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Parametric Inference

We now turn our attention to parametric models, that is, models of the form
§= {f'(x;@): 96@} (9.1)

where the © C R¥ is the parameter space and § = (6y,...,6;) is the param-
eter. The problem of inference then reduces to the problem of estimating the
parameter 6.

Students learning statistics often ask: how would we ever know that the
distribution that generated the data is in some parametric model? This is
an excellent question. Indeed, we would rarely have such knowledge which
is why nonparametric methods are preferable. Still, studying methods for
parametric models is useful for two reasons. First, there are some cases where
background knowledge suggests that a parametric model provides a reasonable
approximation. For example, counts of traffic accidents are known from prior
experience to follow approximately a Poisson model. Second, the inferential
concepts for parametric models provide background for understanding certain
nonparametric methods.

We begin with a brief discussion about parameters of interest and nuisance
parameters in the next section, then we will discuss two methods for estimat-
ing 0, the method of moments and the method of maximum likelihood.
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120 9. Parametric Inference

9.1 Parameter of Interest

Often, we are only interested in some function T(6). For example, if X ~
N(u,0?) then the parameter is # = (u, o). If our goal is to estimate u then
u = T(0) is called the parameter of interest and o is called a nuisance
parameter. The parameter of interest might be a complicated function of

as in the following example.

9.1 Example. Let Xi,..., X, ~ Normal(y,?). The parameter is § = (u, o)
and the parameter space is © = {(u,0) : u € R, ¢ > 0}. Suppose that X is
the outcome of a blood test and suppose we are interested in 7, the fraction
of the population whose test score is larger than 1. Let Z denote a standard

Normal random variable. Then

o= P(X>1)1P(X<1)1P<u<1—“>
g g

- 1P(Z<1“>1<1>(1“>.
ag ag

The parameter of interest is 7 = T(p,0) =1 —®((1 —p)/o). =

9.2 Example. Recall that X has a Gamma(cw, 3) distribution if

Lt
pel(a)

e >0

flz; o, 8) =

where «, 8 > 0 and
MNa) = / y* e Vdy
0

is the Gamma function. The parameter is # = (¢, 3). The Gamma distri-
bution is sometimes used to model lifetimes of people, animals, and elec-
tronic equipment. Suppose we want to estimate the mean lifetime. Then
T(a,8) =FEp(X1)=af. m

9.2 The Method of Moments

The first method for generating parametric estimators that we will study
is called the method of moments. We will see that these estimators are not
optimal but they are often easy to compute. They are are also useful as starting
values for other methods that require iterative numerical routines.
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Suppose that the parameter § = (6y,...,6;) has k components. For 1 <
j < k, define the j*" moment

a; = a;(0) =Ep(X7) = /:rdeg(x) (9.2)

and the j** sample moment

LK
G; =~ > X7 (9.3)
i=1

9.3 Definition. The method of moments estimator §n is defined to be
the value of 8 such that

a0y = @
Ozz(é\n) = az
ap(Bn) = G (9.4)

Formula (9.4) defines a system of k equations with k& unknowns.

9.4 Example. Let Xi,...,X,, ~ Bernoulli(p). Then on = E,(X) = p and
ap=n"t Z:;l X;. By equating these we get the estimator

9.5 Example. Let Xi,..., X, ~ Normal(u,c?). Then, a; = Eo(X;) =
and ag = Ee(X?) = Vo(X1) + (Ea(X1))? = 0% + 2. We need to solve the

equations’

" 1<
uoo= EZ;X’L
>+ = %Zn:XZ?.
=1

This is a system of 2 equations with 2 unknowns. The solution is
//Z = Yn

LRecall that V(X) = E(X?2) — (E(X))2. Hence, E(X?) = V(X) + (E(X))2.
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9.6 Theorem. Let §n denote the method of moments estimator. Under appro-
priate conditions on the model, the following statements hold:

1. The estimate én exists with probability tending to 1.
2. The estimate is consistent: §ni> 6.
3. The estimate is asymptotically Normal:

V(B — 6) ~ N(0,%)

where
S =gEy(YYT)g",

Y =(X,X2,.., X" g=(g1,...,9x) and g; = 8&{1(9)/89.

