Chapter 1
Quantitative Problem Solving in Physical
Chemistry

Abstract This introductory chapter develops and discusses a concept of mathe-
matically oriented problem-solving in physical chemistry. Based on a definition of
the scientific discipline physical chemistry, the basic skills needed for successful
problem-solving are identified. The concept of problem-solving is exemplified using
a sample problem text. Finally, an overview of the problems in the various chapters
is given, along with comments on the level of difficulty and thematic cross-links
among the various topics.

1.1 A Concept for Problem-Solving in Physical Chemistry

Physical chemistry is a scientific discipline that explores chemical topics using
physical theory and technique. This definition also explains the rather challenging
nature of the subject physical chemistry taught as part of university curricula. It
combines three basic skills that we must develop in the course of our studies.
First, we should have enough of a chemical background to understand the problem.
Second, we must know the fundamental laws of physics and we need to develop
some sense of the significance of fundamental physical quantities in chemical
contexts.! Third, we must be able to apply basic mathematical methods to work
out quantitative results.? Finally, experience including the ability of recognition is a
fourth necessary ingredient that considerably enhances our effectivity in problem-
solving. This is quite a lot. For the solution of a concrete, non-trivial problem of a
certain complexity, all these skills need to be combined to work out a solution.

In this introductory chapter, a short guide to dealing with physical chemistry
problems is offered to cultivate your problem-solving skills. It picks up on the
typical difficulties experienced by students that I have noticed over a period of

' An example of such a fundamental physical quantity is energy. Indeed, it is worth reflecting on
the significance of energy in conjunction with nearly all key topics, ranging from changes of state
(Chap. 3) to quantum mechanics and spectroscopy (Chaps. 9 and 10).

2In fact, mathematics has been called the language of physics [1]. A mathematical formulation of
a problem combines exactness with the complete refinement to the essential facts in a quantitative
manner.
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teaching of about 15 years at a faculty of engineering.* The scheme assumes a
problem of relatively high complexity that requires both logical linking of facts from
one or more contexts, along with the setup and execution of a mathematical solution.
The five different stages listed do not follow a strictly sequential scheme. Instead,
these stages are merely simultaneous intellectual activities that work together to find
the solution.

1. Read the problem text carefully.

(a) Which quantities are given?
(b) What is going to be calculated?
(c) Analyze the problem text with regard to special key words.

2. Use your experience to identify the essential issues.

(a) Relate the problem to a topic in physical chemistry.

(b) Identify matches with contents from lectures, seminars, and laboratories.

(c) Make a sketch that collects and illustrates the important facts.

(d) Narrow the problem down as far as possible to identify the essential issues
that are inevitable for the solution of the problem.

3. Assess the points you do not yet understand.

(a) Think pragmatically! Distinguish those details you consider crucial from
those that are merely decorative.

(b) If crucial details are lacking, reflect again on the essential issues that might be
missing.

(c) If you think that essential quantities are undefined in the problem text, will
these quantities be cancelled out at the stage of the mathematical solution?

(d) Based on your experience, reflect on the expected results.

(e) Be critical: are you convinced that you have found the correct approach?

4. Work out the solution—translate the problem into the language of mathe-
matics

(a) Write down the key equations on the basis of the essential issues identified.
(b) Reflect on potential technical difficulties, e.g., those related to undefined
quantities (see above).

5. Accomplish the solution

(a) Think pragmatically! Possible technical difficulties may be resolved by the
solution.

(b) If you have obtained results, assess their plausibility.

(c) Reflect again on the solution. Are you convinced that you have found the
correct solution?

3 An extensive analysis of such difficulties can be found in [2].
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As an example of a concrete problem text, consider Problem 3.13 on page 64.
The problem text is reproduced here and the quantities provided and sought, along
with the key-words according to points 1.a, 1.b, and 1.c, are highlighted:

At 293K , the vapor pressure of the solvent diethyl ether ( C;Hs5-O-C,Hs )
is 586hPa . After the addition of 20g of an unknown non-volatile
compound in 1kg diethyl ether, the vapor pressure reduces to

583hPa . Assume an ideal mixture of diethyl ether and the unknown
compound, for which an elementary analysis yields mass fractions
of 41.4% carbon, 5.5% hydrogen, 9.6% nitrogen, and 43.8% oxygen.

Determine the molar mass and the molecular formula of the unknown
compound.

Let us look at the various stages of this problem-solving scheme. Careful reading
of the text is important. We must analyze the problem with regard to the quantities
given and the quantities to be calculated. In preparation for stage 4, we should
assign a unique symbol to each quantity. Note that in many cases it is crucial to
distinguish between the initial value of a certain quantity and its value in the final
state, or the values that the quantity takes during an ongoing process. In the concrete
problem, we must distinguish between the vapor pressure of pure diethyl ether (a
common symbol would be p*), and its vapor pressure in the binary mixture (symbol
p). Moreover, it is crucial to define all quantities in the same system of units, usually
the SI system. Sometimes you need to convert some of the quantities (see Table A.2
in the appendix).

