Chapter 10
Electromotive Forces

Electromotive forces induced in windings of electrical machines are analyzed and
discussed in this chapter. Analysis includes transformer electromotive forces
and dynamic electromotive forces. The rms values, the waveforms, and harmonics
are derived for concentrated and distributed windings. For real windings that have
conductors distributed in a limited number of slots, the electromotive forces are
calculated by introducing, explaining, and using chord factors and belt factors.
Discussion includes design methods that suppress low-order harmonics in
electromotive forces. This chapter concludes with the analysis of distributed
windings with sinusoidal change of conductor density. Calculation of flux linkage
and electromotive force in such windings shows that they achieve suppression of all
harmonic distortions and operate as ideal spatial filters.

Variation of the flux in the machine windings results in induction of
electromotive forces, proportional to the first time derivative of the flux. The voltage
balance in each winding is given by equation u = Ri + d¥/dt, where u denotes the
voltage across the winding terminals, i is the electrical current in the winding, R is
the winding resistance, while the flux derivative represents the induced
electromotive force. In the introductory courses of electrical engineering,
the electromotive force is calculated as the first derivative of the flux with a leading
negative sign, ¢ = —dW/dz. This convention indicates that the induced electro-
motive force and consequential change in electrical current oppose to the flux
changes. Namely, in a short circuited winding (1 = 0), the flux changes produce
the electromotive force which, in turn, gives a rise to electrical current which
opposes to the flux changes. Adopting another convention has its own advantages
as well. By defining the electromotive force ¢ = +d¥/dt, the current in the winding
is determined as the ratio of the voltage difference (u — ¢) and the resistance R. The
electromotive force defined as e = +d¥W/dt is opposed to the voltage. Therefore, it is
also called counter electromotive force. In this book, the latter convention has been
adopted with e denoting +d ¥/dr and with the voltage balance in each windings being
u=Ri+e.
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10.1 Transformer and Dynamic Electromotive Forces

Electromotive forces are generated due to changes of the winding flux. The flux can
change due to changes in electrical currents of the windings or due to motion of the
rotor with respect to the stator. In cases where the flux changes take place due to
motion, the consequential electromotive forces are called dynamic electromotive
forces. In cases where the stator windings carry constant currents, dynamic
electromotive force appears in the rotor winding which rotates with respect to
stator. Constant stator currents create a stationary magnetic field which does not
move with respect to the stator. One part of this flux encircles the rotor windings as
well. The rotor flux caused by the stator current depends on the relative position
between the stator and rotor. When the rotor moves, such rotor flux changes, and
this leads to creation of a dynamic electromotive force.

Electromotive force can also arise in cases with no rotor movement. If electrical
current in stator conductors is variable, the flux created by the stator winding is
variable as well. In part, the rotor flux is a consequence of stator currents. The
amount of the rotor flux caused by stator currents is determined by the mutual
inductance between the stator and rotor windings. Even with the rotor that does not
move, the rotor flux varies due to variable electrical currents in the stator winding.
As a consequence, an electromotive force is induced in the rotor winding. It is
called transformer electromotive force. In a power transformer, alternating currents
in the primary winding produce a variable flux which also encircles the secondary
winding. Variable flux leads to the transformer electromotive force in the second-
ary winding, providing the means for passing the electrical power from the primary
to the secondary side.

Electromotive force e = Ldi/d¢, which appears in a stand-alone winding due to
variation of the electrical current i, is proportional to the coefficient L, the self-
inductance of the winding. This electromotive force is called the electromotive
force of self-induction.

10.2 Electromotive Force in One Turn

For the purpose of modeling electrical machines, it is necessary to calculate the
electromotive force induced in concentrated and distributed windings. Figure 10.1
shows an electrical machine with permanent magnets in the rotor magnetic circuit.
The magnets are shaped and arranged in the way to create sinusoidal distribution of
the magnetic induction in the air gap,

B =B, cos(8 —0,,). (10.1)

Due to rotation of the rotor, the maximum induction B,, = upH,, is reached at
position 6 = 60,,, where 0,, represents relative position of the rotor with respect to
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Fig.10.1 Rotor field is created by action of permanent magnets built in the magnetic circuit of the
rotor

the stator. In the case when rotor revolves at a constant speed €2, position of the
rotor changes as 0,, = Q,t, and magnetic induction at the observed position 0 is
equal to

B(0,t) = B, cos(0 — Q,u1).

The expression represents a wave of sinusoidally distributed magnetic field
which moves along with the rotor. It is of interest to determine the electromotive
force induced in one turn of the stator. This turn is shown in Fig. 10.1, and it is made
of two diametrical conductors. Conductor denoted by ) is at position g = 0,
while conductor denoted by (©) is at position 0 = m. The electromotive force in
the stator turn can be determined in two ways:

1. By determining the first derivative of the flux encircling the turn
2. By calculating and summing the electromotive forces of individual conductors

10.2.1 Calculating the First Derivative of the Flux in One Turn

First derivative of the flux in one turn determines the counter electromotive force
which is induced in the turn. The flux encircling the turn exists due to action of the
permanent magnets mounted on the rotor, which create magnetic field in the air gap.
Spatial distribution of the magnetic induction in the air gap, along the rotor
circumference, is described by expression (10.1). The flux in the considered turn
is equal to the surface integral of the magnetic induction over any surface leaning
on conductors ) and (. In order to facilitate the calculation, one should select the
surface which passes through the air gap; the expression B(6) is readily available.
Such a surface is a semicylinder starting from conductor () at position 6 = 0,
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passing through the air gap in the upper part of the figure and ending up by leaning
on conductor (5) at position 0 = 7. The selected semicylinder has length L and
diameter R, where L is length and R is diameter of the rotor. Area of the selected
surface is

S=L-R-m. (10.2)

The flux in the turn is calculated as the surface integral of the magnetic
induction, given by expression (10.1), over the selected surface, the semi cylinder.
Since the magnetic field in the air gap is radial, the vectors of the field H and the
magnetic induction B are perpendicular to the surface. The scalar product of vector
B and the surface element dS, the latter aided with the unit normal on the
semicylinder, becomes the product between the amplitudes of B and dS. Thus,
the expression for the flux obtains the form

¢:J§~d§:JB~dS.
N N

Elementary surface of the semicylinder is dS = L-R-d0, and expression for the
flux in one turn of the stator due to action of permanent magnets assumes the form

@ Jd(D:JB ds = JB - LRd0
0 0
)

0
(2LRB,,) sin0,, = &, sin 0,,. (10.3)

Flux in the turn is dependent on relative position between the stator and rotor.
Maximum value of the flux in one turn is reached when the rotor comes to position
0 = m/2. In this position, the flux is equal to &,,, where

®,=2-R-L-B,. (10.4)

In other positions, the flux in one turn has smaller values, ®(0,,) = ®,,sin0,,.
When the rotor revolves at a constant speed €2,,, the rotor position changes as
0,, = Q,,t, and the flux in one turn is

& = @, sin(Q,1),
while the (counter) electromotive force in the turn is

do
+7 = Q, P, cos(Q,1). (10.5)
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10.2.2 Summing Electromotive Forces of Individual Conductors

It is possible to determine the electromotive force in one turn by summing the
electromotive forces of individual conductors that make one turn. In the example
presented in Fig. 10.1, the field of permanent magnets revolves with respect to
the stator conductors. The peripheral speed of relative motion is v = R(2,,, where R
is the rotor radius and €2,, is the angular speed of the rotor. In the conductor denoted
by &), the electromotive force is

es =L -R-Q, B, - cos(Q,t).

At position 0 = 1, where the diametrical conductor () is placed, the magnetic
induction has the same amplitude and the opposite direction. For this reason, the
electromotive force e induced in the conductor denoted by () is of the opposite
direction, ey = —e(. The electromotive force in one turn is obtained by summing
the electromotive forces in individual conductors. One turn is formed by connecting
the two conductors in series. The terminals of the turn are made available at the
front side of the cylinder. The other ends of the conductors () and (©) are connected
at the rear side of the cylinder. Therefore, when circulating along the contour made
by the two conductors, the electromotive forces of conductors eg, and ec, are
summed according to e = e, — ec. Finally, the electromotive force in one turn is

ey =2-eg=2-L-R-Q, By -cos(Qpt). (10.6)

According to expression (10.4), the maximum value of the flux in one turn is
equal to @,, = 2LRB,,, and the previous expression can be written as

e1 = QP cos(Qt), (10.7)

which is in accordance with (10.5).
In the considered example, the induced electromotive forces are harmonic
functions of time; thus, it is possible to represent them by phasors. Summing the

electromotive forces eg and ex can be represented by phasors, as shown in
Fig. 10.3.

