
Chapter 3

Magnetic and Electrical Coupling Field

Electromechanical conversion is based on forces and torques of electromagnetic

origin. The force exerted upon a moving part can be the consequence of electrical or

magnetic field. The field encircles and couples both moving and nonmoving parts of

electromechanical converter. Therefore, the field is also called coupling field. In this

chapter, some basic notions are given for electromechanical energy converters with

electrical coupling field and converters with magnetic coupling field.

3.1 Converters Based on Electrostatic Field

Electromechanical conversion in electrostatic machines is based on electrical

coupling field. The coupling field between moving parts is a prerequisite for electro-

mechanical conversion. In an electrostatic machine, the field exists in the medium

between mobile electrodes, and it causes electrical forces acting on the electrodes.

Preliminary insight in electromechanical energy conversion based on the electrical

field can be obtained by considering the sample machine shown in Fig. 3.1, resem-

bling the capacitor with two parallel metal plates. In the case when the plates are

considerably larger compared to the distance between them (S >> d2), the electrical
field between the electrodes is homogeneous and equal to E ¼ U/d [V/m], where

U is the voltage between the electrodes. Electrical induction vector D [As/m2]

is obtained by multiplying the vector of electric field E by the permittivity of

the medium e0. The force acting on the plates depends on the charge stored in the

capacitor. If it is possible to move one of the plates, then the product of this force and

the displacement gives mechanical work. The mechanical work can be obtained at

the expense of the field energy or of energy of a source connected to the plates.
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3.1.1 Charge, Capacitance, and Energy

The electrical field in the interelectrode space is homogeneous. The field strength is

determined by the ratio of the voltage and distance between the plates, E ¼ U/d.
Electrical induction D is equal to the surface charge density Q/S. At the same time,

the ratio D/E is determined by permittivity (dielectric constant) e0.

E ¼ U

d
;D ¼ s ¼ Q

S
¼ e0E;) Q ¼ e0ES ¼ e0S

U

d
: (3.1)

Capacitance C is determined by the ratio of charge Q and voltage U. The
capacitance depends on the plate surface S, distance d between the plates, and

permittivity of the dielectric material filling the interelectrode space:

C ¼ Q

U
¼ e0

S

d
: (3.2)

Total energy of the coupling electrical field can be obtained by integrating the

energy density we in the region where the electrical field extends. In the present

case, the electrical field and the field energy exist within the interelectrode space.

The energy density does not vary, and it is equal to we ¼ ½e0E
2. The volume of the

Fig. 3.1 Plate capacitor with distance between the plates much smaller compared to dimensions

of the plates
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region is V ¼ Sd. Therefore, total energy of the coupling electrical field is W ¼
½CU 2 ¼ ½Q 2/C.

We ¼
ð
V

we dV ¼
ð
V

ð
~D � d~E

� �
dV ¼

ð
V

1

2
e0E2

� �
dV

¼ Sd
1

2
e0E2

� �
¼ 1

2
CU2 ¼ Q2

2C
: (3.3)

3.1.2 Source Work, Mechanical Work, and Field Energy

Figure 3.2 shows a charged capacitor havingmobile upper plate. It can be shown that

by moving the upper plate downward, electrical energy is converted to mechanical

work. The electric charge on the plates is of opposite polarity. Therefore, they are

subjected to a force of attraction F. If the upper plate moves downward and gets

closer to the lower plate by Dx, mechanical work FDx is obtained. During the move,

there is a change in the energy We of the electrical coupling field. With the plates

connected to the electrical source, the charge on the plates changes through an

exchange of charges between the plates and the electrical source.

Electric force F acting on one plate of the capacitor can be determined by

applying the method of virtual works, also called virtual disturbance method. It is

necessary to envisage a very small displacement Dx of the mobile plate toward

the opposing plate. In such case, the direction of the force F corresponds to the

direction of the hypothetical displacement Dx. The method of virtual works pro-

ceeds with calculation of changes in the field energy and determines the work of the

electrical source. The work DWmeh ¼ FDx is made by the electric force F during

displacement Dx. The force can be calculated by dividing the work increment

Fig. 3.2 A capacitor having mobile upper plate
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DWmeh by the displacement Dx. The same virtual work method can be applied in

cases when the mobile part of the electromechanical converter performs rotation.

In such cases, the displacement Dx is replaced by the angular shift Dy, while the

mechanical works DWmeh assume the form TemDy. The symbol Tem designates

the torque generated by the electrical forces. The torque Tem acts upon the moving

(revolving) part and affects its speed.