In the second stage, the essential issues, which are inevitable for the solution of
the problem, are identified. A first assignment of the problem to a general topic is
made based on the recognition of lecture content, seminar work, laboratory work,
etc. Quite often, we find such essential issues coded in key words appearing in
the problem text. In the concrete problem, such a key-word is the ideal mixture,
implying the application of Raoult’s law (Eq. (3.108) on page 54). Another essential
issue is stoichiometry and the definition of the mole fraction and molar mass. A
third ingredient is the fact that the solvent diethyl ether and the unknown compound
constitute a binary mixture—a point that is not explicitly stated in the problem text.
Sometimes, it is quite useful to make a sketch to collect and arrange such essential
issues visually, and to identify the logical links between them. This is especially true
for problems involving processes with an initial state and a final state.

Depending on your experience and the complexity of the problem, you will not
immediately identify the correct approach. In this case, it is important to assess the
points you do not yet understand (stage 3). Sometimes, it is good advice to think
pragmatically. For example, do not become intimidated by problem texts filled with
impressively long names of chemical compounds. Sometimes, you just need the
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molecular formula to determine a molar mass; in other cases, they can be replaced
altogether by shorter symbols. At the stage where you do not yet see through the
solution pathway, an detail that is lacking, such as an undefined quantity may be
canceled out in the calculation. However, it may also indicate that you have missed
something. Be hopeful and at the same time critical with the setup of your solution.

The next step is to write down the equations resulting from the list of essential
issues identified (stage 4). The more experience we have, the easier it is to transpose
the solution concept into a set of mathematical equations. In fact, at a level of
deeper understanding, the student’s conceptual view based on essential issues and
the mathematical formulation tend to merge. Also at this stage, we must be critical:
the appearance of undefined quantities in the equations, but also too many redundant
quantities, could indicate flaws in the approach and may force a reassessment. At
the last stage, where the solution has been found, you should check the plausibility
of your results. It is worth comparing the results with the initial estimations.
An approximate agreement within the same order of magnitude strengthens the
confidence with regard to the method of solution. Large differences, in contrast,
require critical reflection on the entire method of solution. In this case, it is a
good idea to consider possible technical errors first, e.g., arithmetic errors, such
as confusion of signs or the addition of quantities with different physical units.
Unexpected deviations in spite of a correct solution, in contrast, invite us to rethink
a topic from a new perspective. In fact, in this case, a problem can prove to be highly
useful to the individual student.

Note that not all problems collected in this book fit exactly into the scheme
proposed above. For example, there are numerous problems where we prove a
certain relationship before it is applied to a concrete case. Another popular category
of problems involves a graphical solution or, in some cases, a numerical treatment
using a computer.

1.2 Overview of Problems

In the following, the problems presented in the various chapters are listed.

Chapter 2: Stoichiometry and Chemical Reactions

Problem 2.1 Molar mass and molar volume 12
Problem 2.2 Stoichiometry of a combustion reaction 14
Problem 2.3 The limiting reactant 15

Chapter 3: Changes of State

Problem 3.1 Thermal state variables 20
Problem 3.2 Thermal expansion of condensed phases and gases 21
Problem 3.3 Perfect gas vs real gas 24
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Problem 3.4
Problem 3.5
Problem 3.6
Problem 3.7
Problem 3.8

Problem 3.9
Problem 3.10
Problem 3.11

Problem 3.12
Problem 3.13
Problem 3.14
Problem 3.15

Van der Waals isotherms, Maxwell construction

Molar heat capacities of a van der Waals gas

Work and mechanical equilibrium

Adiabatic reversible expansion/compression

Entropy change and free expansion of a van der Waals
gas

Reversible and irreversible adiabatic expansion

Vapor pressure of a pure substance

Molar Gibbs free energies of solids and gases, conversion
of graphite to diamond

Ideal solutions

Vapor pressure reduction

Spontaneous freezing of supercooled water

Freezing of atmospheric water droplets to cubic or hexag-
onal ice

Chapter 4: Thermochemistry

Problem 4.1
Problem 4.2
Problem 4.3

Combustion enthalpies
Solvation enthalpy
Ellingham diagram

Chapter 5: Chemical Equilibrium

Problem 5.1
Problem 5.2
Problem 5.3
Problem 5.4
Problem 5.5
Problem 5.6
Problem 5.7
Problem 5.8
Problem 5.9
Problem 5.10

Br; decay

Equilibrium in parallel reactions I

Equilibrium in parallel reactions II

Water-gas shift reaction

Dehydrogenation of methanol

Temperature dependence of equilibrium constants
Determination of reaction enthalpy and reaction entropy
A simple model of acid rain

CO, dissolution in a closed bottle of water

Dissociation of trichloroacetic acid

Chapter 6: Chemical Kinetics

Problem 6.1
Problem 6.2
Problem 6.3
Problem 6.4
Problem 6.5
Problem 6.6
Problem 6.7

Reaction order and half-life

First order decay

Methane decay

Kinetic look at chemical equilibrium
Competing reactions

Oscillating chemical reactions I
Oscillating chemical reactions II

26
35
37
39
43

46
54
59

62
64
66
68

74
77
79

87
91
93
97
100
103
106
109
111
115

122
125
127
130
134
138
142
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Chapter 7: Kinetic Theory