10.2.3 Voltage Balance in One Turn

The voltage balance within one turn is given by equation

do
u=Ri+e ~ i 2Q,,LRB,, cos 0,
=Q,, P, cosb,, =E, cos0,, (10.8)
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where e, represents (counter) electromotive force. If the resistance R of the turn is
sufficiently low, the voltage drop Ri can be neglected, and the electromotive force
e is equal to the voltage across the terminals of the turn. Since the electromotive
force is a sinusoidal function of time, its rms (root mean square) value is given by
(10.9), where f is the frequency in Hz, that is, the number of rotor revolutions per
second. Therefore, the electromotive force is proportional to the maximum value of
the flux and to the frequency,

Eturn — Em (an)@m

A A i i L NV V N 3 10.9
1rms \/E \/z f m ( )

10.2.4 Electromotive Force Waveform

Preceding analysis dealt with an electrical machine with permanent magnets on the
rotor which create magnetic field with sinusoidal distribution B() along the air gap
circumference. With constant rotor speed, sinusoidal electromotive force is induced
in stator turn shown in Fig. 10.1.

If the speed of rotation varies, the electromotive force induced in the turn may
deviate from sinusoidal change. In cases when distribution of magnetic field is
sinusoidal, but the speed of rotation changes in time, Q,,(¢), the electromotive force
in the turn is

d
e1 = +— (P, sin(Q,,1))

dt
dQ,,
= Q, P, cos(Q,t) +t - Dy cos(Qpt) ar

This expression represents a harmonic function of time if the speed of rotation is
constant, that is, in cases where dQ2,,/dt = 0.

In cases where the permanent magnets create a non-sinusoidal periodic distribu-
tion of the magnetic field in the air gap, the induced electromotive force assumes a
non-sinusoidal function of time. Let B(0 — 0,,) be a periodic function specifying
the change of the magnetic induction along the air gap circumference. At position
of the conductor (¥), magnetic induction is equal to Bg = B0 — 0,,) = B(—0,)).
If the rotor revolves at a constant speed, the electromotive force of the turn
calculated according to expression (10.6) is equal to

ey =2-eg =2LRQ, -By = 2LRQ,, - B(—Q,1). (10.10)
The obtained expression shows that the electromotive force waveform is deter-

mined by the function B(6 — 6,,), expressing the spatial distribution of the mag-
netic induction originating from the rotor permanent magnets. Therefore, the form
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of the function B(0 — 0,,) determines the waveform e,(¢) of the electromotive force
in one turn. In cases with non-sinusoidal distribution B(@ — 0,,) of the magnetic
field in the air gap, the electromotive force induced in the turn (Fig. 10.1) will be
non-sinusoidal as well.

Question (10.1): Assume that synchronous generator supplies electrical loads and
comprises concentrated stator winding with all the conductors located in two slots
on the inner surface of the stator. These slots are diametrically positioned grooves in
the magnetic circuit facing the air gap. Permanent magnets of the rotor create the
induction B(6) = B,, sgn[cos(6 — 6,,)] in the air gap. Determine and sketch the
form of the voltage supplied to the electrical load.

Answer (10.1): In accordance with (10.8), the voltage across terminals of the
stator winding is equal to

u ~ 2NLRQ,,B(Q,,t) = (2NLRQ,,B,,) sgncos(Q,t)].

10.2.5 Root Mean Square (rms) Value of Electromotive Forces

The AC voltages and currents in electrical engineering are characterized by their
rms value (root mean square). Sinusoidal voltages and currents are mostly
described in terms of their rms value instead of their peak values. Root mean square
(rms) value of an AC voltage corresponds to DC voltage that would result in the
same power when applied to resistive loads. Namely, when an AC voltage with
the rms value of U is applied to the resistance R, the power dissipated in resistive
load will be P = U?/R. The same power is obtained when a DC voltage U is applied
across the same resistance. Therefore, the rms value of AC voltages is also called
equivalent DC voltage. For sinusoidal voltages, their rms value is obtained by
dividing their peak value by the square root of two. The rms value can be defined
as well for periodic non-sinusoidal voltages. For a voltage that changes periodically
with a period T, the rms value is calculated according to

T
J u2de.
0

The rms value can be also defined for AC currents, using the previous expression.
For sinusoidal currents, their rms value is 2 times lower than their peak value.
Expressions (10.11) and (10.12) give the rms value of the electromotive force in one
turn and rms value of the electromotive force in one conductor,

Urps =

~l—

) E, 27f )P,
turn __:% :4744]" @m (1011)

lrms = \/z \/z
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En e =2,22f &, (10.12)
The angular frequency o = 2nf of the electromotive force is determined by the
speed of rotation 2,,. The rms value of an induced electromotive force can be
expressed in terms of the frequency f and the flux as E,,,, = 4.44 f®,. For a
concentrated winding consisting of N turns, the rms value of the electromotive

force is given by equation
EVind — 4 AANF &,,. (10.13)

rms

10.3 Electromotive Force in a Winding

Electrical machines usually have a number of windings. Most induction and
synchronous machines, also called AC machines, have their stator designed for
the connection to a three-phase system of alternating voltages and currents. There-
fore, most AC machines have three windings on the stator, also called phase
windings. Some authors use the term stator winding to describe the winding system
comprising three-phase windings.

Each winding has one or more turns. Individual turns are connected in series.
The ends of this series connection are usually made available at machine terminals.
In this section, the electromotive force induced in a winding is calculated for
concentrated and distributed windings. This electromotive force determines the
voltage across the machine terminals.

10.3.1 Concentrated Winding

Conductors making a winding can be concentrated in two diametrically positioned
grooves, constituting a concentrated winding. Since all the turns of a concentrated
winding reside in the same position, they all have the same flux and the same
electromotive force. The rms value of the electromotive force in one turn, made of
two diametrically positioned conductors, is given by expression (10.12). For a
concentrated winding with N turns, the rms value of the induced electromotive
force is given by expression (10.14).

10.3.2 Distributed Winding

Windings are usually made by placing conductors in a number of equally spaced
slots along the machine circumference. Individual turns are spatially shifted and
have different electromotive forces. For this reason, the electromotive force
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Fig. 10.2 Distribution of
conductors of a winding
having fractional-pitch turns
and belt distribution in m = 3
slots

induced in a distributed winding is not equal to the product of the number of turns N
and the electromotive force induced in one turn. The process of calculating the
electromotive force of a distributed winding is explained in this section.

The turns making a winding are often made of conductor pairs that do not have
diametrical displacement. Namely, the two conductors making one turn may not
have angular displacement of n. Displacement of the two conductors is also called
pitch of the turn. With pitch lower than 7, one obtains fractional-pitch turn or
fractional-pitch coil.

In distributed windings, conductors of a winding may be placed in several
adjacent slots. A group of conductor is called a winding belt. In Fig. 10.2, a sample
winding is depicted with three series-connected turns, 1A—1B, 2A-2B, and 3A-3B.
Conductors 1A and 1B belong to one turn, and they are placed in the slots at an
angular distance of o. With o = 7, the conductors are diametrically positioned,
making a full-pitch coil. In the case when oo < m, conductors 1A and 1B reside on a
chord. In this case, turn 1A-1B is fractional-pitch turn.

The electromotive force induced in a fractional-pitch turn is smaller than in the
case of a full-pitch turn. The reduction is determined by a coefficient called chord
factor.

Conductors 1A, 2A, and 3A are placed in three adjacent slots which make a
winding belt. In the same way, conductors 1B, 2B, and 3B are placed in other three
adjacent slots. The electromotive forces induced in the turns 1A—1B, 2A-2B, and
3A-3B are not equal due to spatial displacement of corresponding turns. Therefore,
electromotive forces in individual turns do not reach their maximum value at the
same instant. The spatial shift between magnetic axes of individual turns results in a
phase shift between corresponding electromotive forces. For this reason, the peak and
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rms value of the winding electromotive force is smaller than the product obtained by
multiplying the number of turns (3) and the peak/rms value of the electromotive force
in one turn. This reduction is determined by the coefficient called the belt distribution
factor or belt factor. Calculation of the electromotive force of a distributed winding
requires both the chord factor and the belt factor to be known.