The last statement in the theorem above can be used to find standard errors
and confidence intervals. However, there is an easier way: the bootstrap. We
defer discussion of this until the end of the chapter.

9.3 Maximum Likelihood

The most common method for estimating parameters in a parametric model is
the maximum likelihood method. Let X3, ..., X,, be 1ID with PDF f(x;6).

9.7 Definition. The likelihood function is defined by

n

£(0) = [ £(x3:0). (9.5)

=1

The log-likelihood function is defined by £,,(0) = log £, (6).

The likelihood function is just the joint density of the data, except that we
treat it is a function of the parameter 6. Thus, £, : © — [0,00). The
likelihood function is not a density function: in general, it is not true that

L,(9) integrates to 1 (with respect to 8).

9.8 Definition. The maximum likelihood estimator MLE, denoted by

o~

O, is the value of 6 that mazrimizes L,,(0).
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0.0

FIGURE 9.1. Likelihood function for Bernoulli with n =20 and >~7 | X; = 12. The
MLE is D, = 12/20 = 0.6.

The maximum of £, () occurs at the same place as the maximum of £, (0),
so maximizing the log-likelihood leads to the same answer as maximizing the
likelihood. Often, it is easier to work with the log-likelihood.

9.9 Remark. If we multiply £,,(8) by any positive constant ¢ (not depending
on #) then this will not change the MLE. Hence, we shall often drop constants
in the likelihood function.

9.10 Example. Suppose that X7, ..., X, ~ Bernoulli(p). The probability func-
tion is f(x;p) = p®(1—p)! =2 for z = 0, 1. The unknown parameter is p. Then,

n n

Lo(p) = [[r&sp) =[P -p) = =p°1—p)"*

i=1 i=1

where S =3 X;. Hence,

n(p) = Slogp + (n — S)log(1 — p).

Take the derivative of £, (p), set it equal to 0 to find that the MLE is p,, = S/n.
See Figure 9.1. m

9.11 Example. Let X1,..., X, ~ N(u,0?). The parameter is § = (i, o) and
the likelihood function (ignoring some constants) is:

Lo(p,0) = H %exp {—%(Xi - M)2}
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n nS? n(X — u)?
= g exp{ﬁ}exp{%}

where X = n~13", X; is the sample mean and 5% =n~1Y",(X; — X)2. The
last equality above follows from the fact that Y, (X; — p)? = nS? +n(X — p)?
which can be verified by writing >, (X; — p)? = >_,(X; — X + X — p)? and
then expanding the square. The log-likelihood is
nS?  n(X — p)?
l(u,0) = —nlogo — 557 T T ogr

Solving the equations

ol(p,0) O, o)
o =0 and oo

:O7

we conclude that 1 = X and & = S. It can be verified that these are indeed
global maxima of the likelihood. m

9.12 Example (A Hard Example). Here is an example that many people find
confusing. Let Xi,..., Xn ~ Unif(0,0). Recall that

o160 0<x <0
Flw:8) = { 0 otherwise.

Cousider a fixed value of 6. Suppose 8 < X; for some i. Then, f(X;;6) =0
and hence £,(0) = [[, f(X;;0) = 0. It follows that £,(0) = 0 if any X; > 0.
Therefore, £,(0) = 0 if § < X(,) where X(,) = max{Xy,...,X,}. Now
consider any § > X ). For every X; we then have that f(X;;6) = 1/ so that
L, (0) =11, f(Xi;0) = 6" In conclusion,
1\
_[ @) 62X

See Figure 9.2. Now L,,(0) is strictly decreasing over the interval [X,),c0).
Hence, 6, = X(,). »

The maximum likelihood estimators for the multivariate Normal and the
multinomial can be found in Theorems 14.5 and 14.3.

