CHAPTER 8

Implementation Issues

In the previous chapter, we rewrote the simplex method using matrix notation.
This is the first step toward our aim of describing the simplex method as one would
implement it as a computer program. In this chapter, we shall continue in this direc-
tion by addressing some important implementation issues.

The most time-consuming steps in the simplex method are the computations

Axp = B~ Ne; and Azy = —(B7IN)Te;,
and the difficulty in these steps arises from the B~!. Of course, we don’t ever

actually compute the inverse of the basis matrix. Instead, we calculate, say, Az by
solving the following system of equations:

(8.1) BAzg = aj,
where
aj = Nej
is the column of N associated with nonbasic variable x ;.
Similarly, the calculation of Azys is also broken into two steps:

(8.2) BTy = e,
Azy = —NTo.

Here, the first step is the solution of a large system of equations, this time involving
BT instead of B, and the second step is the comparatively trivial task of multiplying
a vector on the left by the matrix — N7

Solving the systems of equations (8.1) and (8.2) is where most of the com-
plexity of a simplex iteration lies. We discuss solving such systems in the first two
sections. In the second section, we look at the effect of sparsity on these systems.
The next few sections explain how to reuse and/or update the computations of one
iteration in subsequent iterations. In the final sections, we address a few other issues
that affect the efficiency of an implementation.

1. Solving Systems of Equations: LU-Factorization
In this section, we discuss solving systems of equations of the form
Bx =0,
where B is an invertible m X m matrix and b is an arbitrary m-vector. (Analysis of

the transpose BTz = b is left to Exercise 8.4.) Our first thought is to use Gaussian
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elimination. This idea is correct, but to explain how Gaussian elimination is actually
implemented, we need to take a fresh look at how it works. To explain, let us
consider an example:

2 4 -2

3 1 1
B=|-1 -1 -2
-1 —6
1 4

(Note that, to emphasize the importance of sparsity, zero entries are simply left
blank.) In Gaussian elimination, one begins by subtracting appropriate multiples
of the first row from each subsequent row to get zeros in the first column below
the diagonal. For our specific example, we subtract 3/2 times the first row from
the second row and we subtract —1/2 times the first row from the third row. The
result is

2 4 -2
1-6 1 3

1 -3

-1 —6

1 4

Shortly, we will want to remember the values of the nonzero elements in the first
column. Therefore, let us agree to do the row operations that are required to elimi-
nate nonzeros, but when we write down the result of the elimination, we will leave
the nonzeros there. With this convention, the result of the elimination of the first
column can be written as

Note that we have drawn a line to separate the eliminated top/left parts of the matrix
from the uneliminated lower-right part.

Next, we eliminate the nonzeros below the second diagonal (there’s only one)
by subtracting an appropriate multiple of the second row from each subsequent row.
Again, we write the answer without zeroing out the eliminated elements:
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After eliminating the third column, we get

2 4 -2
3 1-6 1 3
-1 1 -3

-1 -6/ 1-21
1 7

Now, the remaining uneliminated part is already an upper triangular matrix, and
hence no more elimination is required.

At this point, you are probably wondering how this strangely produced matrix
is related to the original matrix B. The answer is both simple and elegant. First, take
the final matrix and split it into three matrices: the matrix consisting of all elements
on or below the diagonal, the matrix consisting of just the diagonal elements, and
the matrix consisting of all elements on or above the diagonal. It is amazing but
true that B is simply the product of the resulting lower triangular matrix times the
inverse of the diagonal matrix times the upper triangular matrix:

-1

2 2 2 4 -2

3 1 1 1-6 1 3
B=|-1 1 1 1 -3
-1-6 1 1 1 -21

1 7 7 7

(If you don’t believe it, multiply them and see.) Normally, the product of the lower
triangular matrix and the diagonal matrix is denoted by L,

2 2 - 1
3 1 1 31
L=1]-1 1 1 = _% 1 ,
—-1-6 1 1 ~1-6 1
1 7 7 1 1

2 4 -2
1-6 1 3
U= 1 -3
1 -21
7
The resulting representation,
B =1LU,

is called an LU -factorization of B. Finding an LU-factorization is equivalent to
Gaussian elimination in the sense that multiplying B on the left by L' has the
effect of applying row operations to B to put it into upper-triangular form U.
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The value of an LU-factorization is that it can be used to solve systems of
equations. For example, suppose that we wish to solve equation (8.1), where B is
as above and

7
-2
(8.3) aj = 0
3
0
First, we substitute LU for B so that the system becomes
LUAzp = aj;.