10.3.3 Chord Factor

The expressions for electromotive force obtained so far are applicable to turns made
of diametrically positioned conductors, namely, to full-pitch turns. There is a need
explained later on requiring the two conductors making one turn to be placed at an
angular distance smaller than 7. The reason for applying fractional pitch may be the
desire to shorten the end turns, the wires at machine ends that connect the two
conductors in series hence completing the turn. In most cases, the fractional-pitch
turns are used to reduce or eliminate the undesired higher harmonics that may
appear in the electromotive force.

As an example, one can start from the machine shown in Fig. 10.2 and assume
that the spatial distribution of the magnetic inductance B(0) in the air gap is not
sinusoidal. For the purpose of discussion, the function B(f) is assumed to be
B, icos(8 — 6,,) + B,,5 cos5(6 — 0,,). Based upon that, the electromotive forces
e and e induced in the conductors constituting one turn comprise the component
at the basic angular frequency w = €,,, but also the fifth harmonic at frequency of
5Q,,. In cases where conductors ) and (©) are positioned at angular distance 7, the
electromotive forces induced in them are of the same shape. The fundamental
harmonic component of the electromotive force depends on B,,;. At the same
time, higher harmonics of the magnetic induction determine the higher harmonics
of the electromotive force. By connecting diametrically positioned conductors in
series, the electromotive force at the fundamental frequency is doubled, but so is the
unwanted electromotive force of the fifth harmonic.

If the conductors are placed so that the angular distance between them is « = 4n/5,
there is a phase shift between the electromotive forces e and e which depends on
the angular distance o. In the course of the rotor motion, the instant of passing of the
north magnetic pole of the rotor against the stator conductor () is delayed by
At = o/Q,, with respect to the instant of passing of the same pole against the
conductor ). The electromotive force of conductor (-) has angular frequency Q,,
and it is phase shifted by o with respect to the electromotive force of conductor ().
In Fig. 10.1, the angular distance between the two conductors making the turn is
o = 7. In Fig. 10.2, there are turns with o < 7. With o = 7, electromotive forces in
conductors (X) and () have the opposite sign. They are connected in series by the end
turn which provides the current path between the ends of conductors at the same
machine and. With such connection, the electromotive forces with opposite sign
actually add up. For that reason, the electromotive force induced in a single turn in
Fig. 10.1 is two times larger than electromotive forces of individual conductors.
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B©)=8,cos(0 -Q,t). e,(t)=LRQ, B, cos(Q,t). ¢ =|e,|=LRQ, B,

Fig. 10.3 Electromotive forces of conductors of a turn. (a) Full-pitched turn. (b) Fractional-pitch
turn

Electromotive forces in individual conductors can be represented by phasors
e® and en. With peripheral rotor speed of v = RQ,, and with B(0) = B,,
cos(f — 0,,), both phasors have the same amplitude leg| = legl = e¢; = LvB,,,
where L denotes the axial length of the machine. The phasor of the electromotive
force in the turn, shown in Fig. 10.3a, is obtained by summing the phasors e« and
¢o» € = ex — ¢o- With angular distance between conductors of o, e = €1, e
= eje ”and (-ec) = e;e 7", By placing the conductors at angular distance 47/5,
phasors of electromotive forces e and e are not be collinear, and this is illustrated
in part (b) of Fig. 10.3. With respect to e, electromotive force —e( is phase shifted
by ©/5. Therefore, the amplitude of the resulting electromotive force in one turn
e — eq is slightly smaller than the sum of amplitudes LvB,, of electromotive
forces in individual conductors.

Phasor diagrams can be constructed for the fundamental harmonic but also for
each of the higher harmonics. With B(6) = B,,,;cos(6 — 6,,) + B,,5 cos5(0 — 0,,),
electromotive forces have the fundamental component of frequency €,, and ampli-
tude determined by B,,; and the fifth harmonic of frequency 5€,, and amplitude
determined by B,,s. For the fifth harmonic of electromotive forces, the phase
difference is multiplied by 5, as well as the frequency. Since 5 X n/5 = m, the
fifth harmonic of the electromotive force e, is in opposition with the fifth harmonic
of the electromotive force (—e(). Thus, they will be mutually canceled. Despite the
presence of the fifth harmonic in the spatial distribution of B(8), the electromotive
force induced in the considered turn will not contain the fifth harmonic. One of the
consequences of shortening the turn pitch is reduction of the first, fundamental
harmonic of the electromotive force. The electromotive force in one turn formed by
the fractional-pitch conductors can be determined from the phasor diagrams of



234 10 Electromotive Forces

Fig. 10.4 Electromotive forces in a fractional-pitch turn

Fig. 10.3 but also by calculating electromotive force of turn P1-P2 in Fig. 10.4,
which is the next step in the analysis.

Question (10.2): How do we place the conductors making one turn in order to
eliminate the seventh harmonic of the induced electromotive force? It is assumed
that the spatial distribution B(6) comprises the seventh harmonic.

Answer (10.2): By placing conductors at the angular distance of 6m/7 and by
making their series connections in the way that leads to adding of electromotive
forces at the fundamental frequency, phasors of electromotive forces at the funda-
mental frequency are shifted by /7, while phasors of the seventh harmonic are
shifted by m. Therefore, by summing the electromotive forces of the two
conductors, the seventh harmonic is eliminated.

k& ok

Electromotive force induced in the turn made of conductors P1 and P2, shown in
Fig. 10.4, placed at angular distance o < 7 is smaller than the electromotive force
induced in the turn P1-P3 which is obtained by connecting diametrically positioned
conductors. Reduction of the electromotive force due to this fractional-pitch setting
of conductors is determined by the coefficient ky called chord factor. The coeffi-
cient kr can be determined by investigating the electromotive force induced in the
turn P1-P2, and its value is always k7 < 1.

Figure 10.4 shows cross section of an electrical machine with the stator turn
P1-P2 having fractional-pitched conductors. It is assumed that the magnetic field in
the air gap has sinusoidal distribution and that it rotates along with the rotor.
Variation of the magnetic induction is depicted as well. The presented spatial
distribution of the magnetic induction can be accomplished by insertion of perma-
nent magnets into the rotor magnetic circuit.
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The electromotive force of turn P1-P2 can be determined by calculating derivative
of the flux encircled by the turn. The flux of the turn P1-P2 is determined by
expression

D= JB -dS = JB -LRd0 = LRB,, Jcos(@ —0,)-do, (10.14)
0 0 0

where L is axial length of the machine, R is radius of the rotor, while B,, is the
maximum value of sinusoidally distributed magnetic induction which comes as a
consequence of permanent magnets on the rotor. By calculating the integral, one
obtains

@ = LRB,, - sin(0 — 0,,)|y= LRB,[sin(a — 0,,) — sin(—0,,)]
0] cos(*  cos(*
= {ZLRB,,, smi] cos (E — Gm) = @) cos (2 9,,,). (10.15)

®,.” denotes the maximum value of the flux in the turn P1-P2. This value is
reached when the rotor is in position 6,, = ¢,/2. Since the maximum value of the flux
in the turn P1-P3 is @,,” = 2LRB,,,, it is shown that the peak value for the fractional-
pitch turn is reduced by factor of sin(o/2). In other words, the peak value of the flux
in the fractional-pitch turn (&,,%) is smaller than the peak value of the flux of the full-
pitch turn (&,,"), and it is equal to &,,* = &,,” sin(a/2). The electromotive force
induced in turn P1-P2 is given by expression

er(t) = % = Q," sin(% ~0n) = En sin(% ~ont). (10.16)

The peak value of the electromotive force is equal to

E, = 2nf &~ - sin%. (10.17)

Coefficient k; = sin(a/2) determines reduction of the turn electromotive force
due to fractional pitch. The rms value of the electromotive force of the turn is given
by expression

E, o
E’l”f” =2 —4,44f " -sin=. (10.18)
rms \/5 m 2

The electromotive forces represented by means of corresponding phasors are
depicted in Fig. 10.5. Using the phasors, the procedure of calculating the chord
factor can be simplified. Hypotenuse AC of the right-angled triangle ABC represents
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Fig. 10.5 Electromotive
force of a fractional-pitch
turn. The amplitude of the
electromotive force induced
in one conductor is denoted
by E;. The amplitude of the
electromotive force induced
in one turn is determined by
the length of the phasor DC

2E, sin(a/2)

the rms value of the electromotive force E; induced in one of the conductors.
Opposite to angle /2 is the side BC of the length E;-sin(¢/2). The rms value of
the electromotive force induced in the turn is represented by phasor DC. It has twice
the length of the side BC, and it amounts 2F; sin(o/2) = 2E, k. Therefore, due to
fractional pitch, the electromotive force in one turn is smaller than 2E,. Chord factor
k7 = sin(a/2) is in accordance with the result (10.18).

