Appendix D
Probability Distributions and Generating
Functions

Continuous Distributions

Multivariate Normal Distribution

The p-dimensional random variable X = [X7, ..., X,|" has a normal distribution,
denoted N, (u, ), with mean o = [pq,...,u,|" and p X p variance—covariance
matrix X if its density is of the form

_ _ 1 _
ple) = (2m) P2 | B2 xexp | S - p) T @ - )

for x € RP, p € RP and non-singular 3.

Summaries:
E[X]=p
mode(X) = p
var(X) =X
Suppose
el (] i)
X o ’ Va1 Vao
where:

e Xjand p, arer x 1,

e Xoand pyare (p—1) x 1,

e Vitisrxr,

o Vigisrx (p—r),Voris(p—1r) xr,
* Vis(p—r)x(p—r).
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Then the marginal distribution of X is
X1 ~ Ni(pq, Vi)

and the conditional distribution X | Xo = @2 is

X, | Xo=2z3~N, [Ml + Via Vot (2 — ), Wll] , (D.1)
where W11 = Vi1 — Vi Vi, ' V.
Suppose
Y; | ijojz ~ N(ijajz)v
for j = 1,...,J, with Y3,...,Y; independent. Then, if aj,...,a; represent
constants,
J J J
Z=Y a;Y;~N(> ajp;,» alo |. (D.2)
j=1 j=1 j=1

IfY is ap x 1 vector of random variables whose distribution is N(u, X') and A is
an r X p matrix of constants, then

AY ~N(Ap, AXA"). (D.3)

Beta Distribution

The random variable X follows a beta distribution, denoted Be(a, b), if its density
has the form:

p(z) = B(a,b) 'z (1 —2)*" Y,

for0 < x < 1and a,b > 0 and where

I'(a)'(b) /1 -1 b—1
B(a,b) = = ¢=H1 — d D.4
@)= Fagy = ), #0-2ds (D.4)
is the beta function.
Summaries:
a
E[X]| =
[X] a+b
a—1
de(X) = ——— fi b>1
mode(X) T1p_3 ora >
b
var(X) = a

(@+b)2a+b+1)
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Gamma Distribution

The random variable X follows a gamma distribution, denoted Ga(a,b), if its
density is of the form

p(x) = %x“_l exp(—bx),
forz > 0anda,b > 0.
Summaries:
E[X] = 3
mode(X) = —— for a >1
var(X) = l%'

A x? random variable with degrees of freedom k corresponds to the Ga(k/2,1/2)
distribution.
Inverse Gamma Distribution

The random variable X follows an inverse gamma distribution, denoted InvGa(a, b),
if its density is of the form

b .
p(I) = I’(a)x (at1) exp(—b/a:),
forx > 0anda,b > 0.
Summaries:
E[X] b for a >1
= a
a—1
b
mode(X) =
a+1
b2
X)=——F—— f 2.
var(X) (@—12(a—2) or a>

If Y is Ga(a, b) then X = Y1 is InvGa(a, b).
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Lognormal Distribution

The random variable X follows a (univariate) lognormal distribution, denoted
LogNorm(u, 02), if its density is of the form

1 1
ple) = (270%) V2~ exp | - (logz — p)?

forx >0and p € R, 0 > 0.

Summaries:

E[X] = exp(p + 0°/2)
mode(X) = exp(u — o?)
var(X) = E[X]? [exp(c®) — 1] .

If Y is N(p, 02) then X = exp(Y) is LogNorm(y, o%).

Laplacian Distribution

The random variable X follows a Laplacian distribution, denoted Lap(y, ¢), if its
density is of the form

p(z) = ﬁem— |zl /9),

forz €e R, p € Rand ¢ > 0.

Summaries:

Multivariate t Distribution

The p-dimensional random variable X = [X3,...,X,|" has a (Student’s) ¢
distribution with d degrees of freedom, location gt = [u1, ..., up|" and p x p scale
matrix X, denoted T, (1, X, d), if its density is of the form
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_ —(d+p)/2
sy~ LA/ o [ e ]
I'(d/2)(dm)p/? d ’
for x € R?, pu € RP, non-singular X and d > 0.
Summaries:
E[X]=p for d>1
mode(X) = p
var(X) = 75 X X for d>2.

The margins of a multivariate ¢ distribution also follow ¢ distributions. For example,
if X = [X1,X3]" where X is 7 x 1 and X3 is (p — r) x 1, then the marginal
distribution is

X~ Tr(lh, ‘/117 d)u

where pq isr x 1and Vi isr x 7.