Now, if we let y = U Ax g, then we can solve
Ly=15b
for y, and once y is known, we can solve
UAxg =1y

for Ax . Because L is lower triangular, solving Ly = b is easy. Indeed, writing the
system out,

1 Y1 7

% 1 Yo -2
-3 1 Y3 = 0 )

~1-6 1 Ya 3

1 1 Ys 0

we notice immediately that y; = 7. Then, given y;, it becomes clear from the
second equation that y, = —2 — (3/2)y; = —25/2. Continuing in this way, we find
that

7
U1 _25
2
Y2 7
Y3 = 2
23
Y4 %
Ys 7
2

The process of successively solving for the elements of the vector y starting with
the first and proceeding to the last is called forward substitution.

Of course, solving UAzp = y is easy too, since U is upper triangular. The
system to solve is given by

2 4 -2 Az 25
1-6 1 3 Az 72

1 -3 Azs = 2

1 —21 Azy 23

7 A$5 2

|
[CIEN
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(note that, to keep notations simple, we are assuming that the basic indices are 1
through 5 so that Azp = (Ax1, Azg, Axs, Axy, Azs)). This time we start with
the last equation and see that Axs = —1/2. Then the second to last equation tells
us that Azy = 23/2 4+ 21(Axs) = 1. After working our way to the first equation,
we have

Al’l -1
Axg 0
Arg= | Azz | = 2
ASC4 1
Al’5 7%

This process of working from the last element of Azp back to the first is called
backward substitution.

2. Exploiting Sparsity

In the previous section, we took a specific matrix B and constructed an LU
factorization of it. However, with that example we were lucky in that every diagonal
element was nonzero at the moment it was used to eliminate the nonzeros below
it. Had we encountered a zero diagonal element, we would have been forced to
rearrange the columns and/or the rows of the matrix to put a nonzero element in this
position. For a random matrix (whatever that means), the odds of encountering a
zero are nil, but a basis matrix can be expected to have plenty of zeros in it, since,
for example, it is likely to contain columns associated with slack variables, which
are all zero except for one 1. A matrix that contains zeros is called a sparse matrix.

When a sparse matrix has lots of zeros, two things happen. First, the chances of
being required to make row and/or column permutations is high. Second, additional
computational efficiency can be obtained by making further row and/or column per-
mutations with the aim of keeping L and/or U as sparse as possible.

The problem of finding the “best” permutation is, in itself, harder than the lin-
ear programming problem that we ultimately wish to solve. But there are simple
heuristics that help to preserve sparsity in L and U. We shall focus on just one
such heuristic, called the minimum-degree ordering heuristic, which is describe as
follows:

Before eliminating the nonzeros below a diagonal “pivot” el-
ement, scan all uneliminated rows and select the sparsest row,
i.e., that row having the fewest nonzeros in its uneliminated part
(ties can be broken arbitrarily). Swap this row with the pivot
row. Then scan the uneliminated nonzeros in this row and select
that one whose column has the fewest nonzeros in its unelim-
inated part. Swap this column with the pivot column so that
this nonzero becomes the pivot element. (Of course, provisions
should be made to reject such a pivot element if its value is close
to zero.)
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As a matter of terminology, the number of nonzeros in the uneliminated part of
a row/column is called the degree of the row/column. Hence, the name of the
heuristic.

Let’s apply the minimum-degree heuristic to the LU -factorization of the matrix
B studied in the previous section. To keep track of the row and column permuta-
tions, we will indicate original row indices on the left and original column indices
across the top. Hence, we start with:

1 2 3 4 5
1 2 4 -2
2 3 1 1
B= 3 -1 -1 —2
4 -1 —6
5 1 4

To begin, row 4 has the fewest nonzeros, and within row 4, the —1 in column 2
belongs to the column with the fewest nonzeros. Hence, we swap rows 1 and 4 and
we swap columns 1 and 2 to rewrite B as

2 1 3 4 5

4 -1 —6
2 1 3 1

B= 3 -1 -1 -2
1 4 —2
) 1 4

Now, we eliminate the nonzeros under the first diagonal element (and, as before, we
leave the eliminated nonzeros as they were). The result is

2 1 3 4 5

4 -1 —6
2 3 1 -6
3 -1 -1 -2
1 2 4 -2
) 1 4

Before doing the elimination associated with the second diagonal element, we
note that row 5 is the row with minimum degree, and within row 5, the element 1 in
column 3 has minimum column degree. Hence, we swap rows 2 and 5 and we swap
columns 1 and 3 to get