Within the subsequent sections, winding design methods are discussed that
result in reduction of harmonic distortions of the electromotive force and even
elimination of certain harmonics of lower order. These methods include placing
conductors of one turn along chord instead diameter and arranging winding turns in
belts. To facilitate calculation of electromotive forces induced in such windings,
analysis results in coefficients called belt factor and chord factor.

In Sect. 10.5, the electromotive force induced in ideal distributed winding is
analyzed, proving that the induced electromotive force of this winding comprises
only the fundamental harmonic, notwithstanding the non-sinusoidal distribution of
the magnetic induction B(f) and non-sinusoidal waveforms of electromotive forces
induced in individual conductors. Basically, an appropriate series connection of all
the winding conductors can be envisaged so as to cancel all the harmonics in
induced electromotive force except for the fundamental. The subsequent analysis
will consider the winding with sinusoidal distribution of conductors along the
machine circumference. With an ideal sinusoidal distribution of conductors, all
the distortions in are canceled, resulting in a sinusoidal electromotive force of the
winding. The winding then acts as a spatial filter, removing distortions in the spatial
distribution B(6) and giving a sinusoidal electromotive force.
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10.3.4 Belt Factor

Windings of practical machines are made by placing conductors in slots, axially cut
grooves in the magnetic circuit. The stator and rotor have large numbers of slots.
Figure 8.1 shows a cross section of the magnetic circuit of an electrical machine
exposing the usual shapes of the slots and their number.

One turn consists of the two diametrical conductors or the two conductors placed
at the ends of the chord. On the other hand, a three-phase stator winding comprises
three phases, three separate windings having their magnetic axes displaced by 2m/3.
Therefore, the minimum number of slots contained by the stator magnetic circuit of
a three-phase machine is 2 x 3 = 6. This number of slots is used in cases where
each of the phase windings is concentrated, that is, where all conductors in a
winding are placed in two diametrical slots. The number of slots is usually higher
than 6. One of the reasons for using higher number of slots is the problem associated
with placing one half of all the conductors of one winding into only one slot. Such
slot would have an extremely large cross section that is not practical for the
machine construction. Thus, the conductors are usually distributed in a number of
neighboring slots. In this way, a winding belt is formed. A belt comprises two, three,
or more adjacent slots. Each slot of the belt can accommodate one or more winding
conductors. In order to simplify further considerations, one may assume that
each slot of the belt contains only one conductor. In cases where each slot has M
conductors, all the subsequent conclusions hold, except for the electromotive forces
amplitude which has to be multiplied by M.

An example of a winding belt having conductors placed in three adjacent slots is
presented in Fig. 10.6 The figure shows the cross section of such winding and
phasor diagram showing relation between the electromotive forces induced in the
individual windings. The turns 1A—1B, 2A-2B, and 3A-3B have full pitch, namely,
these turns are made of diametrically positioned conductors. Phasors E, E,, and E;
represent the electromotive forces of turns 1A—1B, 2A-2B, and 3A-3B, respec-
tively. Angle y in Fig. 10.6 denotes the distance between the two adjacent slots. The
spatial shift between the turns results in the phase shift y between electromotive
forces induced in corresponding turns.

Placing of conductors in winding belts allows elimination or reduction of higher
harmonics in the induced electromotive force. Due to the spatial displacement
between conductors, the electromotive forces in individual conductors are phase
shifted, as explained in the preceding section discussing the chord factor. In cases
where a winding belt ranges over m neighboring slots, the electromotive force of
the winding can be determined according to equation

EPhase — B\ 4 By 4. 4 E,, (10.19)

where letters E;—+E,, denote the electromotive forces induced in individual turns.
Due to the phase shift, the sum of individual electromotive forces gives a resultant
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Fig. 10.6 Three series-connected turns have their conductors placed in belts. Each of belts has
three adjacent slots (/eft). Phasor diagram showing the electromotive forces induced in the turns 1,
2, and 3 (right)

electromotive force with a rms value which is smaller than the sum of the rms
values of individual electromotive forces,

Ei +Es+ ... + E,|<|Ei| + |E5| + ... + |E.

Adjacent slots are seen from the center of the rotor at an angle of ), which
determines at the same time the phase shift of the electromotive forces in individual
turns, said turns comprising conductors placed in the adjacent slots. By using
(10.19) and phasor diagram given in Fig. 10.7, it can be shown that distribution
of conductors within the winding belts leads to elimination of certain higher
harmonics in the induced electromotive force.

10.3.5 Harmonics Suppression of Winding Belt

According to (10.10), variation of the conductor electromotive force is determined
by spatial distribution of the magnetic induction in the air gap. If the spatial
distribution of magnetic induction contains a higher spatial harmonic of the order
n, the time change of the electromotive force induced in a single conductor contains
a higher harmonic of the order n. In a full-pitch turn, conductors are placed in
diametri cally positioned slots, and the electromotive force is twice the electro-
motive force of a single conductor. Therefore, the harmonic of the order n is present
as well by the electromotive force of the turn.

The electromotive force of the winding shown in Fig. 10.6 is equal to the sum of
electromotive forces in spatially shifted turns 1A—1B, 2A-2B, and 3A-3B. It is
possible to cancel higher harmonics by the proper selection of the angle y. Diagram



10.3  Electromotive Force in a Winding 239

Ens

-

Fig. 10.7 Phasor diagram of electromotive forces in individual turns for the winding belt
comprising m = 3 adjacent slots

in Fig. 10.6b shows phasors E;, E,, and E; which represent the fundamental
harmonic of the electromotive forces in turns 1A—1B, 2A-2B, and 3A-3B. The
phasors are shifted by angle y which represents the spatial shift of the two adjacent
turns. Higher harmonics of the electromotive forces can also be represented by
phasors. Harmonics of the order n are of the same amplitude in all considered
turns, but their initial phases differ due to their space shift. The angular frequency
is increased n times for the n-th harmonic. In adjacent conductors, the spatial shift y
produces the phase delay for the n-th harmonic of ny. In the phase diagram
representing n-th harmonics of the electromotive forces of the turns, phasors E,,,
E,,, u E;, are shifted by angle ny.

If angle y in Fig. 10.6a is equal to 2m/(3-n), phasors on the n-th harmonic £,
E,,, u E3, are shifted by 2n/3. Since amplitudes of these phasors are all equal, their
phase diagram is represented by an equilateral triangle where the beginning of
the first and end of the last phasor coincide. That is, the sum of the phasors of the
n-th harmonic in all the three turns is equal to zero. Therefore, in cases where
y = 2m/(3-n), harmonics of the electromotive force of the order n are eliminated.

In general, two winding belts making a winding may cover m consecutive slots
each. The winding then consists of m turns connected in series. If the angle y equals
2n/(m-n), the phase shift of the fundamental component of the electromotive force in
the adjacent turns is equal to 27/(m-n), while the phase shift of the n-th harmonic is
2nt/m. The electromotive force is induced in the winding with n-th harmonic
obtained by adding m phasors, each representing the n-th harmonic in a single
turn. These m phasors are of the same amplitude, with their initial phases shifted
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by 2nt/m. The phasor representing the n-th harmonic of the electromotive force of the
winding comprising m series-connected turns is

E;‘»ind =E,+E),+Ey,+...+E,,

m—1

—juk2n
:ElnE ek = 0.
k=0

The last expression can be represented graphically. By adding m phasors mutually
shifted by 27/m, the end of the last phasor coincides with the beginning of the first
one. The phasor diagram is represented by a polygon of m sides of equal length. The
polygon is inscribed within the circle with phasors of the n-th harmonic in individual
turns being the chords of the circle.

