CHAPTER 19

The KKT System

The most time-consuming aspect of each iteration of the path-following method
is solving the system of equations that defines the step direction vectors Az, Ay,
Aw, and Az:

(19.1) AAx + Aw=0p

(19.2) ATAy— Az =0

(19.3) ZAx + XAz =pe— XZe
(19.4) WAy +YAw = pe — YWe.

After minor manipulation, these equations can be written in block matrix form as
follows:

-Xz ! —1I Az —pZ e+

A 1 Ay p

(19.5) 7 | = £
I yw-1 Aw uW=te —y

This system is called the Karush—Kuhn—Tucker system, or simply the KKT system.
It is a symmetric linear system of 2n + 2m equations in 2n + 2m unknowns. One
could, of course, perform a factorization of this large system and then follow that
with a forward and backward substitution to solve the system. However, it is better
to do part of this calculation “by hand” first and only use a factorization routine to
help solve a smaller system. There are two stages of reductions that one could apply.
After the first stage, the remaining system is called the reduced KKT system, and
after the second stage it is called the system of normal equations. We shall discuss
these two systems in the next two sections.

1. The Reduced KKT System

Equations (19.3) and (19.4) are trivial (in the sense that they only involve diag-
onal matrices), and so it seems sensible to eliminate them right from the start. To
preserve the symmetry that we saw in (19.5), we should solve them for Az and Aw,
respectively:

Az = XY ue — XZe — ZAx)
Aw =Y Y pe —YWe — WAY).
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Substituting these formulas into (19.1) and (19.2), we get the so-called reduced KKT
system:

(19.6) ANz — Y ' WAy=p—puY le+w
(19.7) ATAy+ X1 ZAz =0+ pX te — 2.

Substituting in the definitions of p and o and writing the system in matrix notation,
we get

-Y-'w A Ayl  [b— Az —pY e
AT X 1Z| Az~ |le— ATy 4+ puXte|”

Note that the reduced KKT matrix is again a symmetric matrix. Also, the right-hand
side displays symmetry between the primal and the dual. To reduce the system any
further, one needs to break the symmetry that we have carefully preserved up to this
point. Nonetheless, we forge ahead.

2. The Normal Equations

For the second stage of reduction, there are two choices: we could either (1)
solve (19.6) for Ay and eliminate it from (19.7) or (2) solve (19.7) for Az and
eliminate it from (19.6). For the moment, let us assume that we follow the latter
approach. In this case, we get from (19.7) that

(19.8) Ar=XZ 1 e— ATy +uX"te — AT Ay),
which we use to eliminate Ax from (19.6) to get

(19.9) (YW + AXZ P AT Ay = b — Az — pY e
—AXZ He— ATy +puXte).

This last system is a system of m equations in m unknowns. It is called the system
of normal equations in primal form. It is a system of equations involving the matrix
Y 'W + AXZ'AT. The Y~'W term is simply a diagonal matrix, and so the
real meat of this matrix is contained in the AX Z ! AT term.

Given that A is sparse (which is generally the case in real-world linear pro-
grams), one would expect the matrix AX Z ' AT to be likewise sparse. However,
we need to investigate the sparsity of AXZ 1 AT (or lack thereof) more closely.
Note that the (i, j)th element of this matrix is given by

1 AT = Tk
(AXZ A )ij = ;aik;kajk-

That is, the (¢, 7)th element is simply a weighted inner product of rows ¢ and j of
the A matrix. If these rows have disjoint nonzero patterns, then this inner product is
guaranteed to be zero, but otherwise it must be treated as a potential nonzero. This
is bad news if A is generally sparse but has, say, one dense column:
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* k ok okok ok
* * *
* |k * k) ok ok ok 3k
* *
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* *
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But don’t forget that we didn’t have to go the primal normal equations route.
Instead, we could have chosen the other alternative of solving (19.6) for Ay,

Ay =YW Hb— Az — pY e — AAz),
and eliminating it from (19.7):
(19.10) (ATYW A+ X ')Az =c— ATy + uX'e
+ ATYW (b — Az — pY " te).

