Appendix A
Differentiation of Matrix Expressions

For univariate x and f : R — R we write the derivative as
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dz’
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to be differentiation with respect to elements of a vector x = [x1, ..

and x represent p X 1 vectors, then

the second equality arising because a"x = x"a. Also
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Suppose u = u(x) is an r x 1 vector and « is p x 1. Then
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is a matrix of order p x r with (7, j)th element
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The transpose
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is a matrix of order r x p with (j, k)th element
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For example,
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the p x p identity matrix.
Consider the matrix A of dimension p

2 (Az) =
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If u = u(x) then
aiT (Au)
and

Let w = u(x) and v = v(x) be p x 1
product u"v is

x p. If A is not a function of x:

ox

Aga

=A

ou’
A.
ox

vectors. Then the derivative of the inner
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If A is again a p X p matrix then
0, . ou’ ov' .,
%(u Au) = 5% Au + 5% Au.
If A is symmetric
0, . ou’
8_cc(u Au) = 28w Au.

In particular, for a quadratic form
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0 (xTAzx) = 2Ax.
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Let f : R — R then
of
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isp x 1and
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is a p X p matrix with elements
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For example, with p = 2:
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For a non-singular p x p matrix A, whose elements are functions of x, we have
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The trace of a p X p square matrix is

p
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Also,
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