Therefrom, one can conclude that the resultant electromotive force of the
harmonic of the n-th order is equal to zero provided that the angle y equals
2n/(m-n). In other words, the n-th harmonic can be eliminated provided that the
winding belt spans over m slots is placed at an angular distance of 2m/n.

With the slots distributed in a belt, the fundamental component of the resultant
electromotive force is slightly smaller than what would be the electromotive force
in a concentrated winding. By using the diagram in Fig. 10.7, it can be noticed that
the amplitude of the sum of phasors E; + E, + E3 is smaller than the sum of
individual amplitudes |IE | + |E,| + |IE;l. This difference appears since the phasors
being added are not collinear. Factor kp is equal to the ratio

‘El +Ez+1§_2‘
kp == = —
|E\| + |Ea| + |E5|

and it is called belt factor.

In cases where the width of the winding belt is m = 3, the fundamental compo-
nent of the resultant electromotive force is obtained by adding three phasors, as
shown in Fig. 10.7, resulting in equation

Ey" = Ey + E + E5. (10.20)

Phasors Ey, E5, and E; are lying on a circle of radius R. For each of the isosceles
triangles of Fig. 10.7, it is known that the base of the triangle is equal to twice the
product of the triangle side and the sine of one half of the opposite angle. Therefore,
the expression R sin(y/2) = E¢/2 links the radius of the circle, the electromotive
force E1, and the angle y. At the same time, the amplitude of the resultant phasor is

3 E 3
En13:2R-sinl:2< ! >sin—y

2 2-sin} 2

sinf 3.sini

-3y .3y
_Esm7_<sm7>.3E k. 3E
=Ly —— = ] 1 = Kp 1,

2
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where kp stands for the belt factor of the winding with the belt width of m = 3 slots.
For belt width m # 3, the amplitude of the resultant phasor representing the
fundamental harmonic component is E,, = 2R sin(my/2), where radius R and
electromotive force E; in one turn are related by R sin(y/2) = E;/2. With E;
representing the rms value of the fundamental component of the electromotive
force induced in a single turn, the rms value of the fundamental component in the
winding comprising m series-connected turns is

sin 5 SHES
E,=E —= = | -mE; = kp - mE;.
smg m - sins

The belt factor kp is determined by the expression

nmy

=l 2 10.21
m’E1| m - sing ( )

|E,,,:3 | sin

kp

and the rms value of the winding electromotive force can be determined from
E,ps = EP'¢ = 4 44kpfN @T (10.22)

where @,," = 2LRB,, is the maximum value of the flux in one full-pitched turn, N is
the number of series-connected turns, while f = Q,,/(2n) is the frequency.

Question (10.3): Due to non-sinusoidal distribution of magnetic induction B(0),
the electromotive forces induced in conductors comprise higher harmonics. A
winding of 3 turns consists of 6 conductors. The conductors are placed at angular
distance of y = 24°. The resultant electromotive force measured at the winding
terminals does not have some of the higher harmonics that are present in
electromotive forces of single conductor. What is the order of these harmonics?

Answer (10.3): The resultant electromotive force of the harmonic of the order n is
equal to zero in cases where y = 2n/(m-n) or y = g-2n/(m-n), where ¢ is an integer.
Since m = 3 and y = 2n/15, all harmonics of the order n = 5¢ are eliminated.
These are all the harmonics with the order n being an integer multiple of five.

10.4 Electromotive Force of Compound Winding

Windings are usually made by series connecting the fractional-pitch turns, namely,
the turns made of conductors that are not diametrically placed, but reside at the ends
of a chord. In addition, conductors of several turns are distributed in adjacent slots
that make up one winding belt. For this reason, calculation of the fundamental (first)
harmonic component in the electromotive force of the winding should include the
belt and pitch factors. These factors are given by expressions
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kr = sin%, (10.23)
sin 2!
kP - 72}4
m - Sin 5

2

while the rms value of the electromotive force of a compound winding can be
determined from

E,ms = 4,44 - kpkrN -f - (2L -R - B,), (10.24)

where N = N¢/2 is the number of turns, B,, is the maximum value of sinusoidally
distributed magnetic induction in the air gap, while L and R stand for the machine
length and the rotor radius. Quantity f'is the frequency of the induced electromotive
forces. In the example given in Fig. 10.6, the frequency fis equal to the number of
rotor revolutions per second.

The preceding expression can be written in the form

Erms = 47 44kPkTqu);7

where &,," = 2LRB,, represents the maximum value of the flux which would have
existed in a single full-pitched turn. In distributed windings with fractional-pitch
turns, the quantity @,," is hypothetic, and expression (10.24) is more suitable.

10.5 Harmonics

The waveform of dynamic electromotive force is determined by distribution of the
magnetic field in the air gap. In cases where the magnetic field H and induction B
vary sinusoidally along the machine circumference, the electromotive force is a
sinusoidal function of time, and it does not contain distortions and higher
harmonics. The fundamental or basic frequency component is also called first
harmonic. The term higher harmonics refers to any other harmonic of the order
n > 1. The presence of higher harmonics distorts the waveform and makes it non-
sinusoidal. The field in the air gap appears as a consequence of the magnetomotive
forces created by electrical currents in conductors but also due to the presence of
permanent magnets on the rotor. In both cases, one of the goals which is set up in
the course of machine design is to achieve near-sinusoidal distribution of the
magnetic field in the air gap, so as to obtain sinusoidal electromotive forces. This
goal cannot be accomplished in full for a number of reasons. For one, conductors
making the windings do not have sinusoidal distribution as they have to be placed in
slots. Magnetic circuit of electrical machines usually has several tens of slots. Thus,
there is a relatively small number of slots available for placing conductors. Electri-
cal current in such conductors produces magnetomotive force and magnetic field in
the air gap. Deviation from harmonic distribution of conductors leads to appearance
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of higher spatial harmonics of the magnetic induction B(6) in the air gap. The
presence of higher harmonics makes the spatial distribution of B(f) a non-
sinusoidal function of the angle 0. Similarly, permanent magnets built in the rotor
cannot produce an ideal, sinusoidal distribution of the magnetic field, but they
create magnetic field comprising higher spatial harmonics.

With the magnetic field B(0) in the air gap and with the rotor rotating at the
speed of €,,, electromotive forces are induced in stator conductors, proportional to
the magnetic inductance and the speed. In the conductor at position § = 0, the
induced electromotive force is E = RQ,,LB(0 — 0,,), and it can be written as
E = kB(0 — Q,,t). In cases when the spatial distribution B(f)) contains the fifth
harmonic, magnetic induction at position 6 = 0 is

Bs cos5(0 — 0,,) = Bs cos5(0 — 0,,) = Bs cos(5Q,1);

thus, the fifth harmonic of the electromotive force induced in the conductor placed
at0 = 0is

Es = RQ,,LBs COS(Sme).

Therefore, higher spatial harmonics of the function B(0) result in higher
harmonics of the induced electromotive force.

Higher harmonics of the electromotive force create electromagnetic disturbances
and contribute to pulsations in electromagnetic torque. They increase the maximum
and rms values of the electrical current with respect to the case with sinusoidal
electromotive forces. As a consequence, power of losses in electrical machine
increases. For this reason, the windings of electrical machines are designed and
built with the aim of minimizing the influence of higher harmonics of the magnetic
field to the induced electromotive forces. Most often, it is not possible to obtain an
ideal, sinusoidal distribution of the magnetic field. For this reason, higher harmonics
are reduced by the proper design of the windings.

A winding consists of a number of conductors connected in series. In each
conductor, induced electromotive force depends on the rotor speed and the magnetic
inductance in the air gap. Whether sinusoidal or not, these electromotive forces
are periodic, AC waveforms with their frequency determined by the rotor speed. The
initial phase of electromotive force induced in a conductor depends upon angular
position of the slot where the conductor is placed. The electromotive force of the
winding is the sum of phase-shifted electromotive forces of individual conductors.
The conductors may be connected in the way that higher harmonics of the electro-
motive force are in counter phase; thus, they will mutually cancel in the process of
summing. The phase shift is further dependent upon the order » of harmonic, and this
makes the process of harmonic elimination more involved. Namely, in cases where a
winding is made in the way that one higher harmonic is canceled, it is possible that in
the same process, the other higher harmonic is summed up and augmented.
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Practical methods of designing the windings specify the way of placing individual
conductors in various slots. In most cases, all the series-connected conductors along
with their end turns are made of one single, uninterrupted wire. In such cases, the
winding design provides a scheme or a map which indicates position and sequence of
slots where the wire is to be inserted. The winding design relies on the fact that the
most harm comes from the low-order harmonics. Therefore, most winding design
schemes are focused on suppressing low-order harmonics.

