables. Then x and y are optimal for their respective problems if and only if
rjz; = 0, forj=1,2,...,n,
5.7 w;y; = 0, fori=1,2,...,m.

PROOF. We begin by revisiting the chain of inequalities used to prove the weak
duality theorem:

(5.8) E cjry < § (E yz‘%‘) Zj
j j i

:E E Qi T5 | Yi
i J

(5.9) < by

Recall that the first inequality arises from the fact that each term in the left-hand
sum is dominated by the corresponding term in the right-hand sum. Furthermore,
this domination is a consequence of the fact that each x; is nonnegative and

c; < Z Yilij -
i

Hence, inequality (5.8) will be an equality if and only if, for every j = 1,2,...,n,
either x; = 0 orc; = ZZ Yia;5. But since

cj = E Yitij — Cj,
i

we see that the alternative to x; = 0 is simply that z; = 0. Of course, the state-
ment that at least one of these two numbers vanishes can be succinctly expressed by
saying that the product vanishes.

An analogous analysis of inequality (5.9) shows that it is an equality if and only
if (5.7) holds. This then completes the proof. (|

Suppose that we have a nondegenerate primal basic optimal solution

¥t = (z],x5,...,2))
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and we wish to find a corresponding optimal solution for the dual. Let

w* = (wi,ws,...,w;)
denote the corresponding slack variables, which were probably given along with the
x;’s but if not can be easily obtained from their definition as slack variables:

w; =b; g aijT;.
J
The dual constraints are

(5.10) > wyiaij—zi=¢;,  j=12,...n,

where we have written the inequalities in equality form by introducing slack vari-
ables z;, 7 = 1,2,...,n. These constraints form n equations in m + n unknowns.
But the basic optimal solution (x*,w™) is a collection of n + m variables, many of
which are positive. In fact, since the primal solution is assumed to be nondegenerate,
it follows that the m basic variables will be strictly positive. The complementary
slackness theorem then tells us that the corresponding dual variables must vanish.
Hence, of the m + n variables in (5.10), we can set m of them to zero. We are then
left with just n equations in n unknowns, which we would expect to have a unique
solution that can be solved for. If there is a unique solution, all the components
should be nonnegative. If any are negative, this would stand in contradiction to the
assumed optimality of x*.

6. The Dual Simplex Method

In this section, we study what happens if we apply the simplex method to the
dual problem. As we saw in our discussion of the strong duality theorem, one can
actually apply the simplex method to the dual problem without ever writing down
the dual problem or its dictionaries. Instead, the so-called dual simplex method is
seen simply as a new way of picking the entering and leaving variables in a sequence
of primal dictionaries.

We begin with an example:

maximize —x; — X9
subjectto —2x1 — 22 < 4
—2x1 + 4z < —8
-1 + 3:172 S -7
z1, 12 > 0.
The dual of this problem is
minimize  4y; — 8ys — Ty3
subjectto —2y; — 2y2 — ys3 > —1
—y1 +4y2 +3ys = —1
Yt Y2, Y3 2 0.
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Introducing variables w;, ¢ = 1,2, 3, for the primal slacks and z;, j = 1,2, for the
dual slacks, we can write down the initial primal and dual dictionaries:

(P) (= — z1— T
w1 = 4+ 2z + oo
we = —8 + 2x1 — 4xo
w3 =—7+ 1 — 3o

(D) —{= — 4y +8y2 + Tys
z1=1—2y1 — 2y2 — Y3
29 =1— y1 +4y2 + 3ys .
As before, we have recorded the negative of the dual objective function, since we
prefer to maximize the objective function appearing in a dictionary. More impor-
tantly, note that the dual dictionary is feasible, whereas the primal one is not. This
suggests that it would be sensible to apply the simplex method to the dual. Let us
do so, but as we go we keep track of the analogous pivots applied to the primal
dictionary. For example, the entering variable in the initial dual dictionary is ya,
and the leaving variable then is z;. Since ws is complementary to yo and x1 is
complementary to z;, we will use ws and x; as the entering/leaving variables in the
primal dictionary. Of course, since ws is basic and x; is nonbasic, wo must be the
leaving variable and x; the entering variable—i.e., the reverse of what we have for
the complementary variables in the dual dictionary. The result of these pivots is
P) ¢ =—4— 0.5wy — 32
wy = 12 + wo + dxg
T = 4+ 05’(1)2 + QSUQ
w3 = -3+ 0511)2 — T2

