CHAPTER 9

Problems in General Form

Up until now, we have always considered our problems to be given in standard
form. However, for real-world problems it is often convenient to formulate problems
in the following form:

maximize e
9.1) subjectto a < Ax < b
Il < z< u.

Two-sided constraints such as those given here are called constraints with ranges.
The vector [ is called the vector of lower bounds, and wu is the vector of upper
bounds. We allow some of the data to take infinite values; that is, for each i =
1,2,...,m,

—o00 < a; < b < oo,
and, foreachj =1,2,...,n,

—o00 <[ < uy < oo.
In this chapter, we shall show how to modify the simplex method to handle problems
presented in this form.

1. The Primal Simplex Method

It is easiest to illustrate the ideas with an example:

maximize 3x1 — X9
subjectto 1 < —214+ 22 < 5
2 S —31‘1 + 2I2 S 10
2171 — I3 S 0
—2 S I
0 S X9 S 6.

With this formulation, zero no longer plays the special role it once did. Instead, that
role is replaced by the notion of a variable or a constraint being at its upper or lower
bound. Therefore, instead of defining slack variables for each constraint, we use w;
simply to denote the value of the ith constraint:

w)p = —I1 + Zo
wo = 731’1 + 2$2
w3 = 21’1 — T2 .
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134 9. PROBLEMS IN GENERAL FORM

The constraints can then be interpreted as upper and lower bounds on these vari-
ables. Now when we record our problem in a dictionary, we will have to keep
explicit track of the upper and lower bound on the original x; variables and the new
w; variables. Also, the value of a nonbasic variable is no longer implicit; it could
be at either its upper or its lower bound. Hence, we shall indicate which is the case
by putting a box around the relevant bound. Finally, we need to keep track of the
values of the basic variables. Hence, we shall write our dictionary as follows:
l [0]

00 6

u

(= 31— x29=-6

1 S5lwi= —x14+ 9= 2
210 |wo = =321 + 229 = 6
—0 0jlwy= 21— z9=-4.

Since all the w;’s are between their upper and lower bounds, this dictionary is fea-
sible. But it is not optimal, since x; could be increased from its present value at
the lower bound, thereby increasing the objective function’s value. Hence, x; shall
be the entering variable for the first iteration. Looking at w1, we see that £ can be
raised only 1 unit before w; hits its lower bound. Similarly, 21 can be raised by 4/3
units, at which point ws, hits its lower bound. Finally, if 21 were raised 2 units, then
ws would hit its upper bound. The tightest of these constraints is the one on w;, and
so w1 becomes the leaving variable—which, in the next iteration, will then be at its
lower bound. Performing the usual row operations, we get
! [0]

5 6

u

<=—3U}1 + 219 = =3

—200 |21 = —w; + T2=-—1
210 W9 = 3’11)1 — Ty = 3
—o0 0|ws=—-2w; + x9=-2.

Note, of course, that the objective function value has increased (from —6 to —3).
For the second iteration, raising zo from its lower bound will produce an increase
in . Hence, x5 is the entering variable. Looking at the basic variables (z;, ws, and
ws), we see that wo will be the first variable to hit a bound, namely, its lower bound.
Hence, w is the leaving variable, which will become nonbasic at its lower bound:

:
U 5 10

( =3w; — 2wy = —1

200 |11 =2w; — wy= 0

0 6 1’2:31017 Wo = 1

—0 0jwy= wy — wy=-1.

For the third iteration, w; is the entering variable, and ws is the leaving vari-
able, since it hits its upper bound before any other basic variables hit a bound.
The result is
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l —00
u [0] 10

¢ = 3ws + wy = 2

—2 oco|lx1 = 2wz + wy = 2

0 6 To = 3UJ3 + QIUQ =4
1 5 wp = w3 + w2 = 2 .