I Distribution

The random variable X follows an F distribution, denoted F(a, b), if its density is
of the form

aa/2bb/2 Ia/271

P2) = Ba/3,672) (b + an) @Oz

for > 0, with degrees of freedom a,b > 0 and where B(-, -) is the beta function,
as defined in (D .4).

Summaries:

E[X]:L for b>2

b—2
a—2 b
mode(X) = PR for a > 2
202 b—2
Var(X):L for b> 4.

a(b—2)2(b— 4)
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Wishart Distribution

The p x p random matrix X follows a Wishart distribution, denoted Wish,,(r, S), if
its probability density function is of the form

| € |(T‘—p—1)/2

T 2L/ [ S

ple) exp | pu(es )]

for x positive definite, S positive definite and » > p — 1 and where
P
Ly(r/2) = @ VAT I +1-5)/2)
Jj=1

is the generalized gamma function.

Summaries:
E[X]=1rS

mode(X) =(r—p—1)S for r>p+1

Val‘(Xij)

7‘(5127 + SiiSjj) for i,5=1,...,p.

Marginally, the diagonal elements X;; have distribution Ga[r/2,1/(25;)], i =

1,...,p.
Taking p = 1 yields

_ (292 r/2—1

p(x) = ch exp(—x/25),

forz > 0 and S,r > 0, i.e. a Ga[r/2,1/(29)] distribution, revealing that the
Wishart distribution is a multivariate version of the gamma distribution.

Inverse Wishart Distribution

The p x p random matrix X follows an inverse Wishart distribution, denoted
InvWish,(r, S), if its probability density function is of the form

|m|7(r+p+1)/2
2PRL02) | ST

p(@) exp [—lmwls)} ,

2

for « positive definite, S positive definite and » > p — 1.
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Summaries:
Sfl
E[X]=—— for r>p+1
r—p—1
S—l
mode(X) = ———
(X) r+p+1
r—p+ 1S+ (r—p-1)S151
vaI(Xl-j):( P+ Sy +(r—p =15 55 for i,j=1,...,p.

(r=p)(r—p—-1)>%*r—-p-3)

If p = 1 we recover the inverse gamma distribution InvGa[r/2,1/(25)] with

1
EX|=———= f 2
[X] St =) or r >
1
mode(X):m
var(X) ! for r > 4.

T S2(r—2)(r —4)

If Y ~ Wish,(r, S), the distribution of X =Y ! is InvWish,(r, S).

Discrete Distributions

Binomial Distribution

The random variable X has a binomial distribution, denoted Binomial(n, p), if its
distribution is of the form

n T n—x
Prx —a) = (") -
forx =0,1,...,nand 0 < p < 1.
Summaries:
E[X] =np
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Poisson Distribution

The random variable X has a Poisson distribution, denoted Poisson(yu), if its
distribution is of the form

exp(—p)u”
PI'(X = ) = 2! )
forpy>0andz =0,1,2,....
Summaries:
E[X] =pn
var(X) = p.

Negative Binomial Distribution

The random variable X has a negative binomial distribution, denoted NegBin(y, b),
if its distribution is of the form

== F(Z(icB?(b) (uib)m (uib)b’

forpy>0,b>0andx =0,1,2,...

Summaries:

E[X] = p
var(X) = pu + 1% /b.

The negative binomial distribution arises as a gamma mixture of a Poisson random
variable. Specifically, if X | u,d ~ Poisson(ud) and § | b ~ Ga(b,b), then X |
i, b ~ NegBin(p, b).

We link the above description, motivated by a random effects argument, with
the more familiar derivation in which the negative binomial arises as the number
of failures seen before we observe b successes from independent trials, each with
success probability p = /(v + b). The probability distribution is

r+b—1

T

Pr(X =z) = < > p"(1-p),

for0 <p < 1,b>0aninteger,and z = 0,1,2,...
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Summaries:
b
E[X] = 22
1-p
pb
var(X) =
(%) (1-p)?

Generating Functions

The moment generating function of a random variable Y is defined as My (¢) =
Elexp(tY)], for t € R, whenever this expectation exists. We state three important
and useful properties of moment generating functions:

1. If two distributions have the same moment generating functions then they are
identical at almost all points.
2. Using a series expansion:

2y?  3y3
exp(tY) =1+tY + — + +...
2! 3!
so that
t2m2 t3m3
My(t)=1+tmi + —— + +...
2! 3!
where m; is the 1th moment. Hence,
; i d* M-
E[Y] =MP0) = —X| .
atm |,_,
3.If Y7,...,Y, are a sequence of independent random variables and S =

> | a;Y;, with a; constant, then the moment generating function of S is

Mg(t) = [ ] My (ait).
i=1

The cumulant generating function of a random variable Y is defined as
Cy (t) = logE[exp(tY)]

fort € R.
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