(D) —§{= 412y — 4z + 3ys
yo =0.5—  y1 —0.52z; — 0.5y3
Zo= 3— dy1— 21+ ys3.
Continuing to work on the dual, we now see that ys is the entering variable and o
leaves. Hence, for the primal we use w3 and w, as the leaving and entering variable,
respectively. After pivoting, we have

P) (=—7— w3 — 4z
w1 = 18 + 2’[1)3 + 7172
T = 7+ ’lU3+3{E2
wo = 6+ 2wz + 2o

(D) —§=7~—18y; — Tz — 6y
y3=1— 2y1 — 21 — 2y
2o =4 — Ty — 321 — 2ys .

Now we notice that both dictionaries are optimal.
Of course, in each of the above dictionaries, the table of numbers in each dual
dictionary is the negative-transpose of the corresponding primal table. Therefore,
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we never need to write the dual dictionary; the dual simplex method can be entirely
described in terms of the primal dictionaries. Indeed, first we note that the dictionary
must be dual feasible. This means that all the coefficients of the nonbasic variables
in the primal objective function must be nonpositive. Given this, we proceed as
follows. First we select the leaving variable by picking that basic variable whose
constant term in the dictionary is the most negative (if there are none, then the
current dictionary is optimal). Then we pick the entering variable by scanning across
this row of the dictionary and comparing ratios of the coefficients in this row to the
corresponding coefficients in the objective row, looking for the largest negated ratio
just as we did in the primal simplex method. Once the entering and leaving variable
are identified, we pivot to the next dictionary and continue from there. The reader is
encouraged to trace the pivots in the above example, paying particular attention to
how one determines the entering and leaving variables by looking only at the primal
dictionary.

7. A Dual-Based Phase I Algorithm

The dual simplex method described in the previous section provides us with a
new Phase I algorithm, which if nothing else is at least more elegant than the one
we gave in Chapter 2. Let us illustrate it using an example:

maximize —x1 + 429

subjectto —2x1 — 22 < 4
—2x1 + 425 < —8
—x1 + 3!172 S -7

Ty, T2 Z 0.

The primal dictionary for this problem is

P) (= — 11 + 4w
w1 = 4+2x1+ x9
’LU2:78+2I’174£CQ
’(1)3:—7+ $1—3.’E2,

and even though at this point we realize that we don’t need to look at the dual
dictionary, let’s track it anyway:

D) = — 4y +8ys + Tys
z1= 1—-2y1 —2y2 — y3
2o =—4 — vy +4ys + 3y3 .
Clearly, neither the primal nor the dual dictionary is feasible. But by changing the
primal objective function, we can easily produce a dual feasible dictionary. For
example, let us temporarily change the primal objective function to

= —x1 — X2.

Then the corresponding initial dual dictionary is feasible. In fact, it coincides with
the dual dictionary we considered in the previous section, so we already know the
optimal solution for this modified problem. The optimal primal dictionary is
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77:*7* ’LU374132
w1 = 18 + 2ws + Txo
Ty = T4+ ws—+ 3z
we = 6+ 2wz + 2x5 .

This primal dictionary is optimal for the modified problem but not for the original
problem. However, it is feasible for the original problem, and we can now simply
reinstate the intended objective function and continue with Phase II. Indeed,

C = - + 41‘2
= *(74’ ws + 3%2) + 4o

= —7— w3 + 2.
Hence, the starting dictionary for Phase II is

(=—-T— w3+ x
wy, = 18 + 2ws3 + Txo
xr1 = 7+ 1U3+3£Z}2
Wy = 6+2U)3+25U2

The entering variable is x5. Looking for a leaving variable, we discover that this
problem is unbounded. Of course, more typically one would expect to have to do
several iterations of Phase II to find the optimal solution (or show unboundedness).
Here we just got lucky that the game ended so soon.

It is interesting to note how we detect infeasibility with this new Phase I algo-
rithm. The modified problem is guaranteed always to be dual feasible. It is easy to
see that the primal problem is infeasible if and only if the modified problem is dual
unbounded (which the dual simplex method will detect just as the primal simplex
method detects primal unboundedness).