O — O Ul A
|
—
|
—
|
)
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Now we eliminate the nonzeros under the second diagonal element to get

2 3 1 4 5
-1 —6

N = W Ul

For the third stage of elimination, note that row 3 is a minimum-degree row and
that, among the nonzero elements of that row, the —1 is in a minimum-degree col-
umn. Hence, for this stage no permutations are needed. The result of the elimination

18
2 3 1 4 5

4 -1 —6
5 1 4
3 -1 -1 2
1

4 2 —14
1 3 1

For the next stage of the elimination, both of the remaining two rows have the
same degree, and hence we don’t need to swap rows. But we do need to swap
columns 5 and 4 to put the —14 into the diagonal position. The result of the swap is

2 3 1 5 4

[\)

4 -1 —6
) 1 4
3 -1 -1 2
1 4  2|-14
2 1 3 1

At this point, we notice that the remaining 2 X 2 uneliminated part of the matrix
is already upper triangular (in fact, diagonal), and hence no more elimination is
needed.

With the elimination completed, we can extract the matrices L and U in the
usual way:

4 [ -1 -1
5 1 1
L="3 -1 -1 -1
1 4 2-14 -
2 | 1 3 1] 1
4 [ 1 1
_ 5 1
3 -1 1 ’
1 4 -2 1
2 | -1 -3 1]
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and
2 3 1 5 4
-1 —6
1 4
U= -1 2
—14

(Note that the columns of L and the rows of U do not have any “original” indices
associated with them, and so no permutation is indicated across the top of L or down
the left side of U.)

This LU -factorization has five off-diagonal nonzeros in L and three off-diagonal
nonzeros in U for a total of eight off-diagonal nonzeros. In contrast, the LU fac-
torization from the previous section had a total of 12 off-diagonal nonzeros. Hence,
the minimum-degree ordering heuristic paid off for this example by reducing the
number of nonzeros by 33 %. While such a reduction may not seem like a big deal
for small matrices such as our 5 x 5 example, for large matrices the difference can
be dramatic.

The fact that we have permuted the rows and columns to get this factoriza-
tion has only a small impact on how one uses the factorization to solve systems of
equations. To illustrate, let us solve the same system that we considered before:
BAzp = aj, where a; is given by (8.3). The first step in solving this system is to
permute the rows of a; so that they agree with the rows of L and then to use forward
substitution to solve the system Ly = a;. Writing it out, the system looks like this:

5 1 Yo 5 0
3 -1 1 ys | = 3 0
1 4 -2 1 Ya 1 7
2 -1 -3 1 | U5 2 | =2
The result of the forward substitution is that
(1 3
Y2 0
8.4) ys | =10
Ya 7
Ys 1

The next step is to solve the system UAxpi = y. Writing this system out, we get

2 3 1 5 4

-1 —6 2 A.I'Q 3
1 4 3 | Azxs 0

—14 5 | Azs 7

1| 4 | Axy 1
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Using backward substitution, we see that

2 kag 0
3 AJ}?, 2
1 Aﬂj‘l = -1
5 A:ZE5 —%
4 Z&$4 1

Finally, we rewrite the solution listing the elements of Axp in their original order:

Axl -1
Z&$2 0
Arg= | Azsz | = 2
Z&$4 1
A$5 —%

Of course, the answer obtained here agrees with the one obtained at the end of the

previous section.

Even with good fill-in minimizing heuristics such as minimum-degree, the LU -
factorization remains a significant computational bottleneck. To see why, consider
for the moment dense matrices. If we were to write a subroutine to carry out an
LU -factorization, we would find that the main body of the routine would have a big
triply nested loop:

for each column index j {
for each remaining row index i ({
for each remaining column index k {
update the (i,k) entry in accordance with
the aim to make the (i,j) entry be zero

Since each of these loops involves approximately m steps, the LU-factorization
routine requires about m? operations and hence is called an order m? algorithm.
Similar considerations tell us that the forward and backward substitutions are both
order m? algorithms. This means that forward and backward substitution can be
done much faster than LU-factorization. Indeed, if m = 5,000, then factorization
takes a couple of 1,000 times longer than a forward or backward substitution. Of
course, this argument is for dense matrices. But for sparse matrices a similar, if less
dramatic, effect is seen. Typically, for sparse matrices, one expects that factorization
will take from 10 to 100 times longer than substitution. Therefore, it is important to
perform as few LU -factorizations as possible. This is the subject of the next section.