A source of the constant voltage U, shown on the right-hand side of Fig. 3.2, can
be connected to the plates by closing the switch. Reduction of the distance d between
the plates increases capacitance C. While the source is connected, the voltage

between the plates is constant. Due to an increase of the capacitance, the charge

on the plates Q ¼ CU increases. Therefore, the source supplies an additional

charge DQ. The work of the source is equal to DWi ¼ UDQ, while the obtained

mechanical work is DWmeh ¼ FDx. The work of the source increases total energy of
the system, that is, the sum of the electrical energy and mechanical work. With a

constant voltage, the electrical energy is given by (3.4).

In the next considerations, it will be shown that work of the source is divided in

two equal parts, that is, DWe ¼ DWmeh ¼ ½DWi.

If the switch in Fig. 3.2 is open, the source is separated from the plates, and the

work of the source is equal to zero. Electrical charges on the plates cannot be

changed, as well as the field D between the plates (Q ¼ const., D ¼ const.).

Therefore, the density of the field energy we ¼ ½D2/e0 remains unchanged.

By reducing the distance between the plates, the volume of the region compris-

ing the electrical field is reduced as well. Therefore, the total field energy DWe is

also reduced. With the source separated from the system, reduction in the field

energy yields the mechanical work DWmeh ¼ �DWe. In the case of a constant

charge, the field electrical energy is given by (3.5):

We Dxð Þ ¼ S d � Dxð Þ 1

2
e0E2

� �
¼ 1

2
CU2 ¼ U2

2

e0S
d � Dx

; (3.4)

We Dxð Þ ¼ S d � Dxð Þ 1

2
e0E2

� �
¼ Q2

2C
¼ Q2

2

d � Dx
e0S

: (3.5)

3.1.3 Force Expression

The machines operating with the electrical coupling field are called electrostatic

machines. Domain with the electrical field is filled with dielectric material. Dielec-

tric is called linear if the vector of electrical inductionD is proportional to the vector

E, D ¼ eE. Electrostatic machine with linear dielectric is called linear machine.
The structure shown in Fig. 3.2 represents a linear electrostatic machine with

negligible energy losses. Therefore, in the case with Q ¼ const., the mechanical
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work DWmeh ¼ FDx is determined by DWmeh ¼ �DWe, whereas in the case of a

constant voltage relation, DWmeh ¼ +DWe ¼ +½DWi applies. According to these

expressions, the force can be determined as partial derivative of the coupling field

energy We with respect to coordinate x. This coordinate represents displacement of

the mobile electrode along the motion axis of the system.

In the case when the source is disconnected, the system in Fig. 3.2 has a constant

charge, and the work of the source U is equal to zero. Applying the method of

virtual works, the change in the field energy and the mechanical work are obtained

from (3.6).

DWi ¼ UDQ ¼ 0

DWi ¼ DWmeh þ DWe ) DWmeh ¼ �DWe: (3.6)

When the source is disconnected, the force F acting on the mobile electrode is

given by (3.7). In the case when the changes DWe and Dx are very small, the ratio

DWe/Dx assumes the value of the first derivative of We(x),

F ¼ �DWe

Dx
;

F ¼ � dWe

dx
¼ � d

dx

Q2

2

d � x

e0S

� �
¼ Q2

2Se0
: (3.7)

If the source is connected, the considered system has a constant voltage. By

applying the method of virtual works, the work of the source U, the change in the

field energy, and the mechanical work are obtained in (3.8):

DWi ¼ U DQ; DWe ¼ D
CU2

2

� �
¼ 1

2
UDQ ¼ 1

2
DWi;

DWi ¼ DWmeh þ DWe ) DWmeh ¼ DWi � DWe ¼ DWe: (3.8)

With the source connected, the force F acting on the mobile electrode is given by

(3.9). With infinitesimally small changes DWe and Dx, the ratio DWe/Dx assumes

the value of the first derivative dWe (x)/dx,

F ¼ þ dWe

dx
¼ d

dx

U2

2

e0S
d � x

� �
¼ U2

2

e0S

d � xð Þ2

¼ E2

2
e0S ¼ D2

2e0
S ¼ Q2

2Se0
: (3.9)

Expressions for electrical force, given by (3.7) and (3.9), are applicable only

when the medium is linear, that is, when the permittivity of the dielectric material

does not depend on the field strength. In cases when the source U is not connected,

displacement of the mobile electrode does not cause any change in charge Q.
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Instead, it leads to changes in the capacitance C and the voltage across the plates.