The system defined by (19.10) is a system of n equations in n unknowns. It is called
the system of normal equations in dual form. Note that dense columns do not pose
a problem for these equations. Indeed, for the example given above, we now get

* % % x % * ok k k % % x %
* * * % * %
* * [ % *
* * ok %
* * * *
* * * *
* *| % % =
* * ok %
* * | % *
* * * ok *
*| % *
* * * *
* * % *

While this system is larger than the one before, it is also sparse, and sparsity almost
always is more important than matrix dimensions. In this example, the dense matrix
associated with the primal normal equations requires 65 arithmetic operations to
factor, whereas the larger, sparser matrix associated with the dual normal equations
requires just 60. This is a small difference, but these are small matrices. As the
matrices involved get large, factoring a dense matrix takes on the order of n3 oper-
ations, whereas a very sparse matrix might take only on the order of n operations.
Clearly, as n gets large, the difference between these becomes quite significant.

It would be great if we could say that it is always best to solve the primal normal
equations or the dual normal equations. But as we’ve just seen, dense columns in A
are bad for the primal normal equations and, of course, it follows that dense rows
are bad for the dual normal equations. Even worse, some problems have constraint
matrices A that are overall very sparse but contain some dense rows and some dense
columns. Such problems are sure to run into trouble with either sets of normal equa-
tions. For these reasons, it is best to factor the matrix in the reduced KKT system
directly. Then it is possible to find pivot orders that circumvent the difficulties posed
by both dense columns and dense rows.
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3. Step Direction Decomposition

In the next chapter, we shall discuss factorization techniques for symmetric
matrices (along with other implementation issues). However, before we embark on
that discussion, we end this chapter by taking a closer look at the formulas for the
step direction vectors. To be specific, let us look at Ax. From the primal normal
equations (19.9), we can solve for Ay and then substitute the solution into (19.8) to
get an explicit formula for Ax:

(19.11) Az =(D?> - D?*AT(E™% + AD*AT)"'AD?) (c — ATy + pX e
+ D?AT(E72 4+ AD?*AT) "1 (b — Az — pY " le),

where we have denoted by D the positive diagonal matrix defined by

D*=Xz"!
and we have denoted by F the positive diagonal matrix defined by
E*=yw!

(defining these matrices by their squares is possible, since the squares have positive
diagonal entries). However, using the dual normal equations, we get

(19.12) Az =(ATE*A+ D) (c— ATy + uX'e)
+ (ATE?A+ D) ATEX(b— Ax — pY ).
These two expressions for Ax look entirely different, but they must be the same,
since we know that Ax is uniquely defined by the reduced KKT system. They are
indeed the same, as can be shown directly by establishing a certain matrix identity.
This is the subject of Exercise 19.1. There are a surprising number of published
research papers on interior-point methods that present supposedly new algorithms
that are in fact identical to existing methods. These papers get published because
the equivalence is not immediately obvious (such as the one we just established).
We can gain further insight into the path-following method by looking more
closely at the primal step direction vector. Formula (19.11) can be rearranged as
follows:
Az =(D* - D*AT(E™* + AD*AT)"AD?) ¢

+ 1 (D* = D*AT(E7* + AD*AT) ' AD?*) X e

—uD?AT(E=2 4+ AD?*AT) 'y e

+ D?AT(E=2 + AD?*AT) " (b — Ax)

—D?A" (I - (E7? + AD*A")"'AD?*A") y.
For comparison purposes down the road, we prefer to write the Y ~!e that appears in
the second term containing x as E~2W ~!e. Also, using the result of Exercise 19.2,
we can rewrite the bulk of the last line as follows:

(I —(E?+AD*A") 'AD*A") y = (E* + AD*A")'E™ %y
= (E72+ AD*A") .
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Putting this all together, we get
Az =(D* - D*AT(E~*+ AD*A")"'AD?) ¢
+ 1 (D? — D*AT(E? + AD*A") ' AD?*) X e
—uD?AT (B2 4+ AD*AT) ' E2W e
+D2AT(E—2 +AD2AT)_1,0
= AZopr + pAZcrr + Apeas,

where
Azopr = (D? — D*AT(E~2 + AD?AT) "' AD?) c,
Azerg = (D? — D*AT(E? + AD*AT)'AD?*) X e
— D?AT(E72 + AD*AT)'E2W e,
and

Azppas = D*AT(E72 + AD*AT) 'p.
In Chapter 21, we shall show that these components of Az have important connec-
tions to the step directions that arise in a related interior-point method called the
affine-scaling method. For now, we simply establish some of their properties as
they relate to the path-following method. Our first result is that Axqpr is an ascent
direction.