The two-phase algorithm we have just presented can be thought of as a dual-
primal algorithm, since we first apply the dual simplex method to a modified dual
feasible problem and then finish off by applying the primal simplex method to the
original problem, starting from the feasible dictionary produced by Phase I. One
could consider turning this around and doing a primal-dual two-phase algorithm.
Here, the right-hand side of the primal problem would be modified to produce an
obvious primal feasible solution. The primal simplex method would then be applied.
The optimal solution to this primal problem will then be feasible for the original
dual problem but will not be optimal for it. But then the dual simplex method can
be applied, starting with this dual feasible basis until an optimal solution for the dual
problem is obtained.

8. The Dual of a Problem in General Form

In Chapter 1, we saw that linear programming problems can be formulated in
a variety of ways. In this section, we derive the form of the dual when the primal
problem is not necessarily presented in standard form.
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First, let us consider the case where the linear constraints are equalities (and the
variables are nonnegative):

n
maximize chxj
j=1
(5.11) ] n _
subject to Zaijxj:bi 1=1,2,....m
j=1

z; >0 7=12,...,n.

As we mentioned in Chapter 1, this problem can be reformulated with inequality
constraints by simply writing each equality as two inequalities: one greater-than-or-
equal-to and one less-than-or-equal-to:

n

maximize g Cix;
j=1

n
subject to Zaijxjg b; i=1,2,....m
j=1

n
ZCLUZ‘J‘Zbi i:1,2,...,m
J=1

z; >0 7=12,...,n.

Then negating each greater-than-or-equal-to constraint, we can put the problem into
standard form:

n

maximize E Cjx;

Jj=1
n
subject to Zaijxjg b; 1=1,2,...,m
Jj=1
n
Z —a;25 < —b; i=1,2,...,m
Jj=1

z; >0 ji=1,2,...,n.

Now that the problem is in standard form, we can write down its dual. Since there
are two sets of m inequality constraints, we need two sets of m dual variables.
Let’s denote the dual variables associated with the first set of m constraints by y;r ,
¢t = 1,2,...,m, and the remaining dual variables by vy, , ¢ = 1,2,...,m. With
these notations, the dual problem is

m m
minimize E biy, — g by,
i=1 i=1

m m

subject to Zy?‘aijnyi_aijZCj ji=12,....n
i=1 i=1

yroyr >0 i=12...,m.
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Primal Dual

Equality constraint Free variable
Inequality constraint | Nonnegative variable

Free variable Equality constraint
Nonnegative variable | Inequality constraint

TABLE 5.1. Rules for forming the dual.

A moment’s reflection reveals that we can simplify this problem. If we put
yl:yj—y;7 i:l,Q,...,ﬂL

the dual problem reduces to

m
minimize E biy;
i=1

m
subject to Zyiaij >cj j=12,...,n.
i=1

This problem is the dual associated with (5.11). Note what has changed from when
we were considering problems in standard form: now the dual variables are not
restricted to be nonnegative. And that is the message: equality constraints in the
primal yield unconstrained variables (also referred to as free variables) in the dual,
whereas inequality constraints in the primal yield nonnegative variables in the dual.
Employing the symmetry between the primal and the dual, we can say more: free
variables in the primal yield equality constraints in the dual, whereas nonnegative
variables in the primal yield inequality constraints in the dual. These rules are
summarized in Table 5.1.

9. Resource Allocation Problems

Let us return to the production facility problem studied in Chapter 1. Recall
that this problem involves a production facility that can take a variety of raw ma-
terials (enumerated ¢ = 1,2,...,m) and turn them into a variety of final products
(enumerated j = 1,2, ...,n). We assume as before that the current market value of
a unit of the ¢th raw material is p;, that the current market price for a unit of the jth
product is o, that producing one unit of product j requires a;; units of raw material
i, and that at the current moment in time the facility has on hand b; units of the ith
raw material.

The current market values/prices are, by definition, related to each other by the
formulas

Uj:Zpiaij, j:l,Q,...,n.
@

These equations hold whenever the market is in equilibrium. (Of course, it is
crucial to assume here that the collection of “raw materials” appearing on the right-
hand side is exhaustive, including such items as depreciation of fixed assets and
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physical labor.) In the real world, the market is always essentially in equilibrium.
Nonetheless, it continually experiences small perturbations that ripple through it and
move the equilibrium to new levels.