The expression for electrical force when the source is disconnected takes the

following form:

F ¼ � dWe

dx
¼ � d

dx

Q2

2

1

C

� �
¼ �Q2

2

d

dx

1

C

� �
:

If the source is connected, the voltage across the plates is constant. Therefore,

the shift of the mobile electrode changes the capacitance C and the charge Q. The
force expression assumes the following form:

F ¼ þ dWe

dx
¼ þ d

dx

U2

2
C

� �
¼ þU2

2

dC

dx
:

Question (3.1): Equation 3.7 gives force F acting on the mobile electrode in the

case when the source is disconnected, whereas (3.9) gives this force when the source

is connected. Note that in both cases, the same result is obtained, proportional toQ2.

Is it possible that the force acting on the mobile electrode does depend on source U
being connected or disconnected? Provide an explanation.

Answer (3.1): The electrical force acting on the mobile plate can be represented as

a sum of forces acting on electrical charges distributed over the plate surface.

Individual forces are dependent on the density of electrical charge and the field

strength in the vicinity of the plate. It is necessary to compare the force obtained

with the source U connected to the force obtained with the source detached from

the plates. If the plates accommodate the same electrical charge Q in both cases, the

surface charge density remains the same. The surface charge density determines

the electrical induction D. Therefore, in both cases, the electrical field strength

E ¼ D/e0 is the same. From this, it can be concluded that in both cases the same

force acts on the mobile plate.

3.1.4 Conversion Cycle

In the preceding section, it has been shown that the electromechanical conversion

can be performed in two different modes. With the source disconnected, mechani-

cal work DWmeh is obtained on account of the energy accumulated in the coupling

field, DWmeh ¼ �DWe. If the source is connected, the work of the source DWi is

divided in two equal parts, that is, DWe ¼ DWmeh ¼ ½ DWi. Graphical representa-

tion of electromechanical conversion is shown in Fig. 3.3. It is of interest to note

that none of the two presented modes can last continuously.

If the source is connected, the electromechanical conversion is performed by

turning one part of the source work into mechanical energy, whereas the rest of the
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source work increases the energy stored within the coupling field. The field energy

We is dependent of the density we ¼ ½e0E
2 and the volume of the domain where the

field exists. There is an upper limit to the field energy. The maximum strength of

the electrical field is limited by the dielectric strength of the material. The maxi-

mum electrical field in the air is Emax � 30 kV/cm. Exceeding the maximum field

strength leads to dielectric breakdown, wherein the electrical current passes through

the dielectric material and creates an electrical arc. The breakdown results in

destruction and permanent damage. Therefore, the field strength and the field

energy density we have to be limited. The volume of the domain is also restricted

and defined by the surface of the plates and the distance between them. Therefore,

there is a limit We(max) to the field energy, and it cannot be exceeded. For this

reason, it is not possible to withstand a permanent growth of the field energy.

Hence, the operation where the source is connected cannot go on indefinitely.

In the case when the source is not connected, mechanical work is obtained on

account of the field energy. This energy decreases, and the operation would eventu-

ally stop when the field energy is exhausted. Therefore, the operation where the

source is disconnected cannot hold indefinitely.

When the need exists for a continuous operation of an electromechanical

converter, it is necessary to use concurrently both operating modes. Namely, they

should be altered in cycles by switching the source on and off. An interval of

operation when the source is connected (on) is followed by another interval when

the source is disconnected from the converter (off). In such way, it is possible to

provide mechanical work in a continuous manner while keeping the field energy

from either reaching We(max) or dropping to zero. Hence, the process of electrome-

chanical conversion is mostly performed in cycles. Cyclic exchange of the two

operating modes is illustrated in Fig. 3.3. In rotating electrical machines, one

conversion cycle corresponds to one revolution of the rotor (sometimes, one fraction

of the rotor revolution).

Fig. 3.3 One cycle of electromechanical conversion includes phase (a) when the plates of the

capacitor are disconnected from the source U and phase (b) when the plates are connected to

the source
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Question (3.2): Estimate the mechanical work obtained during one cycle with

electromechanical converter made of a plate capacitor with one mobile plate.

The dimensions of the plates and minimum and maximum distances between the

plates are known, while the maximum electrical field strength in the dielectric is

Emax ¼ 30 kV/cm.