THEOREM 19.1. ¢T Azgpr > 0.

PROOF. We use the result of Exercise 19.1 (with the roles of £ and D switched)

to see that
Azopr = (ATE?A+ D737 L
Hence,
T Azgpr = CT(ATEQA + D_Q)_lc.

We claim that the right-hand side is obviously nonnegative, since the matrix sand-
wiched between ¢ and its transpose is positive semidefinite.! Indeed, the claim
follows from the definition of positive semidefiniteness: a matrix B is positive semi-
definite if €T B¢ > 0 for all vectors £. To see that the matrix in question is in fact
positive semidefinite, we first note that A” E? A and D~2 are positive semidefinite:

ETATE?AE = |EAEIP >0 and  'D?¢ =D ¢[? > 0.
Then we show that the sum of two positive semidefinite matrices is positive semi-
definite and finally that the inverse of a symmetric positive semidefinite matrix is

positive semidefinite. To verify closure under summation, suppose that B(!) and
B®) are positive semidefinite, and then compute

¢T(BW 4+ B@Ye = ¢TBWe 4 ¢TB@¢ > 0.

To verify closure under forming inverses of symmetric positive semidefinite matri-
ces, suppose that B is symmetric and positive semidefinite. Then

I fact, it’s positive definite, but we don’t need this stronger property here.



290 19. THE KKT SYSTEM

"B =¢"BT'BBT ¢ = (BT B(BT'¢) 20,
where the inequality follows from the fact that B is positive semidefinite and B¢

is simply any old vector. This completes the proof. O

The theorem just proved justifies our referring to Axopr as a step-toward-
optimality direction. We next show that Axpg,s is in fact a step-toward-feasibility.
In Exercise 19.3, you are asked to find the formulas for the primal slack vector’s
step directions, Awgpr, Awerr, and Awgg,s. It is easy to verify from these formulas
that the pairs (Azopr, Awopr) and (Axcrg, Awerr) preserve the current level of
infeasibility. That is,
AAZopr + Awepr = 0

and
AA'ICTR + AwCTR = 0.

Hence, only the “feasibility” directions can improve the degree of feasibility. In-
deed, it is easy to check that

AATpas + AWppas = p.

Finally, we consider Axcg. If the objective function were zero (i.e., ¢ = 0)
and if the current point were feasible, then steps toward optimality and feasibility
would vanish and we would be left with just Azcrg. Since our step directions were
derived in an effort to move toward a point on the central path parametrized by p,
we now see that Az plays the role of a step-toward-centrality.

Exercises

19.1 Sherman—Morrison—Woodbury Formula. Assuming that all the inverses
below exist, show that the following identity is true:

(E7'+ ADATY ' = E - EA(ATEA+ D ) TATE.

Use this identity to verify directly the equivalence of the expressions given
for Az in (19.11) and (19.12).

19.2 Assuming that all the inverses exist, show that the following identity holds:
I—(E+ADA")"'ADA" = (E+ ADA")'E.
19.3 Show that
Aw = Awopr + pAwer + Awreys,
where
Awgpr = —A (D? — D*AT(E™% + AD*AT)"'AD?) ,
Awerg = —A (D?* — D*AT(E~2 + AD?*A") " 'AD*) X e
+ AD*AT(E72 + AD?AT) ' E=2W e,
and
Awpgas = p — AD?AT(E72 + AD?*AT)1p.
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Notes

The KKT system for general inequality constrained optimization problems was
derived by Kuhn and Tucker (1951). It was later discovered that W. Karush had
proven the same result in his 1939 master’s thesis at the University of Chicago
(Karush 1939). John (1948) was also an early contributor to inequality-constrained
optimization. Kuhn’s survey paper (Kuhn 1976) gives a historical account of the
development of the subject.
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