3. Reusing a Factorization

In the previous two sections, we showed how to use an LU -factorization of B
to solve the system of equations

BAzg = a;
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for the primal step direction Az . Since the basis matrix doesn’t change much from
one iteration of the simplex method to the next (columns get replaced by new ones
one at a time), we ask whether the LU -factorization of B from the current iteration
might somehow be used again to solve the systems of equations that arise in the next
iteration (or even the next several iterations).

Let B denote the current basis (for which a factorization has already been com-
puted) and let B denote the basis of the next iteration. Then B is simply B with
the column that holds the column vector a; associated with the leaving variable x;
replaced by a new column vector a; associated with the entering variable x;. This
verbal description can be converted into a formula:

(8.5) B =B+ (aj —a;)e} .

Here, as before, e; denotes the vector that is all zeros except for a one in the position
associated with index +—to be definite, let us say that this position is the pth position
in the vector. To see why this formula is correct, it is helpful to realize that a column
vector, say a, times eiT produces a matrix that is all zero except for the pth column,
which contains the column vector a.

Since the basis B is invertible, (8.5) can be rewritten as

B=DB(I+B 'a; —a;)el).
Denote the matrix in parentheses by . Recall that a; = Nej, since it is the column
vector from A associated with the entering variable x ;. Hence,
B_laj = B_lNej = Auxpg,
which is a vector we need to compute in the current iteration anyway. Also,
B7la; = e,
since a; is the column of B associated with the leaving variable x;. Therefore, we
can write £/ more simply as

E =1+ (Azp —e;)el.
Now, if I has a simple inverse, then we can use it together with the LU -factorization

of B to provide an efficient means of solving systems of equations involving B. The
following proposition shows that I does indeed have a simple inverse.

PROPOSITION 8.1. Given two column vectors u and v for which 1 4+ vTu # 0,

U,’UT

10Ty
PROOF. The proof is trivial. We simply multiply the matrix by its supposed
inverse and check that we get the identity:

(I+ UUT)_l =7

T T T, T
uv uv uv’ uv
T+wT) (-2 ) —T1+w® - -
(I+uw )( 1—|—vTu) v 1+vTu 1407w
1 vl
=1 (11— —
v < 1+vTu 1+UTU)

:I7
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where the last equality follows from the observation that the parenthesized expres-
sion vanishes. ]

The identity in Proposition 8.1 may seem mysterious, but in fact it has a simple
derivation based on the explicit formula for the sum of a geometric series:

Zg‘]:ié_, f0r|£|<1
7=0

This is an identity for real numbers, but it also holds for matrices:

in = (I_X)71>

Jj=0

provided that the absolute value of each of the eigenvalues of X is less than one (we
don’t prove this here, since it’s just for motivation). Assuming, for the moment, that
the absolute values of the eigenvalues of uv” are less than one (actually, all but one
of them are zero), we can expand (I + uvT)’l in a geometric series, reassociate
products, and collapse the resulting geometric series to get

(I + uvT)il =1 —w! + (uw?) () — (v (uo™) (uv) + - - -

=71 —w? +uwTu)? —u@Tu) (T u)? +---

=I—u(l—v"u+ (@u)?—-)v"
1
Sy —
T oTy”
B uv?
1+ 0T’

where the last equality follows from the fact that 1/(1 + v7'u) is a scalar and there-
fore can be pulled out of the vector/matrix calculation.
Applying Proposition 8.1 to matrix E, we see that

(Azp — ei)eiT
1+ el (Azg —e)
(Azp — ei)eiT

A.l?i

- ijl -

E7' =

= J -

_ AZL’jp7 1
A:Ei
1
A:L‘i

AZJ'
— " Iptl

Azj,
L T T An; 1 _
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Now, let’s look at the systems of equations that need to be solved in the next
iteration. Using tildes to denote items associated with the next iteration, we see that
we need to solve

BA@B = d]‘ and BTf} = éi
(actually, we should probably put the tilde on the j instead of the a; and on the ¢
instead of the e;, but doing so seems less aesthetically appealing, even though it’s
more correct). Recalling that B = BE, we see that the first system is equivalent to

BEAzp = aj,
which can be solved in two stages:
Bu = aj;,
EAZpz = u.