9.4 Properties of Maximum Likelihood Estimators

Under certain conditions on the model, the maximum likelihood estimator §n
possesses many properties that make it an appealing choice of estimator. The
main properties of the MLE are:



9.4 Properties of Maximum Likelihood Estimators 125

W w
SR S 2-
2 =
S— e
w w
s | ®eNe = s W bl
won " '
o e TET i
o o TR i
HEH | T o
24 T i— (=3 TR
(=] (=]
T T T T T T T T T T
0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 2.0
) xr
f=.75 =1
w
w | -
m —
e o S o
bl ~
w o W
g /e T o
Wolaa ' oine
NI 'V oin
HEEIL Vo
O M Voin o |
= =)
T T T T T T T T T T
0.0 05 1.0 1.5 20 0.6 0.8 1.0 1.2 14
€T
#=1.25

FIGURE 9.2. Likelihood function for Uniform (0,#). The vertical lines show the
observed data. The first three plots show f(z;8) for three different values of 6.
When 0 < X,y = max{Xy1,...,Xn}, as in the first plot, f(X(,);6) = 0 and
hence Ln(0) = [, f(Xe;0) = 0. Otherwise f(X;; 8) = 1/6 for each ¢ and hence
Ln(0) =1]], [(X:0) = (1/0)". The last plot shows the likelihood function.
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1. The MLE is consistent: GAnL 0, where 0, denotes the true value of the
parameter 6;

2. The MLE is equivariant: if é\n is the MLE of 8 then g(gn) is the MLE of
9(6);

3. The MLE is asymptotically Normal: (6 — 6,)/s& ~» N(0,1); also, the
estimated standard error se can often be computed analytically;

4. The MLE is asymptotically optimal or efficient: roughly, this means
that among all well-behaved estimators, the MLE has the smallest vari-
ance, at least for large samples;

5. The MLE is approximately the Bayes estimator. (This point will be ex-
plained later.)

We will spend some time explaining what these properties mean and why
they are good things. In sufficiently complicated problems, these properties
will no longer hold and the MLE will no longer be a good estimator. For now
we focus on the simpler situations where the MLE works well. The properties
we discuss only hold if the model satisfies certain regularity conditions.
These are essentially smoothness conditions on f(x;6). Unless otherwise
stated, we shall tacitly assume that these conditions hold.

9.5 Consistency of Maximum Likelihood Estimators

Consistency means that the MLE converges in probability to the true value.
To proceed, we need a definition. If f and g are PDF’s, define the Kullback-
Leibler distance 2 between f and ¢ to be

_ f(x)
Dt = [ fayton (25 o (9.6)
It can be shown that D(f,g) > 0 and D(f, f) = 0. For any 6,9 € © write

D(0,4) to mean D(f(x; 0), f(z; ¥)).
We will say that the model § is identifiable if § # ¢ implies that D(0,¢) >

0. This means that different values of the parameter correspond to different
distributions. We will assume from now on the the model is identifiable.

2This is not a distance in the formal sense because D(f, g) is not symmetric.
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Let 6, denote the true value of . Maximizing ¢,,(0) is equivalent to maxi-

Zl XZ, 9))

This follows since M, (0) = n=*(£,(0) —£,(0%)) and ¢, (0,) is a constant (with
respect to 6). By the law of large numbers, M, (0) converges to

Ee(“%) :/ o (fraay) fl 0

( ") £ e

= 0).

Hence, M,,(0) ~ —D(b,,60) which is maximized at 6, since —D(6,,6,) = 0
and —D(04,0) < 0 for 0 # 0,. Therefore, we expect that the maximizer will
tend to 8,. To prove this formally, we need more than M, (G)L — D(6,.0).

mizing

We need this convergence to be uniform over . We also have to make sure
that the function D(,,0) is well behaved. Here are the formal details.

9.13 Theorem. Let 8, denote the true value of 8. Define
Zl F(X; 0)
J(X; 0, )
and M(6) = —D(04,8). Suppose that

sup [M,(0) — M()|—=0 (9.7)
0cO

and that, for every e > 0,

sup  M(0) < M(0,). (9.8)
0:10—0,|>¢

Let §n denote the MLE. Then /G\nL 0.

The proof is in the appendix.