Answer (3.2): The maximum work obtainable in one cycle is determined by the

maximum energy of the coupling field. The surface of the plates S, maximum

distance between the plates d, and maximum energy density of the coupling field

we ¼ ½e0Em
2 are known. The mechanical work which can be obtained within one

cycle is DW ¼ S d we(max).

Question (3.3): If a converter makes f cycles per second, estimate its average

power.

Answer (3.3): Average power of the converter making f cycles per second is

Pa v ¼ fDW ¼ f S d we(max).

3.1.5 Energy Density of Electrical and Magnetic Field

The power of an electromechanical converter is dependent on the density of energy

accumulated within the coupling field. A converter of given dimensions will have

higher average power if its coupling field has a higher energy density. Given the

converter power, dimensions and mass will be reduced for an increased density of

energy. The power-to-size ratio is also called specific power. The considerations

which follow show that electromechanical converters involving magnetic coupling

field possess higher specific power compared to electrostatic machines.

Themechanical work obtained within one cycle of electromechanical converter is

dependent on the energy stored in the coupling field. The maximum amount of the

field energy is dependent on the energy density and the volume of the converter.

If two electrical machines of the same size are considered, the machine with higher

density of the field energy will produce higher mechanical work within each conver-

sion cycle. If the repetition rates of conversion cycles are the same for the two

machines, themachine having higher energy density will have higher average power.

The energy density of magnetic field exceeds by large the density of energy in

electrical field. Permittivity (D/E) in vacuum is e0 ¼ 8.85�10�12 � 10�11, whereas

permeability (B/H) amounts m0 ¼ 4p�10�7 � 10�6. Therefore, the energy density

of magnetic field wm ¼ m0H
2/2 is considerably higher than the energy density of

electrical field we ¼ e0E
2/2. For this reason, electrical machines are mostly

operating with magnetic coupling field.

Density of energy accumulated in the coupling field depends on the square of the

field strength. In air, electrical field is limited by dielectric strength, Emax � 30

kV/cm � 3MV/m. In electrical machines with magnetic field, the field is comprised

by magnetic circuit including air gaps and ferromagnetic materials such as iron.
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Magnetic inductance B in ferromagnetic materials is limited to Bmax ¼ 1–2 T, thus

limiting the magnetic inductance achievable in air. Consequently, the maximum

field strength H which can be met in electrical machines is close to Hmax � Bmax/

m0 � 1 MA/m. With e0 � 10�11 and m0 � 10�6, the achievable energy density is

much higher in the case of magnetic field. Considering two electromechanical

converters of the same size, the converter operating with magnetic field could

accumulate much higher energy in the coupling field (103–104 times) and propor-

tionally higher average power of electromechanical conversion.

3.1.6 Coupling Field and Transfer of Energy

It is of interest to note that both the electromechanical energy conversion with

magnetic coupling field and the conversion with electrical field involve both field

vectors, electrical field vector E and magnetic field vector H. The exchange of

energy between electrical and mechanical terminals of electrical machine implies

that in the space surrounding the moving part of the machine, there is transfer of

energy toward the moving part (motor) or from the moving part (generator). The

energy transfer through the surrounding space is measured by Poynting vector.
Hence, the energy streams through domain if the Poynting vector has a nonzero

algebraic intensity. Poynting vector is equal to the vector product of the electrical

and magnetic field. It represents the surface density of power, and it is expressed in

W/m2. Surface integral of Poynting vector over a surface separating two domains

represents the rate of energy transfer from one to the other domain (i.e., the power

passed from one domain to another). The course and direction of Poynting vector

indicate the course and direction of energy transfer. In the absence of either

electrical field E or magnetic field H, Poynting vector is equal to zero; thus, no

energy transfer is possible. Therefrom, the question arises on how do electrical

machines with electrical coupling field acquire magnetic field H required for

mandatory Poynting vector.

In an electromechanical converter involving electrical coupling field which is at

the state of rest, the magnetic field will be equal to zero and so will be Poynting

vector. This is an expected situation since the power of electromechanical conver-

sion is zero in the case when mobile parts of the converter do not move. Namely, the

power is equal to the product of the force and speed of motion. At rest, although

the electrical force may be present, the speed is equal to zero, thus resulting in zero

mechanical power. If the considered converter is in the state of motion, its mobile

part moves in the electrical coupling field. This leads to variations in the field

strength E and the electrical induction D within the converter. The first time

derivative of D contributes to the spatial derivative (i.e., curl) of magnetic field H.
The second Maxwell equation expresses generalized Ampere law, and it reads

rot ~H ¼ ~J þ @~D

@t
: (3.10)
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Since a nonzero spatial derivative of the field H exists, algebraic intensity of

the vector H cannot be equal to zero at all points of the considered domain. The

conclusion is that a certain magnetic field H exists in electrostatic machines in

the state of motion. The field strength H is proportional to the speed of the machine

moving parts. In conjunction with the field E, magnetic field H results in Poynting

vector P ¼ E � H.