These perturbations can be from several causes, an important one being inno-
vation. One possible innovation is to improve the production process. This means
that the values of some of the a;;’s are reduced. Now, suddenly there is a windfall
profit for each unit of product j produced. This windfall profit is given by

(512) C; =05 — Zplam

Of course, eventually most producers of these products will take advantage of the
same innovation, and once the suppliers get wind of the profits being made, they
will get in on the action by raising the price of the raw materials.! Nonetheless,
there is always a time lag; it is during this time that fortunes are made.

To be concrete, let us assume that the time lag is about 1 month (depending on
the industry, this lag time could be considered too short or too long). Suppose also
that the production manager decides to produce x; units of product j and that all
units produced are sold immediately at their market value. Then the total revenue
during this month will be 3 ojx;. The value of the raw materials on hand at the
beginning of the month was ) . p;b;. Also, if we denote the new price levels for the
raw materials at the end of the month by w;, i = 1,2, ..., m, then the value of any
remaining inventory at the end of the month is given by

E Ww; bi— E Qi
i J

(if any term is negative, then it represents the cost of purchasing additional raw mate-
rials to meet the month’s production requirements—we assume that these additional
purchases are made at the new, higher, end-of-month price). The total windfall, call
it 7, (over all products) for this month can now be written as

(513) W:Z(le'j+zwi bi—Zaij:L'j 72[711)1
7 % 7 i

Our aim is to choose production levels z;, j = 1,2,...,n, that maximize this
windfall. But our supplier’s aim is to choose prices w;, ¢ = 1,2,...,m, so as to
minimize our windfall. Before studying these optimizations, let us first rewrite the
windfall in a more convenient form. As in Chapter 1, let y; denote the increase in
the price of raw material <. That is,

(5.14) w; = pi + Yi-

10ne could take the prices of raw materials as fixed and argue that the value of the final products
will fall. It doesn’t really matter which view one adopts, since prices are relative anyway. The point is
simply that the difference between the price of the raw materials and the price of the final products must
narrow due to this innovation.
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Substituting (5.14) into (5.13) and then simplifying notations using (5.12), we see
that

(5.15) = i+ yi [ bi— Y i,
J i J

To emphasize that 7 depends on each of the x;’s and on the y;’s, we sometimes
write it as 7(T1, . . .y Tny Y1y« -« s Y )-

Now let us return to the competing optimizations. Given z; for j = 1,2,...,n,
the suppliers react to minimize 7 (x1,...,Zn,Y1,--.,Ym). Looking at (5.15), we
see that for any resource ¢ in short supply, that is,

bi — Zaijxj < 0,
J

the suppliers will jack up the price immensely (i.e., y; = c0). To avoid this obvi-
ously bad situation, the production manager will be sure to set the production levels
so that

Zaijxjgbi, i:1,2,...,m.
J

On the other hand, for any resource ¢ that is not exhausted during the windfall month,
that is,
b; — Z aijTj > 0,
J

the suppliers will have no incentive to change the prevailing market price (i.e.,
y; =0). Therefore, from the production manager’s point of view, the problem re-
duces to one of maximizing
Dt
J

subject to the constraints that
Zaijxjgbi, i:1,2,...,m,
J

; >0,  j=12...,n

This is just our usual primal linear programming problem. This is the problem that
the production manager needs to solve in anticipation of adversarial suppliers.

Now let us look at the problem from the suppliers’ point of view. Rearranging
the terms in (5.15) by writing

(5.16) T = Z <Cj - Z?ﬁ%j) T+ Zyibi>
J i i

we see that if the suppliers set prices in such a manner that a windfall remains on
the jth product even after the price adjustment, that is,

¢ — Zyiaij >0,
i
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then the production manager would be able to generate for the facility an arbitrarily
large windfall by producing a huge amount of the jth product (i.e., z; = 00). We
assume that this is unacceptable to the suppliers, and so they will determine their
price increases so that

Zyiaijzcj, i=12...,n.
7

Also, if the suppliers set the price increases too high so that the production facility
will lose money by producing product j, that is,

Cj — Zyiaij < 07
[

then the production manager would simply decide not to engage in that activity.
That is, she would set z; = 0. Hence, the first term in (5.16) will always be zero,
and so the optimization problem faced by the suppliers is to minimize

Z biyi
i
subject to the constraints that
Zyiaijzcjv j:1727"'7n7
i

>0,  i=12...,m.

This is precisely the dual of the production manager’s problem!