The waveform B(0) of the spatial distribution of magnetic induction is usually
symmetrical with respect to the maximum B,,, and it does not contain even
harmonics. Therefore, the induced electromotive forces could contain only odd
harmonics. Moreover, the odd harmonics of the order 3z are not relevant either.
This claim is briefly explained below.

For star-connected three-phase windings, the sum of electrical currents is equal
to zero (i, + i, + i, = 0). The fundamental components of electrical currents are
phase shifted by 2mt/3, which drives their sum to zero. Considering harmonics of the
order 3n (triplian), their mutual phase shift is 3n X 2n/3 = n x 2n; hence, they
have the same phase. Therefore, higher triplian harmonics in electrical currents
cannot exist, as their sum would not be zero. Without the path for electrical
currents, the higher triplian harmonics in electromotive forces are not relevant as
they do not produce electrical currents. In a star connection, the electromotive force
of the phase winding may comprise a triplian harmonic, but it cannot produce any
electrical current. The phase of triplian harmonics of phase electromotive forces is
equal due to 3n x 2n/3 = n x 2m. Therefore, the line voltage, being the difference
between the two phase voltages, will be free from triplian harmonics.

For the above reasons, practical approaches to winding design are primarily
focused on suppressing the fifth and seventh harmonic. Where possible, the next
harmonics to be targeted are the eleventh and thirteenth.

10.5.1 Electromotive Force in Distributed Winding

Practical windings of electrical machines are formed by series connecting of the
conductors placed in slots. Usually, there are several tens of slots, meaning that
the conductors could be placed at one of several tens of discrete positions. Practical
windings are designed to have spatial distribution of their conductors as close to
sinusoidal as possible. Winding design techniques include the use of fractional
pitch of conductors making one turn (fractional-pitch turns) in order to eliminate or
reduce some of the higher harmonics. In addition, conductors of the winding
are distributed in winding belts, comprising a number of adjacent slots, and this
approach contributes as well to elimination or reduction of higher harmonics in the
winding electromotive force. For this reason, further considerations are made in
order to analyze the resultant electromotive force in windings with near-to-sinusoi-
dal distribution of their conductors along the machine circumference.
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Fig. 10.8 Cross section of an electrical machine comprising one stator winding with sinusoidal
distribution of conductors and permanent magnets in the rotor with non-sinusoidal spatial distri-
bution of the magnetic inductance

It will be shown hereafter that an ideal winding with sinusoidal distribution of
conductors acts as a spatial filter which eliminates completely all the higher
harmonics of the resulting electromotive force. In cases where the magnetic induc-
tion B(0) in the air gap has a non-sinusoidal distribution along the machine
circumference, electromotive forces in individual harmonics are non-sinusoidal as
well, and they comprise higher-order harmonics. Notwithstanding distortions of B
(6), the winding with sinusoidal distribution of conductors has a sinusoidal-induced
electromotive force, free from higher harmonics and distortions. This statement will
be proved at the end of this chapter. Hence, sinusoidal distribution of conductors is
an ideal worth striving for. Yet, in practice, it cannot be accomplished since each
machine has a relatively small number of slots. Therefore, electromotive forces in
practical machines deviate from an ideal sinusoidal form due to the fact that higher
harmonics are not completely eliminated.

In the following considerations, the induced electromotive force is calculated for
windings where distribution of conductors along the machine circumference is
assumed to be perfectly sinusoidal. Analysis is focused on electrical machine
shown in Fig. 10.8.

It has permanent magnets on the rotor. The magnets produce the magnetic
inductance in the air gap with spatial distribution B(#). The function B(0) is non-
sinusoidal, and it has higher harmonics. The machine under scope has a stator
winding with conductors distributed along the inner surface of the stator magnetic
circuit. It is assumed that each of these conductors can be placed at an arbitrary
location and that the distribution of the conductors along the circumference is
sinusoidal. It is going to be proved that in this case, the winding has an induced
electromotive force that is sinusoidal, even though the field has a non-sinusoidal
distribution in the air gap. The winding plays the role of a spatial filter which
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eliminates all harmonics induced in the electromotive force except for the first,
fundamental harmonic. Fundamental harmonic of the function B(0) is the first
member of series (10.25), the member with i = 1. It represents the first harmonic
of the spatial distribution of the magnetic field. The fundamental harmonic of the
winding electromotive force is determined from the first harmonic of the distribution
B(0) and from the angular frequency wg = £,,. Exact expressions are calculated in
this section.

In general, magnetic field in the air gap can be the consequence of the rotor
currents or permanent magnets built in the rotor magnetic circuit. In both cases, the
spatial orientation of the rotor magnetic field depends on the position of the rotor.
When the rotor revolves at an angular speed of ,,,, the rotor magnetic field revolves
along with the rotor and has the same speed. As a consequence, electromotive forces
are induced in stator conductors. On the basis of Fig. 10.8, distribution of magnetic
induction B(0) in the air gap is not sinusoidal. It contains higher harmonics, specified
by the series (10.25). Calculation of the resultant electromotive force induced in
the winding will be carried out with the aim of proving that it contains only the
fundamental harmonic.

Magnetic induction created by permanent magnets built in the rotor magnetic
circuit can be described by function B(0 — 0,,) = B,,sgn[cos(0 — 0,,)]. Over the
interval — /2 < (0 — 0,,) < +m/2, the magnetic induction is equal to +B,,, while
for+n/2 < (0 — 6,,) < +3m/2, the induction is —B,,,. By expanding this function to
Fourier series, one obtains

=4 B,

B(6 —0,) = — —
i:lHZI—l

(=) cos[(2i — 1) (0 — 6,,)]. (10.25)

The function contains all odd harmonics, while even harmonics are equal to zero.
The amplitude of specific harmonics decrease with their order, A ~ 1/(2n — 1). The
absence of even harmonics could have been predicted from the fact that the function
B(6 — 6,,) is symmetrical, B(x) = B(—x). The amplitude of the first harmonic is
equal to 4B,,/m.

10.5.1.1 Flux in One Turn

Calculation of the electromotive force induced in the stator winding requires the
flux in the winding to be determined first. Then, the electromotive force can be
found from the first derivative of the winding flux. Since winding consists of a
number of series-connected turns, each one in a different position, the total flux is
obtained by adding (integrating) fluxes in individual turns. First of all, it is neces-
sary to determine the flux @(0) in one turn. It is assumed that the turn is made of
conductors A and B. It is also assumed that the conductor A, denoted by ), resides
at position 6, while the conductor B of the same turn, denoted by (©), resides at
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Fig. 10.9 Calculation of the flux in turn A-B (left). Selection of the surface S (right)

position 6 + 1. The considered turn has full pitch. Conductors A and B are shown
in Fig. 10.9.

Flux @(0) is equal to the surface integral of the vector of magnetic induction B
over the surface S which is leaning on the conductors A and B of the considered turn
(Fig. 10.10). The integral is calculated over the surface which lies in the air gap
starting from conductor A up to conductor B. The integration surface passing
through the air gap is selected because there is an analytical expression for the
change of magnetic induction B in terms of the angle 0. The reference direction is
determined by the right-hand rule. The flux is determined by integrating the
quantity B(&)dS = B(E)LRAE between the limits 8 and 6 + w, as indicated by
expression

0+m

o(0)= | Bo)L Rt

0

_6+n =4 B, 1)t 2 1) (-0 L.Rdc 1026

_J izlEzi—1(_) cos[(2i = 1) - (&= On)] p L-RdE.  (10.26)
0

The integration is carried out over the surface S passing through the air gap, the
elements of which are dS = LRd¢, where L is the axial length of the machine and
R = DJ2 is radius of the rotor cylinder. Expression B(¢) represents radial compo-
nent of the magnetic induction at an arbitrary position ¢ within the interval [0 ..
0 + ). The result of the integration is the flux determined by equation

o0

?(0) = LRBm% Z ﬁ sin[(2i — 1) (0 — 0,,)]. (10.27)
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Fig. 10.10 Semicylinder S
extends along the air gap
starting from conductor A
and ending at conductor B

10.5.1.2 Sinusoidal Distribution of Conductors

Resultant flux /5 in the winding is calculated by summing all the fluxes in individ-
ual turns. The distributed winding shown in Fig. 10.9 has the line density of
conductors along the machine circumference expressed by N'(0),

N'(0) = N, cos 0.