The same considerations can be derived for an electromechanical converter

based on magnetic coupling field. At rest, the magnetic field H exists in the

converter, but the electrical field E and Poynting vector P are equal to zero. With

P ¼ 0, there is no flow of energy toward the mobile part of the machine, and the

mechanical power is equal to zero. This corresponds to the conclusion that

the mechanical power at rest must be zero, as it is the product of the force and

the speed. When the considered converter is in the state of motion, its mobile parts

move in the magnetic coupling field. This leads to variations in the magnetic field

H and the magnetic induction B within the converter. The first Maxwell equation

expresses the Faraday law in differential form, and it reads

rot ~E ¼ � @~B

@t
: (3.11)

Hence, the variation of magnetic induction B results in the spatial derivative

(curl) of electrical field, which causes the appearance of the electrical field E within

the converter and leads to nonzero values of the Poynting vector.

3.2 Converter Involving Magnetic Coupling Field

Electromechanical conversion in converters involving magnetic coupling field is

possible by means of the field acting on the mobile windings and mobile parts made

of ferromagnetic materials. In such converters, magnetic field is a precondition for

electromechanical conversion of energy. It exists in the space between the station-

ary and mobile parts of magnetic circuits and current circuits. The mobile parts can

perform either linear or rotational movement.

Forces acting on mobile parts are dependent on the magnetic induction and

current in conductors. Mechanical work can be obtained on account of the field

energy or work of the source which is connected to the current carrying conductors.

3.2.1 Linear Converter

Figure 3.4 shows a simple electromechanical converter involving homogeneous

magnetic field and a straight part of the conductor performing linear motion.

The subsequent analysis is focused on motoring operation of the converter, wherein
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the electrical energy, obtained from a constant voltage source U, is converted to

mechanical work.Mobile conductor AB of length l1 touches fixed parallel conductors
connected to the source U. The mobile conductor AB, fixed parallel conductors, and

sourceUmake current circuit shown on the right-hand side of Fig. 3.4. The resistance

of conductor AB can be neglected, whereas the sum of resistances of all remaining

conductors in the current circuit is denoted by R.
The source U causes the current i in the circuit. Direction of the current

corresponds to the direction of vector l1 shown in Fig. 3.4 along conductor AB.

The conductor is placed in an external1 homogeneous magnetic field of induction

B. The electromagnetic force Fm acting on the conductor is determined by (3.12):

~Fm ¼ i ~l1 � ~B
� �

: (3.12)

Since vector l1 is orthogonal to the vector of magnetic induction, algebraic

intensity of the force is equal to Fm ¼ l1iB. The electromagnetic force in Fig. 3.4

is directed from left to right. It is assumed that the force makes the conductor move

in the same direction at a speed v. The conductor is subjected to an external force

Fex, which opposes this movement. In the state of dynamic equilibrium, accelera-

tion of the conductor is zero, the speed of motion v is constant, and the sum of the

forces acting on the conductor is equal to zero. Therefore, the algebraic intensities

of the external and electromagnetic forces are equal:

~Fex þ ~Fm ¼ 0; ~Fex ¼ �~Fm; ~Fex

�� �� ¼ ~Fm

�� �� ¼ il1B: (3.13)

Fig. 3.4 A linear electromechanical converter with magnetic coupling field

1Magnetic field caused by external phenomena is called external field. External phenomena do not

make part of the system under consideration, and they are not related or caused by the considered

system. External magnetic field can be created by external conductors carrying electrical current,

external permanent magnets, the Earth magnetic poles, and other sources.
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While the conductor moves in magnetic field, the electromotive force eAB
is induced between its ends. Electrical field Eind induced in the conductor is

determined by the vector product of the speed v and magnetic induction B. Since
the vector of the induced field does not vary along the conductor, the electromotive

force e ¼ eAB can be calculated from (3.14):

e ¼ �~l1
� �

� ~Eind ¼ �~l1
� �

� ~v� ~B
	 


: (3.14)

Vector of the induced electrical field is collinear with the conductor. Therefore,

the electromotive force is equal to e ¼ l1vB. The sign of the induced electromotive

force e ¼ eAB is related to the adopted reference direction, shown in Fig. 3.4.