Of course, the second system (involving F) is trivial, since we have an explicit
formula for the inverse of E:

Aig = E
Usg
= Uu — M(A:CB — 67;)

(where, in keeping with our tradition, we have used u; to denote the element of u
associated with the basic variable z;—that is, u; is the pth entry of w).
The system involving B7 is handled in the same manner. Indeed, first we
rewrite it as
ETBTp = ¢

and then observe that it too can be solved in two steps:

ETU = éi7

BTo =u.
This time, the first step is the trivial one':

u=E"T¢
(ASC B — 6i)Téi
AI,L' '

Note that the fraction in the preceding equation is a scalar, and so this final expres-
sion for u shows that it is a vector with at most two nonzeros—that is, the result is
utterly trivial even if the formula looks a little bit cumbersome.

We end this section by returning briefly to our example. Suppose that B is B
with column 3 replaced by the vector a; given in (8.3). Suppose that

i=[ 5 0 0o o0 —1]".

=€ —¢€

To solve BA:%B = a;, we first solve Bu = a; using our LU-factorization of B.
The result of the forward and backward substitutions is

1Occasionally we use the superscript —7" for the transpose of the inverse of a matrix. Hence,
E-T =(E-HT.
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wu=[ 0 3 1 -3 11"
Next, we solve for AZg = E~1u:
- g -
0 1 0 ;
U 3 1 0 0
AZp :u—A—S(A:pB—eg) = 1 ~3 2|1 —-11 = :
3 -3 1 0 7
1 1
—32 —3 0 :
L —7

Of course, it is easy to check that we have gotten the correct answer: simply multiply
B times AZp and check that it equals ;. It does.

4. Performance Tradeoffs

The idea of writing the next basis as a product of the current basis times an
easily invertible matrix can be extended over several iterations. For example, if we
look k iterations out, we can write

By = BoFEoEy - Ejp_1.

If we have an LU-factorization of By and we have saved enough information to
reconstruct each E;, then we can use this product to solve systems of equations
involving Bj.

Note that in order to reconstruct £, all we need to save is the primal step
direction vector A:E{g (and an integer telling which column it goes in). In actual
implementations, these vectors are stored in lists. For historical reasons, this list
is called an eta-file (and the matrices E; are called eta matrices). Given the LU-
factorization of By and the eta-file, it is an easy matter to solve systems of equations
involving either B or B”. However, as k gets large, the amount of work required
to go through the entire eta-file begins to dominate the amount of work that would
be required to simply form a new LU -factorization of the current basis. Hence, the
best strategy is to use an eta-file but with periodic refactorization of the basis (and
accompanied purging of the eta-file).

The question then becomes: how often should one recompute a factorization
of the current basis? To answer this question, suppose that we know that it takes F’
arithmetic operations to form an LU -factorization (of a typical basis for the problem
at hand), S operations to do one forward/backward substitution, and E' operations
to multiply by the inverse of one eta-matrix. Then the number of operations for
the initial iteration of the simplex method is F' + 2.5 (since we need to do an LU-
factorization and two forward/backward substitutions—one for the system involving
the basis and the other for the system involving its transpose). Then, in the next
iteration, we need to do two forward/backward substitutions and two eta-inverse
calculations. Each subsequent iteration is the same as the previous, except that there
are two extra eta-inverse calculations. Hence, the average number of arithmetic
operations per iteration if we refactorize after every K iterations is
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:%((F+25)+2(5+E)+2(5+2E)

+ 425+ (K —1)E))

T(K)

1
= _—_F+2 K —1)E.
% +254( )

Treating K as a real variable for the moment, we can differentiate this expression
with respect to K, set the derivative equal to zero, and solve for K to get an estimate

for the optimal choice of K:
| F
K=1/—=.
E

As should be clear from our earlier discussions, E is of order m and, if the basis
matrix is dense, F' is of order m?. Hence, for dense matrices, our estimates would
indicate that refactorizations should take place every m iterations or so. However,
for sparse matrices, ' will be substantially less that m3—more like a constant times
m2—which would indicate that refactorizations should occur on the order of every
\/m iterations. In practice, one typically allows the value of K to be a user-settable
parameter whose default value is set to something like 100.

5. Updating a Factorization

There is an important alternative to the eta-matrix method for reusing an LU -
factorization, which we shall describe in this section and the next. As always, it
is easiest to work with an example, so let’s continue with the same example we’ve
been using throughout this chapter.

Recall that the matrix B is simply B with its third column replaced by the
vector a; given in (8.3):

1 2 3 4 5 2 3 1 5 4
1 2 7 -2 4 -1 3 —6
~ 2 3 1] =2 1 ) 4
B = 3 -1 -2 3 -1 -2
4 -1 3 —6 1 W2 =2

5 4 2 1| =21 3 1

(Note that we’ve highlighted the new column by putting a box around it.)