9.6 Equivariance of the MLE

9.14 Theorem. Let 7 = g(0) be a function of 6. Let 8,, be the MLE of 8. Then
Tn = 9(0y) is the MLE of 7.
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PROOF. Let h = g~ denote the inverse of g. Then 6, = h(7,). For any T,
L(1) =11, f(xi; h(7)) =11, f(x:;6) = L(0) where & = h(r). Hence, for any 7,
Lo(ry=L(O) < LO)=L,(T). m

9.15 Example. Let Xq,...,X,, ~ N(6,1). The MLEfor 8 is (?n = X,. Let
7 =¢? Then, the MLE for Tis T =’ = e¥X. m

9.7 Asymptotic Normality
It turns out that the distribution of @L is approximately Normal and we can

compute its approximate variance analytically. To explore this, we first need

a few definitions.

9.16 Definition. The score function is defined to be
s(X;0) = 810%2)(9) (9.9)
The Fisher information is defined to be
L) = Y <is<xi; e))
i=1
= ZVG (X::6)) (9.10)

For n = 1 we will sometimes write I(0) instead of I;(#). It can be shown
that Eg(s(X;0)) = 0. It then follows that Vy(s(X;80)) = Ee(s(X;0)). In fact,
a further simplification of I,(0) is given in the next result.

9.17 Theorem. I,(0) =nlI(0). Also,

10) - E, (L S 9)>

B [ 9% log f(x;0) PN
_ /(T) F(x; 0)dz. (9.11)
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9.18 Theorem (Asymptotic Normality of the MLE). Let se = 1/ V(6,,).
Under appropriate reqularity conditions, the following hold:

1. se m \/1/1,(0) and
(gn_e)
——= ~» N(0,1). 9.12
— N1 (912)
2. Let §& = 1/1/1,,(6y,). Then,

(6, — 0)
_?g_NquJ) (9.13)

The proof is in the appendix. The first statement says that b, ~ N (0, se)
where the approximate standard error of 8, is se = 1/1/I,(#). The second
statement says that this is still true even if we replace the standard error by

its estimated standard error sé = 4/ 1/In(§n)

Informally, the theorem says that the distribution of the MLE can be ap-
proximated with N(#,$e%). From this fact we can construct an (asymptotic)
confidence interval.

9.19 Theorem. Let
Cn = (511 - Za/g S/é, é\n + Za/g S/é)

Then, Pg(0 € C) = 1 —a as n — 0.

PRrROOF. Let Z denote a standard normal random variable. Then,

Py € C,) = 1Py (é\n—za/gﬁﬁeﬁé\n%—za/g@)

O — 0
- ]P)B 7204/2 < & < Za/Q

= P(—zq2<Z<zqp)=1-a n

For a = .05, z,/2 = 1.96 = 2, so:

b, £ 2 & (9.14)

is an approximate 95 percent confidence interval.
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When you read an opinion poll in the newspaper, you often see a statement
like: the poll is accurate to within one point, 95 percent of the time. They are
simply giving a 95 percent confidence interval of the form 6,, + 2 se.

9.20 Example. Let X,..., X, ~ Bernoulli(p). The MLE is D, = >, Xi/n
and f(z;p) = p®(1 —p)' =%, log f(z;p) = xlogp + (1 — x) log(1 - p),

X 1-X
Sva:_f s
(Xsp) P —
and X 1 x
—s'(X;p) = = + ——
(X:p) P (1-p)?
Thus,
p, (A-p) 1
I(p) =E,(—s'(X;p — + = .
) = Bp(=5'(Xip)) = 12 (1-p)3? p(l-p)
Hence,

T VLG ValGw

An approximate 95 percent confidence interval is

~ ~ 1/2
5 ﬂ{pnu—pn)}/
. .

n

o ! 1 {ﬁ(lﬁ)}”?