Positive value of the electromotive force, e ¼ eAB > 0, acts toward increasing

the potential at the conductor end A with respect to the potential at the end B.

Current i ¼ (U � e)/R exists in the circuit shown in the Fig. 3.4. At steady state,

time varying electrical current i(t) assumes a constant value I ¼ (U � l1vB)/R.
Power of the source Pi ¼ Ui ¼ ei + Ri2 contains the component PAB ¼ ei ¼ l1vB
as well as the losses Pg¼Ri2. The losses in conductors are caused by Joule effect, and
they depend on the equivalent resistance and square of the current. The remaining

power PAB is transferred to the moving conductor. By maintaining the movement,

electromagnetic force Fm performs the work against external force Fex which is

opposite to motion. Vectors of the force and speed of motion are collinear. There-

fore, the mechanical power is equal to Pmeh ¼ Fmv ¼ l1ivB. Power Pmeh is the

output power of the electromechanical converter which converts electrical energy

obtained from the source U to mechanical work. Since Pmeh ¼ Fmv ¼ PAB ¼ ei ¼
l1vBi, distribution of the source power Pi can be described by expression

Pi ¼ Ui ¼ eiþ Ri2 ¼ Fmvþ Ri2 ¼ Pmeh þ Ri2: (3.15)

Therefore, power from the source is divided in the thermal losses and mechanical

power, the latter being the result of electromechanical conversion. The power

delivered by the induced electromotive force e is equal to Pe ¼ e(�i) ¼ �ei < 0.

Consequently, the electromotive force e behaves as a receiver, taking over the

electrical power ei ¼ l1vBi which is then converted to mechanical power Pmeh ¼
Fmv ¼ ei. In the presented example, the mechanical power of the electromechanical

converter is equal to the product of the electromotive force and current. Equa-

tion 3.16 in certain form is present in all electrical machines:

ei ¼ Fmv: (3.16)

Joule losses are determined by the power Pg ¼ Ri2, and they are turned into heat.
Conductors and other parts of the converter are heated. Compared to ambient

temperature, their temperatures are increased. Due to elevated temperatures, these

parts of the converter transfer their heat to the ambient by convection, conduction,

or radiation. When the power of losses Pg becomes equal to the heat power

transferred to the ambient, the temperature increase stops and the system enters

the thermal equilibrium. Since the electromechanical converters are used for
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converting electrical energy to mechanical work, it is necessary to keep the

conversion losses as small as possible. Due to thermal losses, the coefficient of

efficiency � of power converters is reduced. In addition, generated heat has to be

removed so that the converter does not become overheated. It is required, therefore,

to have a corresponding solution for heat transfer and cooling. The losses can be

reduced by decreasing the equivalent resistance R. However, reducing resistance by
increasing the cross section of conductors leads to an increased consumption of

copper, increasing in this way the cost, weight, and size of converters.

The power converter shown in Fig. 3.4 can also run in generator mode. Direction

of the current will be reversed and also direction of the electromagnetic force.

In order to support the motion, direction of the external force Fex has to be changed

as well. In generator mode, mechanical power is converted to electrical energy.

Generator operation is analyzed in more detail in Sect. 2.4.

3.2.2 Rotational Converter

Electromechanical conversion is most frequently performed by using rotational

machines, which convert electrical energy to mechanical work of rotational move-

ment. An example of simple rotational converter is shown in Fig. 3.5. Contour

ABCD is made out of copper conductors. It has dimensions D � L, and it rotates in
homogeneous external magnetic field B. The contour rotates clockwise around

horizontal axis, shown in Fig. 3.5. The position of the contour is determined by

angle ym, and it varies at the rate Om ¼ dym/dt, where Om represents the angular

Fig. 3.5 A rotational electromechanical converter involving magnetic coupling field
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speed in rad/s. At certain instant, the contour is in position ym ¼ 0, when lines of

the magnetic field are parallel to surface S ¼ D � L, surrounded by the contour.

Terminals of the contour are connected to power supply which provides the current

I in the conductor.

Electromagnetic force F1 acts on parts AB and CD of the conductive contour.