As we’ve seen earlier with the strong duality theorem, if the production man-
ager’s problem has an optimal solution, then so does the suppliers’ problem, and
the two objectives agree. This means than an equilibrium can be reestablished by
setting the production levels and the price hikes according to the optimal solutions
to these two linear programming problems.

10. Lagrangian Duality

The analysis of the preceding section is an example of a general technique that
forms the foundation of a subject called Lagrangian duality, which we shall briefly
describe.

Let us start by summarizing what we did. It was quite simple. The analysis
revolved around a function

T(T1, ey Ty Y1y ey Ym) = chfj - Zzyiaijmj + Z?szz
j i g i

To streamline notations, let x stand for the entire collection of variables x1, xo,
..., Z, and let y stand for the collection of y;’s so that we can write 7(z,y) in
place of (1, ..., Zpn, Y1, - -, Ym). Written with these notations, we showed in the
previous section that

max r;lzlgﬁ(x,y) = min max (2, y)-
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We also showed that the inner optimization could in both cases be solved explicitly,
that the max—min problem reduced to a linear programming problem, and that the
min—max problem reduced to the dual linear programming problem.

One could imagine trying to carry out the same program for functions 7 that
don’t necessarily have the form shown above. In the general case, one needs to
consider each step carefully. The max—min problem is called the primal problem,
and the min—max problem is called the dual problem. However, it may or may not
be true that these two problems have the same optimal objective values. In fact, the
subject is interesting because one can indeed state specific, verifyable conditions
for which the two problems do agree. Also, one would like to be able to solve the
inner optimizations explicitly so that the primal problem can be stated as a pure
maximization problem and the dual can be stated as a pure minimization problem.
This, too, is often doable. There are various ways in which one can extend the
notions of duality beyond the context of linear programming. The one just described
is referred to as Lagrangian duality. It is perhaps the most important such extension.

Exercises
In solving the following problems, the advanced pivot tool can be used to check
your arithmetic:
www.princeton.edu/~rvdb/JAVA/pivot/advanced.html
5.1 What is the dual of the following linear programming problem:

maximize x1 — 2o

subjectto  x1 + 229 — x3+ x4 > 0
4(L’1 + 31‘2 + 41’3 — 235‘4 < 3
—r1— X9 + 223+ x4 = 1

To, X3 Z 0.

5.2 Illustrate Theorem 5.2 on the problem in Exercise 2.9.
5.3 Illustrate Theorem 5.2 on the problem in Exercise 2.1.
5.4 Tllustrate Theorem 5.2 on the problem in Exercise 2.2.

5.5 Consider the following linear programming problem:

maximize 2x1 + 8ro — T3 — 214
subjectto 2z + 3xo +6xy < 6
—2x1 + 4x9 + 323 <15
3x1 + 2209 — 2w3 —4xy < 4
Z1, T2, T3, T4 > 0.
Suppose that, in solving this problem, you have arrived at the following
dictionary:
¢=3.5—0.25w; + 6.2529 — 0.bws — 1.524
1 =3.0— 0.5w; — 1.bxg — 3.0z4

we = 0.0 + 1.25w; — 3.25x5 — 1.5w3 + 13.524
r3 = 2.5 — 0.75w; — 1.2529 4+ 0.bwg — 6.5xy4 .


http://www.princeton.edu/~rvdb/JAVA/pivot/advanced.html
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5.6

5.7

5.8

5.9

5.10

5.11

5.12
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(a) Write down the dual problem.

(b) In the dictionary shown above, which variables are basic? Which are
nonbasic?

(c) Write down the primal solution corresponding to the given dictio-
nary. Is it feasible? Is it degenerate?

(d) Write down the corresponding dual dictionary.

(e) Write down the dual solution. Is it feasible?

(f) Do the primal/dual solutions you wrote above satisfy the comple-
mentary slackness property?

(g) Is the current primal solution optimal?

(h) For the next (primal) pivot, which variable will enter if the largest
coefficient rule is used? Which will leave? Will the pivot be degen-
erate?

Solve the following linear program:

maximize —x; — 2T9

subjectto —2z1 4+ Txe < 6
—3.’E1 + x9 é -1

9r1 —4dxs < 6

Tr1 — T2 < 1

7.131 — 31‘2 S 6

75.%1 + 2172 S -3
Ty, T2 Z 0.