Now for the next iteration, note that the coefficients on both w3 and wq are positive.
But w3 is at its upper bound, and so if it were to change, it would have to decrease.
However, this would mean a decrease in the objective function. Hence, only wq
can enter the basis, in which case x5 is the leaving variable getting set to its upper
bound:

l —00 0
u [o] [o]
C = 1.5ws + 0522 =3
-2 |1 = 0.5wz + 0.529 =3
210 wo = 7]..5103 + 051‘2 =3
15 w1 = —0.511)3 + 051’2 =3.

For this dictionary, both ws and xo are at their upper bounds and have positive
coefficients in the formula for (. Hence, neither can be moved off from its bound to
increase the objective function. Therefore, the current solution is optimal.

2. The Dual Simplex Method

The problem considered in the previous section had an initial dictionary that
was feasible. But as always, we must address the case where the initial dictionary
is not feasible. That is, we must define a Phase I algorithm. Following the ideas
presented in Chapter 5, we base our Phase I algorithm on a dual simplex method.
To this end, we need to introduce the dual of (9.1). So first we rewrite (9.1) as

maximize ¢’z
subjectto Az < b
—Azx < —a
r < u
—r < -,
and adding slack variables, we have
maximize ¢’z
subjectto Ax+ f = b
Az +p = —a
r+t = u
—x+g -1

fipt,g> 0.
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We see immediately from the inequality form of the primal that the dual can be
written as
minimize b"v —alq+uls—1Th
9.2) subjectto AT (v —q) —(h—3s) = ¢
v, 4, S, h Z 0.

Furthermore, at optimality, the dual variables are complementary to the correspond-
ing primal slack variables:

fivi =0 i=1,2,...,m,

piq; =0 1=1,2,...,m,
9.3) o ,

thjZO jZl,Q,...,TL,

gjhj:O j:].,Q,‘..,TL.

Note that for each i, if b; > a;, then at optimality v; and ¢; must be comple-
mentary to each other. Indeed, if both were positive, then they could be reduced
by an equal amount without destroying feasibility, and the objective function value
would strictly decrease, thereby implying that the supposedly optimal solution is not
optimal. Similarly, if for some ¢, b; = a;, then it is no longer required that v; and
q; be complementary at optimality; but, given an optimal solution for which both
v; and g; are positive, we can decrease both these values at the same rate until the
smaller of the two reaches zero, all the while preserving feasibility of the solution
and not changing the objective function value. Hence, there always exists an opti-
mal solution in which every component of v is complementary to the corresponding
component of q. The same argument shows that if there exists an optimal solution,
then there exists one in which all the components of A and s are complementary to
each other as well.

For a real variable &, its positive part £T is defined as

¢+ = max{¢,0}
and its negative part £~ is defined similarly as
& =max{-¢,0}.
Clearly, both £ and £~ are nonnegative. Furthermore, they are complementary,
Ef=0  or & =0,
and their difference represents &:
=€ ¢,
From the complementarity of the components of v against the components of

q, we can think of them as the positive and negative parts of the components of just
one vector y. So let us write:

Similarly, let us write
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If we impose these complementarity conditions not just at optimality but also from
the start, then we can eliminate v, ¢, s, and h from the dual and write it simply as
minimize b7yt —aTy” +uTzt — T2~

.4 subjectto ATy —z=c,

where the notation y denotes the componentwise positive part of ¥, etc. This prob-
lem is an example from the class of problems called piecewise linear programs.
Usually, piecewise linear programs are solved by converting them into linear pro-
grams. Here, however, we wish to go in the other direction. We shall present an
algorithm for (9.4) that will serve as an algorithm for (9.2). We will call this algo-
rithm the dual simplex method for problems in general form.

To economize on the presentation, we shall present the dual simplex method
in the context of a Phase I algorithm for linear programs in general form. Also,
to avoid cumbersome notations, we shall present the algorithm with the following
example:

maximize 2x1 — X2
subjectto 0 < 21+ 22 < 6
2 < —x1 + 229 < 10
9.5) vl — 19 < 0
—2 § X
1 < x2 < 9
The piecewise linear formulation of the dual is
minimize 6y;” + 10y, + 2z — zF
— 2y, +ooy; +o00zy + 52y
subjectto Y1 — Y2+ ys— 21 = 2
i+ 2y2—  ys— - z=-1.