These parts are of length L and are orthogonal to the magnetic field; thus, the force is

determined by expression F1 ¼ LIB. The electromagnetic force does not act on the

transversal parts BC andDAof lengthD, because the current in these parts is collinear
with the magnetic field. At position ym ¼ p/2, the transversal parts BC and DA are

subjected to the actions of forces in the direction of rotation, but the forces are

collinear and of opposite directions; therefore, their actions are mutually canceled.

The couple of electromagnetic forces in Fig. 3.5 creates the torque Tem ¼ DF1.

Assuming that the contour rotates with angular frequency Om ¼ dym/dt, the

developed mechanical power at the considered instant (t ¼ 0, ym ¼ 0) is equal

to Pmeh ¼ TemOm ¼ DLIBOm. Power Pmeh is the output power of the electrome-

chanical converter which converts the electrical energy obtained from the supply I
to mechanical work.

It is of interest to compare the obtained mechanical power with the electrical

power taken from the source. Between terminals A1 and D1 of the constant current

source I, there is voltage u ¼ vA1 � vD1. The source is connected to the contour

ABCD, and the voltage is u ¼ RI + dF/dt, whereF denotes the flux through surface

S encircled by the contour, while R denotes the equivalent resistance of the

conductors making the contour. Reference direction of the flux is the direction of

the positive normal n to surface S. This normal is in accordance with the direction

of circulation along the contour ABCD, that is, the current in designated direction of

circulation along the contour creates a magnetic field which is aligned with the

normal n. In Figs. 3.5 and 3.6, the normal is denoted by vector n. The contour can
rotate around horizontal axis; thus, the flux through the surface S depends upon

the angle ym between the vectors of magnetic induction and the plane in which the

surface S reclines.

In accordance with the notation in Fig. 3.6, the angle ym is equal to zero at the

position where the magnetic field is parallel to the surface S. In zero position, fluxF
is equal to zero. When the contour makes an angular shift of ym, the normal n to

surface S is shifted to position n1. Assuming that the external field is homogeneous,

F can be represented by the expression F(ym) ¼ Fmsin(ym) ¼ Fmsin(Omt), where
Fm ¼ BS is the maximum value of flux which is attained at position ym ¼ p/2. By
using the obtained expression for the flux, the voltage across the terminals of the

source is calculated as u ¼ RI + OmFmcos(Omt). At position ym ¼ 0, the power

delivered by the source I to the converter is given in (3.17):

Pi ¼ uI ¼ RI2 þ IOmFm ¼ RI2 þ IOmBS

¼ RI2 þ DLIBOm ¼ Pmeh þ RI2: (3.17)

Therefore, the power of the source I is partially converted to mechanical power,

whereas the remaining part accounts for conversion losses that are turned into heat
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due to Joule effect. At position ym ¼ 0, the electromagnetic torque acting on the

contour is equal to Tem ¼ FmI ¼ Pmeh/Om. After the angle is shifted to ym, the arm
K of force F1 is shown in Fig. 3.6, and it is equal to K ¼ (D/2)cosym. Therefore,
torque Tem varies as function of angle ym in accordance with (3.18):

Tem ¼ FmI cos ym: (3.18)

Equations similar to (3.18) determine the electromagnetic torque of all rotating

electrical machines. The analysis of operation of the converter shown in Fig. 3.5

leads to the conclusion that the average value of the torque during one full revolu-

tion is zero. This can be changed by insertion of additional contours or by changing

the supply current, as will be elaborated in due course.

By changing the direction of the current or direction of rotation, the electrome-

chanical converter shown in Fig. 3.5 will operate in the generator mode of operation,

converting mechanical work to electrical energy. Voltage and current of the current

source Iwill have opposite signs, while the source Iwill act as a receiver of electrical
energy.

3.2.3 Back Electromotive Force2

The arrows denoted by e1 and e2 in Fig. 3.5 indicate two possible reference

directions for the induced electromotive force. The choice of reference direction

Fig. 3.6 Variations of

the flux and electromotive

force in a rotating contour

2 Back electromotive force (abbreviated BEMF) is also called counter-electromotive force

(abbreviated CEMF), and it refers to the induced voltage that acts in opposition to the electrical

current which induces it. BEMF is caused by changes in magnetic field, and it is described by Lenz

law. The only difference between the electromotive force (EMF) and BEMF is the reference

direction and, hence, the sign.
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determines the sign of the induced electromotive force, as well as its connection

in the equivalent scheme of the electric circuit; thus, it is useful to give the

corresponding explanation and expressions for the induced electromotive force in

both cases.