The highest density of conductors is at positions = 0 and 0 = w. Within a very
small element of the machine circumference Rd0, there are dN conductors,

dN = N'(0) - R - o).

All the conductors with reference direction ) are placed within the interval
[—7/2 .. m/2). Each conductor having reference direction ) is connected in series
with diametrically placed conductor of direction (-). These two conductors are
connected at machine ends, and they make one turn. The flux @(0) within one turn
is determined by expression (10.27). Considered turn has the conductor ) in
position 0 and the conductor (©) positioned at 6 + .

Resultant flux ¥ of the winding is determined by integrating

d¥s = N,,®(0)Rcos(0) - dO
over the interval [—m/2 .. ©/2),

/2
Wy — J Ny (0)Reos(0) - do. (10.28)

—n/2
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By introducing @(6) from expression (10.27), one obtains that the flux of the
winding is
+7n/2

o0

8§ (—1)f J o

Ys=N,LR’B,— Y ——— sin[(2i — 1)(0 — 6,,)]cos@-df  (10.29

§ n;(Zi—l)z ’ (2 = 1) ) ( :
—n/2

If the integrand of the integral (10.29) is written in the form
F(0,1) =sin[(2i — 1) (0 — 0,,)] cos(0)
= 1/2[sin(2i0 — (2i — 1)0,,) + sin((2i —2)0 — (2i — 1)0,,)],

while the value of (NmLRzBm~8/7t) is denoted by k, the result (10.29) can be
represented as the sum in which each element is an integral of the function f(0,i)
within limits —m/2 and 7/2,

+m/2

'I’S—kz 21_1 Jf(e,i)-de.

—n/2

For i > 2, each of the elements of the function f(0,i) is a sine function with an
integer number of its periods on the interval [—n/2 .. /2). Therefore, the integral of
f(0,i) over the interval has a non zero value only for i = 1. Any other of the sum but
the first is equal to zero. For the first member of the sum, for i = 1, the integrand
becomes

f(0,1) = [sin(20 — 6,,) + sin(—0,,)]/2.

Introducing this expression in (10.29), for i = 1, one obtains

+n/2
I 2y 8 (1)1 ,
Y. =N,LR°B, — sin(0 — 0,,) cos(0) do,
s T2 1) /
—n/2

which gives the resultant flux in the winding. It has been demonstrated that only the
first (fundamental) harmonic of the non-sinusoidal distribution B(6) of the magnetic
induction produces the flux in the winding which has sinusoidal distribution of its
conductors. Since

+r/2 +m/2
J sin(0 — 0,,) cos(0)- 0 = % J [sin(20 — 0,,) + sin(—0,,)] - o

—n/2 —n/2

+m/2

+—sin(—6,,) -0
—n/2

+7/2
= ——sin0,,

1
= ——cos(20 — 0,)
4 a2 2




250 10 Electromotive Forces
the value of the flux ¥y is equal to
8(—1
w! = N,.LR’B,, 8(-1) (—g sin em) — 4N, LRB,, sin 0,,. (10.30)
n

The remaining elements of the sum in expression (10.29) have i > 1, and they
are all equal to zero. For i = 2, the integrand is

£(0,2) = [sin(40 — 30,,) + sin(20 — 30,,)] /2.

The integral of this function on the interval [—n/2 .. ©/2) is equal to zero. The
same hold for any i > 1. Therefore, it can be concluded that the induced
electromotive force does not have any higher harmonics.

10.5.1.3 Flux of the Winding with Arbitrary Distribution of Conductors

The previous calculation has been carried out in order to demonstrate that a winding
with sinusoidal distribution of conductors acts as a spatial filter and removes all the
higher harmonics from the electromotive force waveform. It is also of interest to
derive the expression for the winding flux in a more general case, where distribution
of conductors is described by an arbitrary function N'(0).

The first step in calculating the winding flux is getting the flux in the turn placed
at position 6. This flux is calculated according to expression (10.26),

0+n
(0) = J B()L-RAC,
0

where function B(¢) determines distribution of the magnetic induction in the air
gap.

The total flux is obtained by summing the fluxes of all individual turns. In the
case of a distributed winding, this summing is performed by integration. In the case
where line density of conductors is N'(6) = N,cos0, the flux of the winding is
calculated according to expression

/2
Yo = J N, ®@(0)RcosO - d0.

—n/2
From the obtained results, the expression for flux of the winding takes the form

/2 n+0
Py — JN,,, JLRB(é)dé Rcos 0 - do. (10.31)

—7/2 0
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In general, line density of conductors constituting the winding may have an
arbitrary distribution of conductors, described by the function N’ (). The total flux
of the winding is then calculated by using expression

/2 n+0
P — J N'(0) JLRB(g)dg R - do. (10.32)
—n/2 0

Expression (10.32) can be applied for calculation of the flux in a distributed
winding for an arbitrary field distribution B() and an arbitrary line density of
conductors N'(0).

10.5.2 Individual Harmonics

The calculation carried out in this section is focused on deriving the electromotive
force induced in the stator winding which has sinusoidal distribution of its
conductors along the machine circumference. The electromotive force is deter-
mined for the case where permanent magnets of the rotor generate the air gap field
with non-sinusoidal distribution B(#), comprising higher harmonics. It is started
with the expression for magnetic induction in the air gap (10.25), which contains
the first, fundamental harmonic but also all odd harmonics. Since this non-
sinusoidal distribution of the magnetic induction is symmetrical, the function
B(0 — 0,,) does not comprise even harmonics. In the considered case, the line
density of stator conductors is N'(6) = N,,cos6, while the variation of the magnetic
induction in the air gap is given in (10.25). This expression represents a develop-
ment of the function B(0) into a series comprising only odd members. The first
element of the series has i = 1, and it represents the fundamental harmonic of the
spatial distribution of magnetic induction. For i > 1, elements of the series repre-
sent higher harmonics of the spatial distribution of the field. On the basis of
expression (10.25), spatial harmonic of function B(0) of the order (2i — 1) is
equal to

4 B,

4 1)
7r2i—1( )

By introduction of the latter into expression (10.31), one obtains the quantity
Y21 which represents the contribution of the harmonic (2i — 1) to the total
winding flux. The value of P21 s related to (2i — 1)™ harmonic of the spatial
distribution of magnetic induction.
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4N, LR*B ,(—1)""!

2i-1 _
Ts = n(2i — 1)
/2 (n+0
X J J cos[(2i — 1)(& — 0,,)]dE  cos 0 - dO. (10.33)
—n/2 0

By integration of the function cos[(2i — 1)(¢ — 0,,)] in terms of & one obtains

[cos2i = )& = e = 51 sin(2i = )& - )

2i—1

The obtained result can be used in expression (10.33) in order to calculate
definite integral of the integrand in terms of £, within limits from 6 up to 0 + .
The calculation results in

0+n

- _2i2_ - sinl(20 = 1)(0 — 0,)].

sin[(2i — 1)(& — 0,)]

2i—1

By introducing developed results into previous expression, it becomes

. on/2
‘ N,,LR?B ,,(—1)'
Pl = M J sin[(2i — 1)(0 — 0,,)] cos 0 - dO. (10.34)
n(2i —1)
—n/2
Since

1
sin[(2i — 1)(0 — 0,,)] cos 0 =3 sin[2i0 — (2i — 1)0,,)
1
+ 3 sin[(2i — 2)0 — (2i — 1)0,)],
the obtained result can be separated into two definite integrals, /4 and I

/2

2 1\
l{/éffl — M J sin((2i — 2)0 — (2i - 1)0,,,) -do
n(2i — 1)
—n/2
5 ; /2
4 Nl KRB (1) J in(2i0 — (20 — 1)0,,) - d0 = I + I5. (10.35)
n(2i — 1) y
-n/2

Since index i varies from 1 to +00, the integral I is equal to zero since the interval
[—m/2 .. m/2) comprises an integer multiple of periods of the function sin(2i6).
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The same conclusion applies for the integral /, if i > 1. Therefore, a nonzero value
of flux ?’Szi_l exists only for the first (fundamental) harmonic, namely, for i = 1.
With any i > 1, the integrand function is a sine wave with its period comprised an
integer number of times within the integration domain [—m/2 .. 1t/2).