Since L='B = U and B differs from B in only one column, it follows that
L~ B coincides with U except for the column that got changed. And, since this
column got replaced by a;, it follows that this column of L~!B contains L~1a;,
which we’ve already computed and found to be given by (8.4). Hence,

2 3 1 5 4
-1 3 —6
4

CUR W N
|
—_
N

(8.6) L 'B

\]
\
—_
=

—_
—_
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As we saw before, the columns of L have no “original” indices to relate back to, and
so one can simply take them to be numbered in natural order. The same is then true
for the rows of L~! and hence for the rows of L~'B. That is why the rows shown
above are numbered as they are. We’ve shown these numbers explicitly, since they
are about to get permuted.

The boxed column in (8.6) is called a spike, since it has nonzeros below the
diagonal. The 4 x 4 submatrix constructed from rows 2 through 5 and columns 3,
1, 5, and 4 is called the bump. To get this matrix back into upper-triangular form,
one could do row operations to eliminate the nonzeros in the spike that lie below the
diagonal. But such row operations could create fill-in anywhere in the bump. Such
fill-in would be more than one would like to encounter. However, consider what
happens if the spike column is moved to the rightmost column of the bump, shifting
the other columns left one position in the process, and if the top row of the bump
(i.e., row 2) is moved to the bottom of the bump, shifting the other bump rows up
by one. The result of these permutations is

1 [ -1 —6 3
53 1 2
L7B= —14 7

5 11

2 4

(For future reference, we’ve boxed the bump.) In general, the effect of this permu-
tation is that the column spike gets replaced by a row spike along the bottom row of
the bump:

¥ ¥ X ¥ ¥ ¥ ¥ ¥ X

* ¥ ¥ ¥

¥ ¥ ¥ ¥ ¥

O I

* ¥ ¥ ¥ ¥ ¥ X

¥ ¥ ¥ X X ¥ ¥ ¥

¥ ¥ X X K ¥ X ¥ ¥

* ¥ K X K X ¥ ¥ X X

¥ X K X X X X X X ¥ ¥
|

* ¥ X ¥

* ¥ ¥ ¥ ¥

¥ ¥ ¥ ¥ ¥ ¥

* ¥k X ¥ * X X

¥ ¥ X X ¥ ¥ ¥ ¥ *

* X X X X X ¥ ¥ ¥

EE T R T

* Ok K X K X X X X ¥ X

Now any fill-in produced by row operations is confined to the spike row. In our
example, there is only one nonzero in the spike row, and to eliminate it we need to
add 2/7 times row 4 to it. This row operation can be represented algebraically as
multiplication on the left by the matrix

1

o
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That is,
2 1 5 4 3
1 -1 —6 3
N1 3 -1 2
EL B = 4 —14 7
5 1 1
2 2

If we denote the new upper triangular matrix by U, then, solving for B, we get the
following factorization of B:

B=LE'U.

We can use this new factorization to solve systems of equations. For example,
to solve

BAip = a;,
we first solve
8.7) Ly = a;
for y. Then, given y, we compute
2= By,
and finally we solve
UAip =z

for Azg. It is clear from the following chain of equalities that these three steps
compute AZg:

Ai‘B = Uﬁlz = UilENIy = [NJilENLil&j = Bila/j-

For our example, we use forward substitution to solve (8.7) for y. The result is

1 0 1 0
2 | -1 3| -1
y=3 | 1| = 4 7
4 7 5 | -3
5 | -3 2 | -1

w
I
s
<
I

DO T W
\]
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Finally, backward substitution using U is performed to compute AZ:
2 1 5 4 3

1 -1 —6 31 2 1 0
3 -1 2 1 3| -1
4 —14 71 51?7 = 4 7
5 1 1| 4 51 -3
2 2| 3 2 1
The result of the backward substitution is

r 37 1

2 . 1 2

1 2 2 3

Aig = 5 | =3 | = 3 L,

4 7 4 T

L 50

5 4

which agrees with the solution we éot before using eta-matrices.
6. Shrinking the Bump

There is an important enhancement to the factorization updating technique de-
scribed in the previous section. After permuting rows and columns converting the
spike column into a spike row, we can exploit the fact that the spike row is often
very sparse (coming as it does from what was originally the top row of the bump)
and do further row and column permutations to reduce the size of the bump. To see
what we mean, let’s look at our example. First, we note that the leftmost element
of the spike row is zero (and hence that the left column of the bump is a singleton
column). Therefore, we can simply declare that this column and the corresponding
top row do not belong to the bump. That is, we can immediately reduce the size of
the bump by one:

2 1 5 4 3

1 -1 —6 3
3 -1 2
4 —14 7
) 1 1
2 4

This idea can be extended to any column that has a single nonzero in the bump.
For example, column 4 is a singleton column too. The trick now is to move this
column to the leftmost column of the bump, pushing the intermediate columns to
the right, and to apply the same permutation to the rows. After permuting the rows
and columns like this, the bump can be reduced in size again:

2 1 4 5 3
-1 -6 3
-1 2

—14

N = Ot W =
—
EN{E
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Furthermore, this reduction in the bump causes a new singleton column to appear
(since a singleton need only be a singleton within the bump), namely, column 3.
Hence, we permute once again. This time just the column gets permuted, since the
singleton is already in the correct row. The bump gets reduced in size once again,
now to a 1 x 1 bump, which is not really a bump at all:

2 1 4 3 5

1 -1 3 —6
3 -1 2
5 1 1

4 7 —14

\V]

Note that we have restored upper triangularity using only permutations; no row
operations were needed. While this doesn’t always happen, it is a common and
certainly welcome event.

Our example, being fairly small, doesn’t exhibit all the possible bump-reducing
permutations. In addition to looking for singleton columns, one can also look for
singleton rows. Each singleton row can be moved to the bottom of the bump. At the
same time, the associated column is moved to the right-hand column of the bump.
After this permutation, the right-hand column and the bottom row can be removed
from the bump.

Before closing this section, we reiterate a few important points. First, as the
bump gets smaller, the chances of finding further singletons increases. Also, with
the exception of the lower-right diagonal element of the bump, all other diagonal
elements are guaranteed to be nonzero, since the matrix U from which U is derived
has this property. Therefore, most bump reductions apply the same permutation to
the rows as to the columns. Finally, we have illustrated how to update the factoriza-
tion once, but this technique can, of course, be applied over and over. Eventually,
however, it becomes more efficient to refactorize the basis from scratch.

7. Partial Pricing

In many real-world problems, the number of constraints m is small compared
with the number of variables n. Looking over the steps of the primal simplex
method, we see that the only steps involving n-vectors are Step 2, in which we
pick a nonbasic variable to be the entering variable,

pick j € {j € N1 27 <0}
Step 6, in which we compute the step direction for the dual variables,
Az = —(B7'N)Tey:
and Step 8, in which we update the dual variables,
Zhr < Zn — SAzZ.

Scanning all the nonbasic indices in Step 2 requires looking at n candidates. When
n is huge, this step is likely to be a bottleneck step for the algorithm. However,
there is no requirement that all indices be scanned. We could simply scan from
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the beginning and stop at the first index j for which 27 is negative (as in Bland’s
rule). However, in practice, it is felt that picking an index j corresponding to a very
negative z; produces an algorithm that is likely to reach optimality faster. Therefore,
the following scheme, referred to as partial pricing is often employed. Initially, scan
only a fraction of the indices (say n/3), and set aside a handful of good ones (say,
the 40 or so having the most negative z77). Then use only these 40 in Steps 2, 6,
and 8 for subsequent iterations until less than a certain fraction (say, 1/2) of them
remain eligible. At this point, use (6.8) to compute the current values of a new batch
of n/3 nonbasic dual variables, and go back to the beginning of this partial pricing
process by setting aside the best 40. In this way, most of the iterations look like they
only have 40 nonbasic variables. Only occasionally does the grim reality of the full
huge number of nonbasic variables surface.

Looking at the dual simplex method (Figure 6.1), we see that we aren’t so lucky.
In it, vectors of length n arise in the max-ratio test:

-1
AZJ'
t = | max —=
JEN z;

. . AZj
pick j € argmaxj€N7.
J
Here, the entire collection of nonbasic indices must be checked; otherwise, dual
feasibility will be lost and the algorithm will fail. Therefore, in cases where n is
huge relative to m and partial pricing is used, it is important not to use the dual
simplex method as a Phase I procedure. Instead, one should use the technique of
adding artificial variables as we did in Chapter 2 to force an initial feasible solution.

8. Steepest Edge

In Chapter 4, we saw that one of the drawbacks of the largest-coefficient rule
is its sensitivity to the scale in which variables are quantified. In this section, we
shall discuss a pivot rule that partially remedies this problem. Recall that each step
of the simplex method is a step along an edge of the feasible region from one vertex
to an adjacent vertex. The largest coefficient rule picks the variable that gives the
largest rate of increase of the objective function. However, this rate of increase is
measured in the “space of nonbasic variables” (we view the basic variables simply
as dependent variables). Also, this space changes from one iteration to the next.
Hence, in a certain respect, it would seem wiser to measure the rate of increase in
the larger space consisting of all the variables, both basic and nonbasic. When the
rate of increase is gauged in this larger space, the pivot rule is called the steepest-
edge rule. It is the subject of this section.