Figure 3.7 shows the equivalent scheme of the mobile contour, fed from a

constant current source via terminals A1 and D1. Character F denotes flux through

the surface S encircled by the contour. Reference direction for the flux is deter-

mined by the normal on the surface S, denoted by n in Figs. 3.5 and 3.6.

The normal n is aligned with the magnetic field created by the current I which
circulates along the contour (ABCD) in designated direction. FluxF depends on the

angle ym. Rotation of the contour in the direction indicated in Fig. 3.5 leads to a

growth of the flux F that the external magnetic field makes through the surface S.
The total magnetic flux through the surface S depends on the external magnetic

field B, but it also changes with the current that circulates within the contour.

Namely, the contour current creates a magnetic field of its own, and this field

contributes to the total magnetic flux. The total flux can be expressed by F ¼ LI +
BS sin(ym). The coefficient L defines the ratio between the fluxF and the current I in
cases where the external magnetic field does not exist. The ratio L ¼ F(I)/I is called
the self-inductance of the contour.

Each change of the flux F induces an electromotive force in the contour. This

electromotive force depends on the first time derivative of the flux. Under the action

of electromotive force, a current appears in the contour. The intensity of this current

depends upon the equivalent resistance of the circuit. In the case shown in Fig. 3.7,

the contour is fed from a constant current source. The equivalent resistance of a

constant current source is Req ¼ 1; thus, presence of an electromotive force e1
does not cause any change of current. In the case when the contour is galvanically

closed, that is, when terminals A1 and D1 are short-circuited or connected to a

voltage source or a receiver of finite equivalent resistance, the presence of

electromotive force e1 will cause a change of current and a change of flux.

According to Lenz rule, electromotive forces are induced in coils due to changes

in magnetic flux. Electrical currents appear as a consequence of induced electro-

motive forces. Induced currents oppose to the flux change and tend to maintain the

Fig. 3.7 Definition of reference direction for electromotive and back electromotive forces
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initial flux value. Electrical current in a coil creates magnetic field and the flux

which is proportional to the self-inductance of the coil. Direction of this self-flux is
opposite to the original flux change. Hence, the induced electromotive force

produces the current and the self-flux in direction that tends to cancel the original

flux change. For that reason, induced electromotive forces are also called counter-
electromotive forces or back electromotive forces.

Considering the setup in Fig. 3.5, during rotation of the contour in the direction

indicated in the figure, the flux due to external magnetic field rises. Electromotive

force e1, given by (3.19), appears in the contour:

e1 ¼ � dF
dt

: (3.19)

Since an increase of the flux results in e1 < 0, a current appears opposite to

the direction of circulation along the galvanically closed contour ABCD. Therefore,

the induced current creates its own magnetic field and the self-flux of the contour

in the direction opposite to the indicated normal n. Total flux is equal to the sum

of fluxes due to external field, which is growing, and the self-flux which is of nega-

tive sign.

Electromagnetic induction opposes to changes of the flux to the degree which

depends on the circuit parameters. When the equivalent resistance of the circuit is

Req ¼ 1, the induced electromotive force does not cause any change in electrical

current which would have opposed to changes in the flux. In cases when the

equivalent resistance of the contour is zero (Req ¼ 0, the case of a superconductive

contour with short-circuited terminals), the phenomenon of electromagnetic induc-

tion prevents any changes of flux. Since the voltage balance equation is given in

(3.20)

u ¼ Ri� e1 ¼ Riþ dF
dt

; (3.20)

in conditions with u ¼ 0 and R ¼ 0, the flux cannot change due to dF/dt ¼ 0.

Therefore, notwithstanding eventual changes in the external magnetic field, the

total flux through a short-circuited superconductive contour is constant.

For a contour fed from a constant current source, shown in Fig. 3.5, the equivalent

schemes of the electrical circuit are shown in Fig. 3.7. For the reference direction of

the induced electromotive force, it is possible to use e1 or e2, as indicated in Figs. 3.5
and 3.7. If the reference direction e1 is chosen, the equivalent scheme (B) of Fig. 3.7

applies, and algebraic intensity of the electromotive force is determined by (3.19).

Alternatively, the equivalent scheme (A) and (3.21) apply. Quantity e2 ¼ +dF/dt is
called back electromotive force or counter-electromotive force:

e2 ¼ �e1 ¼ dF
dt

: (3.21)
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