On the basis of the obtained results, it is concluded that a sinusoidal distribution
of the winding conductors along the machine circumference prevents all the higher
harmonics of B(f) from affecting the winding flux. For that reasons, the induced
electromotive force of the winding remains unaffected by higher harmonics in B(0)
waveform.

Hence, sinusoidal distribution of conductors results in a winding which
eliminates all the higher harmonics of the induced electromotive force, retaining
only the fundamental harmonic.

10.5.3 Peak and rms of Winding Electromotive Force

On the basis of the obtained results, the following passages provide the expressions
for the instantaneous, peak and rms values of the electromotive force induced in the
considered stator winding. Expressions (10.37), (10.38), and (10.39) apply for
windings with distribution of conductors N'(§) = N,, cosf and for distribution of
the magnetic induction in the air gap shown in Fig. 10.8 and described by (10.25).

10.5.3.1 Suppression of Higher Harmonics

Results obtained so far indicate that sinusoidal distribution of conductors eliminates
higher harmonics of the electromotive force induced in a winding. In a winding with
an ideal, sinusoidal distribution of conductors, a sinusoidal electromotive force is
induced notwithstanding the higher harmonics in the spatial distribution of magnetic
induction B(6). Any harmonic of the order (2i — 1) in the spatial distribution of B(6)
gives its contribution of ¥s* ! to the total flux of the winding, and this contribution
is given in expression (10.35). For any i > 1, contribution ¥¢* ' is equal to zero.
Therefore, the winding performs the role of the spatial filter which eliminates
the effects of higher harmonics of the spatial distribution of B(f), and it passes
only the fundamental harmonic.

10.5.3.2 Winding Flux

Only the fundamental harmonic of distribution B(6) contributes to the winding flux.
The winding flux is determined by the following equation:

Y5 = ¥ = 4B,N,LR* sin0,,. (10.36)
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10.5.3.3 Electromotive Force

If the rotor revolves at a constant speed £2,,,, position of the rotor varies according to
the law 6,, = Q,,t. The flux in the stator winding is then a sinusoidal function of
time with angular frequency wg determined by the angular speed €2, of the rotor.
With 0,, = Q,,t, variation of the flux is given by equation

Ws(t) = 4B ,N,LR? - sin Q1 = Wsmax Sin Q.

A sinusoidal (counter) electromotive force is induced in the winding, and it is
equal to the first derivative of the flux,

d
es(f) = 5 ¥s = 40,8 mINuLR* 08 Qut = s max 2 €08 Q. (10.37)

The maximum value of this sinusoidal electromotive force of the stator winding is
e"‘l(L\' = qumame = 4Qn‘leanLR27 (10'38)

while its rms value is equal to

1
erms = —= ¥Ysmaxm = 2\/ZQmBml\]mLRZ-

V2

The maximum and rms values of the electromotive force are expressed in terms
of N,,, the maximum density of the stator conductors along the machine circumfer-
ence. Instead, they can be expressed as functions of the number of turns Ny. For
the winding with sinusoidally distributed conductors, the expression (8.2) relates
the number of turns Ny to the maximum line density of its conductors N,,,

Ny =2R-N,;
thus, the maximum value of the electromotive force can be calculated from
emax = 282,B,NTLR,

while the rms value of the electromotive force in the winding can be calculated
from

erms = V2Q,,BmNrLR. (10.39)
Performed analysis shows that the electromotive force induced in a winding with

sinusoidal distribution of conductors does not contain higher harmonics, which
proves that such a winding performs the role of a spatial filter.
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Question (10.4): Consider the electrical machine which is the subject of the
previous analysis, shown in Fig. 10.8. Assume that the number of conductors does
not change but that they are concentrated at positions § = 0 and 0 = 7. Determine
the shape and amplitude of the electromotive force induced in the stator winding.

Answer (10.4): Electromotive force e;c = LvB(0) is induced, in each conductor,
where L is the machine axial length, B() is magnetic induction at angular position 6
of the conductor placement, while v = R(,, is the peripheral rotor speed. The speed
v reflects the relative movement of conductors with respect to the field. The spatial
distribution of magnetic induction B(0) is shown in Fig. 10.8. Therefore, a complex
periodic electromotive force is induced with rectangular shape and with the period
and frequency determined by the rotor speed. The conductors of the concentrated
winding are placed at positions § =0 and 6 = n. Since B(0) = —B(n), the
electromotive forces induced in diametrical conductors are of the opposite signs.
The way of connecting a pair of conductors into one turn leads to subtracting of
the respective electromotive forces. Subtracting the two values of the same ampli-
tude and of the opposite sign results in electromotive force in one turn e;1 which
is twice larger than e;c. Hence, the electromotive force induced in one turn is equal
to e;r =2 ejc = 2 LRQ,, B(0). For a concentrated winding with N turns, the
electromotive force of the winding is equal to e, = 2 NLRQ,, B(0). It has the
shape of a train of rectangular pulses with an amplitude of

e = 20, B NiLR.

Using the relations expressed in (10.25), the maximum value of the first harmonic
of this train of rectangular pulses is 4/m times higher than the amplitude of the pulses.
Therefore, the rms value of the first harmonic of the electromotive force induced in
the concentrated winding is equal to

4 1
ms — . 2Q,.BuNTLR
€, T \/z 1D maxIVT.

42
— iQmBnmNTLR ~ 1,8 QuBnaNrLR.
T

It is of interest to compare this result with the rms value of the electromotive
force obtained in the winding with the same number of turns but with sinusoidal
distribution of the conductors. On the basis of (10.39), this value is

Crms = \/EQmBmaxN TLR ~ 1» 41 QmBmaxN TLR

It can be concluded that the rms value of the induced electromotive force in the
winding with distributed conductors is 4/m times smaller compared to the
electromotive force in the winding with concentrated conductors. The former
amounts approximately 78.5% of the latter.
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Question (10.5): Consider electrical machine where permanent magnets on the
rotor create magnetic induction with sinusoidal distribution in the air gap, B(0) =
B,,cos(0 — 0,,), where 0,, is displacement of the rotor with respect to the stator. The
stator winding has N7 turns, hence 2N conductors. The winding can be realized in
two ways. The first way is forming a concentrated winding having conductors
located at positions 8 = 0 and 6 = w. The other way of making the winding is to
have sinusoidal distribution of conductors, with the conductor density N'(0) =
Nyncos(0) and with the total number of conductors being 2N;. Determine the
maximum value of the stator flux ¥(0,,) in both cases. Geometry of the machine
is the same as the one considered in Question 10.4.

Answer (10.5): Relation between the peak conductor density N, and total number
of turns Nt is

+n/2
Nr = J IN5(0)| R dO = 2R N,

—n/2

where R denotes the radius of the rotor. The maximum flux achievable in one turn is
equal to the product of the average value of magnetic induction wave B(0),
B, = 2B,,/n, and the surface area S = mRL of the semicircular surface encircled
by the turn, wherein the turn is made of two diametrical conductors. The maximum
value of the flux is obtained as @,, = 2B,,LR.

In cases where the stator winding is concentrated, the stator flux reaches the
maximum value of ¥, = 2B,,LRNy. This value is achieved with rotor in position
0,, = m/2, when the vector of the rotor flux gets collinear with the magnetic axis of
the stator winding.

If the turns of the stator winding are distributed, the stator flux is denoted by
¥,(0,,). Conductor density is denoted by N'() = Ny, cos(0), and the stator flux
¥, with rotor in position 6,, = m/2 is calculated from

+n/2 +n/2 (0+n
Y, = J @(0)dN = J JRLBmcos(é—n/2)d§ RN's(0)d06
—n/2 —n2 L0
+1/2 (0+n
= J JRLBmsin(é)d«f RN max cos(0)do
—n/2 L0
+1/2 (0+n
:% J J(Dmsin(é)df cos(0)do
—n/2 L0
+n/2
:w J {2cos(0)} cos(0)do
—n/2

Nrm = T
—RP, L~ —"B LRN; = - ¥,.
2R2 2 =yt
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Based on the above calculation, conclusion is drawn that, all the remaining
conditions being equal, the machine with sinusoidally distributed stator winding has
the peak stator flux which is ©/4 times lower than the peak stator flux in the machine
with concentrated stator winding.
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