Note that the objective function has coefficients that are infinite. The correct
convention is that infinity times a variable is plus infinity if the variable is positive,
zero if the variable is zero, and minus infinity if the variable is negative.

Since the objective function is nonlinear (taking positive and negative parts of
variables is certainly a nonlinear operation), we will not be able to do the usual row
operations on the objective function. Therefore, in each iteration, we simply study
it as is. But as usual, we prefer to think in terms of maximization, and so we record

the negative of the objective function:
©6) —&=—6y; — 10ny - 2z1i + fo
+ 2y, —ooys — 00z, — Dz .

We can of course perform row operations on the two constraints, so we set up

the usual sort of dictionary for them:

n1==24+y1— Y2+ys3
9.7

©n Zo= 14y +2y2 —ys.

For the dual problem, all the action takes place at zero. That is, slopes in the objec-
tive function change when a variable goes from negative to positive. Since nonbasic



138 9. PROBLEMS IN GENERAL FORM

variable are supposed to be set where the action is, we associate a current solution
with each dictionary by setting the nonbasic variables to zero. Hence, the solution
associated with the initial dictionary is

(ylvaa Y3, 21, 22) = (07 Oa Oa 727 1)

The fact that z; is negative implies that z; is a positive number and hence that the
objective function value associated with this solution is minus infinity. Whenever
the objective function value is minus infinity, we say that the solution is infeasible.
We also refer to the associated dictionary as infeasible. Hence, the initial dictionary
given in (9.7) is infeasible.

The dual simplex method must start with a dual feasible solution. But since we
intend to use the dual simplex method simply to find a feasible solution for (9.5), we
are free to change the objective function in (9.5) any way we please. In particular,
we can change it from

=2z — 22
to
n = —2x1 — x2.
Making that change to the primal leaves the dual objective function unchanged, but
produces a feasible dual dictionary:

21=24+y1 — y2+ Y3

9.8
©-8) z2=1+y1 + 2y —y3 .

For comparison purposes, let us also record the corresponding primal dictio-
nary. It is easy to write down the equations defining the w;’s, but how do we know
whether the z;’s are supposed to be at their upper or their lower bounds? The an-
swer comes from the requirement that the primal and dual satisfy the complemen-
tarity conditions given in (9.3). Indeed, from the dual dictionary we see that z; = 1.
Hence, z;” = 1. But since zf’ is just a surrogate for hy, we see that iy is positive
and hence that g; must be zero. This means that 21 must be at its lower bound. Sim-
ilarly, for the sake of complementarity, x5 must also be at its lower bound. Hence,

the primal dictionary is

l
U o0 )
n = —I — To =
0 6|lw = r + x5 = —1
2 10 wy = —x1 + 2.7,‘2 = 4
- 0 w3 = xr1 — Ty = -3 .

Note that it is infeasible, since wy is not between its upper and lower bounds.

We are now ready to describe the first iteration of the dual simplex method.
To this end, we ask whether we can improve the dual objective function value by
moving one of the nonbasic variables (y;, y2, or y3) away from zero. Of course,
each of these three variables can be moved either to the positive or the negative side
of zero; we must analyze these six cases individually. First of all, note that since
z1 1s positive at the current solution, it follows that zf =z and z; =0ina
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neighborhood of the current solution. A similar statement can be made for z5, and
so we can rewrite (9.6) locally around the current solution as