Fix a nonbasic index j € A. We wish to consider whether z; should be the
entering variable. If it were, the step direction vector would be

Azr = { Az } = [ —B7'Ne }
Az e;
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This vector points out along the edge corresponding to the pivot that would result
by letting x; enter the basis. As we know, the objective function is

f(x) =z = chap + chan.
The derivative of f(x) in the direction of Az is given by

af r Ax cEArp + cf;AxN

= C =
OAx |Az] |Az]

The numerator is easy (and familiar):

cEAxp + ch Ay = ¢j — cs B Ne;
= (en — (BilN)TCB)j

-
= Z]'

The denominator is more troublesome:
[Az|? = |Azg]|* + 1= ||B~'Nej[|* + 1.

To calculate B~ Ne; for every j € N is exactly the same as computing the matrix
B~ N, which (as we’ve discussed before) is time consuming and therefore a com-
putation we wish to avoid. But it turns out that we can compute B~! Ne; for every
J € N once at the start (when B is essentially, if not identically, an identity matrix)
and then update the norms of these vectors using a simple formula, which we shall
now derive.
Let
vp = || B~ ' Neg|?, keN.

Suppose that we know these numbers, we use them to perform one step of the sim-
plex method, and we are now at the beginning of the next iteration. As usual, let
us denote quantities in this next iteration by putting tildes on them. For example,
B denotes the new basis matrix. As we’ve seen before, B is related to B by the
equation B = BE, where

(Azp —e;)el

Bl =1~ Ax;
Now, let’s compute the new v values:
U = afB_TE_lak
=alBTETE'B
88)  =afB7T (I - —ei(Afx: ei)T) (I - (AxBA;ji)eiT) B~ ay.
Recall from (8.2) that we must compute
v=BT¢

in the course of the old iteration. If, in addition, we compute

w = BiTA.TB
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then, expanding out the product in (8.8) and expressing the resulting terms using v
and w, we get the following formula for quickly updating the old v’s to the new v’s:

T 2
. a; v(w —v)"ag 7 oAz — el
= — 2k oy (qTy)2 i
bk Az; (akv) (Az;)?
Recent computational studies using this update formula have shown that the steepest-

edge rule for choosing the entering variable is competitive against, if not superior
to, other pivot rules.

)T

Exercises

8.1 (a) Without permuting rows or columns, compute the LU -factorization

of
2 5 6
1 1 3 9 6
(8.9) B = 2 6 4
4 1
-1 -3 -1
(b) Solve the system BAzg = a; where
0
2
Clj = 1
3
0

(c) Suppose that B is B with its second column replaced by a;. Solve
the system BAZg = a; where

using the eta-matrix method.

(d) Solve the system BAzg = a; again, this time using the factorization
updating method.

8.2 Use the minimum-degree ordering heuristic to find an LU -factorization
of the matrix B given by (8.9).

8.3 A permutation matrix is a matrix of zeros and ones for which each row
has one 1 and each column has one 1.
(a) Let B be an m x m matrix, and let P be a permutation matrix. Show
that PB is a matrix obtained by permuting the rows of B and that
BP is a matrix obtained by permuting the columns of B. Are the
two permutations the same?
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(b) Show that every permutation of the rows of a matrix B corresponds
to multiplying B on the left by a permutation matrix.
(c) Show that for any permutation matrix P,

p~t=pT.
8.4 Explain how to use the factorization B = LU to solve

BTz =0b.

Notes

Techniques for exploiting sparsity in matrix factorization have their roots in the
paper by Markowitz (1957). A few standard references on matrix factorization are
the books of Duff et al. (1986), Golub and VanLoan (1989), and Gill et al. (1991).
The eta-matrix technique given in Section 8.3 for using an old basis to solve systems
of equations involving the current basis was first described by Dantzig and Orchard-
Hayes (1954). The factorization updating technique described in Section 8.5 is the
method given by Forrest and Tomlin (1972). The bump reduction techniques of
Section 8.6 were first introduced by Saunders (1973) and Reid (1982). The steepest-
edge pivoting rule is due to Goldfarb and Reid (1977). A similar rule, known as
Devex, was given by Harris (1973).
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