Solve the linear program given in Exercise 2.3 using the dual-primal two-
phase algorithm.

Solve the linear program given in Exercise 2.4 using the dual-primal two-
phase algorithm.

Solve the linear program given in Exercise 2.6 using the dual-primal two-
phase algorithm.

Using today’s date (MMY'Y) for the seed value, solve 10 problems using
the dual phase I primal phase II simplex method:

www.princeton.edu/~rvdb/JAVA/pivot/dp2phase.html

Using today’s date (MMY'Y) for the seed value, solve 10 problems using
the primal phase I dual phase II simplex method:

www.princeton.edu/~rvdb/JAVA/pivot/pd2phase.html

For x and y in R, compute

o 4 m B
max min (x—y) an min max (z—y)

and note whether or not they are equal.


http://www.princeton.edu/~rvdb/JAVA/pivot/dp2phase.html
http://www.princeton.edu/~rvdb/JAVA/pivot/pd2phase.html
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5.13 Consider the following process. Starting with a linear programming prob-
lem in standard form,

n
maximize E CjT;
j=1

n
subject to Zaija:j <b; 1=1,2,....m
j=1

z; >0 j=12,...,n,

first form its dual:
m
minimize Z by
i=1

m

subject to Zyiaij > ¢ j=L12...,n
i=1

y; >0 1=1,2,...,m.

Then replace the minimization in the dual with a maximization to get a
new linear programming problem, which we can write in standard form
as follows:

m
maximize Z biyi
i=1
m
subject to Z —Yii; < —c¢; 7=12,....n
i=1
yi >0 1=1,2,...,m.

If we identify a linear programming problem with its data, (a;j,b;, ¢;),
the above process can be thought of as a transformation 7" on the space of
data defined by

(aij,biy ) = (=aji, —¢;,b;).

Let (*(ai;,b;,cj) denote the optimal objective function value of the
standard-form linear programming problem having data (a;j,b;,c;).
By strong duality together with the fact that a maximization dominates
a minimization, it follows that

C"(aij, bi, c5) < CF(—aji, —cj, by).

Now if we repeat this process, we get

(aij, b, c5)

NI I I
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and hence that

C*(aij, bi, cj)

VAN VAN VAN VAN
~y Yy N

*(Clij7 bi7 Cj)'

But the first and the last entry in this chain of inequalities are equal. There-
fore, all these inequalities would seem to be equalities. While this out-
come could happen sometimes, it certainly isn’t always true. What is the
error in this logic? Can you state a (correct) nontrivial theorem that fol-
lows from this line of reasoning? Can you give an example where the four
inequalities are indeed all equalities?

Consider the following variant of the resource allocation problem:
n
maximize Z CjT;
j=1

(5.17 "
) subject to Zaijxj < b; i=1,2,...,m
j=1

OSJJJ‘SU]‘ j:1,2,...,n.

As usual, the c;’s denote the unit prices for the products and the b;’s denote
the number of units on hand for each raw material. In this variant, the u;’s
denote upper bounds on the number of units of each product that can be
sold at the set price. Now, let’s assume that the raw materials have not
been purchased yet and it is part of the problem to determine the b;’s. Let
pi,t = 1,2,...,m denote the price for raw material ;. The problem then
becomes an optimization over both the ;’s and the b;’s:

n

m
maximize E CjTj — E pib;
i=1

Jj=1

I
—
N

n
subject to Z a;jr; —b; <0 1=1,2,...
j=1

0<z; <uy 7=12,...,n
b; >0 i=1,2

(a) Show that this problem always has an optimal solution.

(b) Let yf(b), i = 1,2,...,m, denote optimal dual variables for the
original resource allocation problem (5.17). Note that we’ve explic-
itly indicated that these dual variables depend on the b’s. Also, we
assume that problem (5.17) is both primal and dual non-degenerate
so the y;(b) is uniquely defined. Show that the optimal value of the
bi’s, call them b;’s, satisfy

yi () = pi-



EXERCISES 1
Hint: You will need to use the fact that, for resource allocation prob-
lems, we have a;; > 0 for all i, and all j.

5.15 Consider the following linear program:

n

maximize E DjT;

Jj=1
n

subject to quxj <p
j=1

z; <1 j=L12....n
x; >0 j=12,...,n.