—¢ = —6y — 10y5 — 221 + 2
+ 2y; —ooyy -

Now, as y; is increased from zero, the rate of increase of —¢ is simply the derivative
of the right-hand side with respect to y;, where we must keep in mind that z; and 29
are functions of y; via the dictionary (9.8). Hence, the rate of increase is —6 — 2 +
1 = —T; i.e., the objective function decreases at a rate of 7 units per unit increase
of y;. If, on the other hand, y» is decreased from zero into negative territory, then
the rate of increase of —¢ is the negative of the derivative of the right-hand side. In
this case we get no contribution from y; but we do get something from z; and 2
for a total of 2 — 1 = 1. Hence, the rate of increase as we move in this direction is
one unit increase per unit move. We can analyze changes to y» and y3. The entire
situation can be summarized as follows:

Y1 /‘ —6— 2 + 1= —7

nN 0+2-1= 1

y2 /1 —104+2+2= —6

Yo N, 2—2-2= -2

Y3 / 0—-2—-1= -3

Ys \y —00 + 2+ 1= —o0.

Of these six cases, the only one that brings about an increase in —¢ is the one in
which y; is sent negative. Hence, y; shall be our entering variable, and it will go
negative. To find the leaving variable, we must ask: as y; goes negative, which of
z1 and zo will hit zero first? For the current dictionary, zo gets to zero first and
so becomes the leaving variable. Performing the usual row operations, the new
dictionary for the dual problem is

z1= 142z —3y2 + 2y3
y1=—1+4+ 22— 2y2 — y3.

Let us have a look at the new primal dictionary. The fact that y; was the entering
variable in the dual dictionary implies that wy is the leaving variable in the primal.
Furthermore, the fact that y; has gone negative implies that y;” is now positive, and
so complementarity then demands that ¢; be zero; i.e., w; should go to its lower
bound. The fact that zo was the leaving variable in the dual dictionary implies that
x2 is the entering variable in the primal. Hence, the new primal dictionary is

l [0]
00 6

U
n= —x1— wy= 2
1 5|lxeo= —21+ wi = 2
210 Wo = 7311 + 211.)1 = 6
—o00 0 |wg= 21— wi=-4.

We are now ready to begin the second iteration. Therefore, we ask which non-
basic variable should be moved away from zero (and in which direction). As before,
we first note that z; positive implies that z;” = z; and z; = 0 and that y; negative
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implies that yf = 0 and y; = —y;. Hence, the objective function can be written
locally around the current solution as
—¢&= — 10y, — 2z + 2
+ 2y, — ooy; —5zy .

We now summarize the possibilities in a small table:

2,/ 1-2= -1

Za\y —Hh+2= -3

Y2 / -10+6= —4

Y2\ 2-6= —4

ys /1 0—4= —4

ys \y —00 +4=—00.
Note that all the changes are negative, meaning that there are no possibilities to
increase the objective function any further. That is, the current dual solution is
optimal. Of course, this also could have been deduced by observing that the primal
dictionary is feasible (which is what we are looking for, after all).

Even though this example of the dual simplex method has terminated after only
one iteration, it should be clear how to proceed had it not terminated.

Now that we have a feasible solution for the primal, we could solve the problem
to optimality by simply reinstating the original objective function and proceeding
by applying the primal simplex method in a Phase II procedure to find the optimal
solution. Since the primal simplex method has already been discussed, we stop here
on this problem.

Exercises

Solve the following linear programming problems:

9.1 maximize —xq1 + I9
subjectto —x1 + x2 < 5
T, — 2£E2 S 9
0<z; <6
0 S T2 S 8.

9.2 maximize —3x; — To + X3+ 2x4 — T5+ xg— x7— 4xs

subject to T +4r3+ x4 —Ddxs — 226+ 317 —b6xg = 7
To —3x3 — x4+ 4x5+ 16— 207 +Drg = —3

0§$2§ 6

0<z3 <10

0§l‘4§ 15

0§£E5S 2

0<a2s <10

0§$7§ 4

OSJ}SS 3.

Notes

Dantzig (1955) was the first to consider variants of the simplex method that
handle bounds and ranges implicitly.
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