Appendix G
Basic Large Sample Theory

We define various quantities, and state results, that are useful in various places in
the book. The presentation is informal see, for example, van der Vaart (1998) for
more rigour.

Modes of Convergence

Suppose that Y,,, n > 1, are all random variables defined on a probability space
(2, A, P) where {2 is a set (the sample space) A is a o-algebra of subsets of {2, and
P is a probability measure.

Definition. We say that Y,, converges almost surely to Y, denoted Y,, —,.5. Y, if
Y, (w) = Y(w) forallw € A where P(A°) =0 (G.1)

or, equivalently, if, for every € > 0

P<sup |Ym—Y|>e>—>O as n — 00. (G.2)

m>n
Definition. We say that Y,, converges in probability to Y, denoted Y,, —, Y, if
P(|Y;u = Y| >€) -0 as n— . (G3)

Definition. Define the distribution function of Y as F((y) = Pr(Y < y). We say
that Y,, converges in distributionto Y, denoted Y,, —4 Y, or F,, — F, if

F,(y) —» F(y) as n — oo for each continuity point y of F. (G.4)
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Proposition (Weak Law of Large Numbers). If Y1, Y5, ... Y, ... are indepen-
dent and identically distributed (i.i.d.) with mean . = E[Y] (so E[|Y|] < o0) then
Yo —p e

Proposition (Strong Law of Large Nu_mbers). IfY1,Yo,....Y,, ... areiid. with
mean p = E[Y] (so E[|Y|] < 00) then'Y ,, —4.5. .

Proposition (Central Limit Theorem). If Y7, }/QL. ., Y, are i.i.d. with mean i =
E[Y] and variance o? (so E[Y?] < 00), then \/n(Y ,, — i) —q N(0, ?).

Proposition (Slutsky’s Theorem). Suppose that A, —, a, B, —, b for
constants a and b, andY,, —4 Y. Then A,)Y,, + B,, —q4 aY + .

Proposition (Delta Method). Suppose \/n (Y, — p) —q Z and suppose that
g : R? — R” has a derivative g' at p (here g' is a k x p matrix of derivatives).
Then the delta method gives the asymptotic distribution as

Vi [g(Y) —g(p)] —ag'(n)Z.
IfZ ~ Np,(0,%), then

VvV [g(Y) —g(p)] =4 Ni [0,¢' (p) X9’ (1)"] .



	Appendix
G Basic Large Sample Theory