Here, the numbers p;, j = 1,2,...,n are positive and sum to one. The
same is true of the ¢;’s:

> 4=1
j=1

q; > 0.
Furthermore, assume that
PL_P2_ _Pn
q1 q2 dn

and that the parameter § is a small positive number. Let & = min{j :
¢j+1+ -+ qn < B}. Letyo denote the dual variable associated with the
constraint involving /3, and let y; denote the dual variable associated with
the upper bound of 1 on variable ;. Using duality theory, show that the
optimal values of the primal and dual variables are given by

0 i<k
z; = ,B—QkJr;’:“'—qn i=k
1 1>k
Dk -
q;: J=0
0 0<j<k

Yj = _
%(%—%ﬂ i>k
See Exercise 1.3 for the motivation for this problem.

5.16 Diet Problem. An MIT graduate student was trying to make ends meet on
a very small stipend. He went to the library and looked up the
National Research Council’s publication entitled “Recommended Dietary
Allowances” and was able to determine a minimum daily intake quantity
of each essential nutrient for a male in his weight and age category. Let m
denote the number of nutrients that he identified as important to his diet,
and let b; for¢ = 1,2,...,m denote his personal minimum daily require-
ments. Next, he made a list of his favorite foods (which, except for pizza
and due mostly to laziness and ineptitude in the kitchen, consisted almost
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entirely of frozen prepared meals). He then went to the local grocery store
and made a list of the unit price for each of his favorite foods. Let us de-
note these prices as ¢; for 7 = 1,2,...,n. In addition to prices, he also
looked at the labels and collected information about how much of the crit-
ical nutrients are contained in one serving of each food. Let us denote by
a;; the amount of nutrient 7 contained in food j. (Fortunately, he was able
to call his favorite pizza delivery service and get similar information from
them.) In terms of this information, he formulated the following linear
programming problem:

n
minimize E Cjx;
Jj=1
n
subject to E a;jTj > b; i=1,2,...,m
Jj=1

z; >0 i=1,2,...,n.

Formulate the dual to this linear program. Can you introduce another
person into the above story whose problem would naturally be to solve
the dual?

Saddle points. A function h(y) defined for y € R is called strongly convex
if

o 1'(y)>0forally € R,

e lim, , . h(y) = —o0, and

e lim, . 1 (y) = cc.
A function h is called strongly concave if —h is strongly convex. Let
7(z,y), be a function defined for (x,y) € R? and having the following
form

m(z,y) = f(z) — 2y + g(y),

where f is strongly concave and g is strongly convex. Using elementary
calculus
1. Show that there is one and only one point (*,y*) € R? at which the
gradient of T,

_— [ 67r/83:}7

o /Oy

vanishes. Hint: From the two equations obtained by setting the
derivatives to zero, derive two other relations having the form r =
¢(x) and y = Y(y). Then study the functions ¢ and 1) to show that
there is one and only one solution.

2. Show that

. N
Iggﬁcggﬁﬂ(x,y) =7(z",y") = ggﬁrgggﬂx,y),
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where (2*, y*) denotes the “critical point” identified in Part 1 above.
(Note: Be sure to check the signs of the second derivatives for both
the inner and the outer optimizations.)
Associated with each strongly convex function 4 is another function, called
the Legendre transform of h and denoted by L, defined by

Ln(2) = max(zy —h(y)),  z€R.

3. Using elementary calculus, show that L;, is strongly convex.
4. Show that

3 f— - L
I;lgﬂ%( qulelﬁ 7(x,y) Tﬂ{leaﬂéi(f(x) q(x))

and that
3 = i L— - .
g mage(@y) = 2o + Los(-v)

5. Show that the Legendre transform of the Legendre transform of a
function is the function itself. That is,

Ly, (2) = h(2) forall z € R.

Hint: This can be proved from scratch but it is easier to use the result
of Part 2 above.

Notes

The idea behind the strong duality theorem can be traced back to conversations
between G.B. Dantzig and J. von Neumann in the fall of 1947, but an explicit state-
ment did not surface until the paper of Gale et al. (1951). The term primal problem
was coined by G.B. Dantzig’s father, T. Dantzig. The dual simplex method was first
proposed by Lemke (1954).

The solution to Exercise 5.13 (which is left to the reader to supply) suggests that
arandom linear programming problem is infeasible with probability 1/4, unbounded
with probability 1/4, and has an optimal solution with probability 1/2.
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