Problem 7.1
Problem 7.2
Problem 7.3
Problem 7.4
Problem 7.5
Problem 7.6

Maxwell-Boltzmann distribution I
Maxwell-Boltzmann distribution IT

Relative velocity of two particles

Collision rates in a helium-xenon gas mixture
Gas effusion

Film growth

Chapter 8: Statistical Thermodynamics

Problem 8.1
Problem 8.2
Problem 8.3
Problem 8.4
Problem 8.5
Problem 8.6
Problem 8.7
Problem 8.8

Conformational entropy and protein structure
Mixing of gases

A simple model of diffusion

Surface diffusion

Derivation of Boltzmann distribution
Entropy of monatomic gases

Heat capacity of multilevel systems

Schottky anomaly

Chapter 9: Quantum Mechanics and Electronic Structure

Problem 9.1
Problem 9.2
Problem 9.3
Problem 9.4
Problem 9.5
Problem 9.6
Problem 9.7
Problem 9.8
Problem 9.9
Problem 9.10
Problem 9.11
Problem 9.12
Problem 9.13
Problem 9.14
Problem 9.15
Problem 9.16
Problem 9.17
Problem 9.18

Derivation of the average oscillator energy
The zero point energy

Electron impact heating

Photoelectric effect

Lithium atom and quantum defect
Schrodinger equation

Wave packets and uncertainty principle
Gaussian wave packet propagation
Conservation of the norm of the wave function
Operators I

Operators 11

Quantization: the electron on a ring

Electronic excitation of the benzene molecule
Hydrogen first wave function

Hydrogen problem applied to semiconductor technology
Variational method

The quantum double well

The chemical bond

151
154
159
163
166
172

179
181
185
192
195
199
202
206

221
223
224
226
227
231
234
238
241
244
248
253
255
257
260
262
272
281
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Chapter 10: Spectroscopy

Problem 10.1 Units of measurement in spectroscopy 299
Problem 10.2 Doppler broadening of spectral lines 302
Problem 10.3 UV absorption of proteins 307
Problem 10.4 HCN molecular structure 309
Problem 10.5 Asymmetric top rotation spectra 313
Problem 10.6 IR spectra of diatomics I 319
Problem 10.7 IR spectra of diatomics II 325
Problem 10.8 Vibrational modes of polyatomic molecules 334
Problem 10.9 Influence of nuclear spin statistics 340
Problem 10.10  LASER-I 345
Problem 10.11  LASER-II 352

The order of topics in this workbook roughly follows the way in which physical
chemistry is presented in contemporary textbooks. Stoichiometry (Chap.2) is the
natural starting point of any quantitative treatment in general chemistry. Moreover,
stoichiometry is a prerequisite for the understanding of fields such as chemical
equilibrium (Chap.5) and chemical kinetics (Chap. 6). The attentive reader will
notice that certain concepts such as the extent of reaction introduced in Chap. 2, are
systematically used in the subsequent chapters.* In this sense, the arrangement of
problems has an intrinsic order. But this should by no means prevent the reader from
entering into the problems at an arbitrary point. In a few cases where the solution of
a problem assumes that the reader has dealt with the preliminary contents of other
problems, this is explicitly noted.

Concerning the complexity of the problems, the level of difficulty gradually
increases from chapter to chapter, not only from a mathematical, but also from a
conceptual point of view. Concerning mathematics and the methods of solution,
the attentive reader will notice interesting parallels. A prime example is the set of
problems dealing with oscillating chemical reactions (Problems 6.6 and 6.7) in the
chapter on reaction kinetics on the one hand, and the set of problems dealing with
LASER operation in Chap. 10 (spectroscopy) on the other.’ Seemingly an accidental
mathematical conformity at first sight, these similarities reveal a hidden relationship
with regard to interaction in complex systems that the reader might discover.®

“In my experience, many students are reserved in using the extent of reaction in concrete problems.
Not appearing explicitly in any fundamental laws such as the law of mass action, it seems somehow
dispensable. In fact, it is possible to work out a correct solution without using it explicitly. However,
this requires an intellectual effort that unconsciously achieves the same purpose as the conscious
use of this concept would do systematically.

SIn fact, for the numerical solution of the laser equations in Problem 10.11, you can use the
computer code of Problem 6.7, with only small modifications.

5The present book can, of course, only draw the reader’s attention to such points without analyzing
the relationships in full detail, as has been done by Hermann Haken [3].
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In Chap. 9 dealing with quantum mechanics, problems highlighting some rather
abstract aspects of quantum mechanics, such as operator algebra, were included, for
several reasons. First, the interpretation of quantum mechanics raises interesting
discussions in seminars. Second, operator algebra in quantum mechanics is a
powerful method of producing results with sometimes surprisingly sparse efforts.’
Third, graduate students starting to listen to specialized conference talks, e.g., in
spectroscopy, will experience the necessity of being familiar with these methods for
their future scientific work.
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