9.21 Example. Let Xi,...,X,, ~ N(6,02%) where o2 is known. The score
function is s(X;0) = (X —0)/0? and s'(X;0) = —1/0? so that I(6) = 1/02.
The MLE is §n = X,,. According to Theorem 9.18, X,, ~ N(6,02/n). In this
case, the Normal approximation is actually exact. m

9.22 Example. Let X1,..., X, ~ Poisson()\). Then Xn = X,, and some cal-

culations show that Iy (A\) = 1/, so

R 1 A
se = —F = —.
nl(\,) "

Therefore, an approximate 1 — « confidence interval for A is Xn t2a/24/ Xn /n.

9.8 Optimality

Suppose that Xi,..., X, ~ N(6,0%). The MLE is 0:1 = X,,. Another reason-
able estimator of 8 is the sample median 6,,. The MLE satisfies

VB, — 6) ~ N(0,52).
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It can be proved that the median satisfies

Vi(ln — 0) ~ N (0,0‘2g> .

This means that the median converges to the right value but has a larger
variance than the MLE.
More generally, consider two estimators T}, and U, and suppose that

V(T — 0) ~ N(0,t%),

and that
VU, — ) ~ N(0,u?).

We define the asymptotic relative efficiency of U to T by ARE(U,T) = t?/u?.
In the Normal example, ARE(6,,,6,) = 2/m = .63. The interpretation is that
if you use the median, you are effectively using only a fraction of the data.

9.23 Theorem. If 0:1 is the MLE and gn is any other estimator then 3

~ o~

ARE(0,,6,) < 1.

Thus, the MLE has the smallest (asymptotic) variance and we say that the
MLE is efficient or asymptotically optimal.

This result is predicated upon the assumed model being correct. If the model
is wrong, the MLE may no longer be optimal. We will discuss optimality in
more generality when we discuss decision theory in Chapter 12.

9.9 The Delta Method

Let 7 = g(#) where g is a smooth function. The maximum likelihood esti-

—~

mator of 7 is 7 = ¢(d). Now we address the following question: what is the
distribution of 77

9.24 Theorem (The Delta Method). If 7 = g(8) where g is differentiable
and g'(0) # 0 then

(Fa7)
0 N(0,1) (9.15)

3The result is actually more subtle than this but the details are too complicated to consider
here.
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where T, = g(gn) and
se(Tn) = 19’ (6)] 5¢(0n) (9.16)

Hence, if
C, = (?—n — 2a/258(Tn)s Tn + Zay2 sAe(?n)) (9.17)

then Po(r € Cp) = 1 —a as n — oc.

9.25 Example. Let X;,..., X,, ~ Bernoulli(p) and let ¢y = g(p) = log(p/(1 —
p)). The Fisher information function is I(p) = 1/(p(1 — p)) so the estimated
standard error of the MLE p,, is

n

The MLE of ¢ is 12 = logp/(1 — D). Since, ¢'(p) = 1/(p(1l — p)), according to
the delta method
~ 1

(0n) =1 Pu)lR(Pn) = s

An approximate 95 percent confidence interval is

~ 2
wn + T =" =
npn(]- 4pn)

9.26 Example. Let Xy,..., X, ~ N(u,0?). Suppose that u is known, o is
unknown and that we want to estimate 1) = logo. The log-likelihood is #(c) =
—nlogo — ﬁ >~ (z; — p)?. Differentiate and set equal to 0 and conclude that

. _ [T

To get the standard error we need the Fisher information. First,

X — 2
log f(X;0) = —logo — %
with second derivative
1 3(X —p)?
o2 ot ’
and hence )
1 3o 2
Io)=-—+—7F =7
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Therefore, s¢ = 7,/v2n. Let ¢y = g(o) = logo. Then, ¥n = log,. Since
g/ - 1/07
o 1 o, 1
se(ihy) = —— = —,
(Wn) OnV2n  /2n

and an approximate 95 percent confidence interval is zZn +2/V2n. m

9.10 Multiparameter Models

These ideas can directly be extended to models with several parameters. Let
6 =(61,...,0;)andlet 6 = (61, ...,6;) be the MLE. Let £, = >, log f(X;; 6),

2 2
i = 685]2” and Hy, = %
Define the Fisher Information Matrix by
Eg(H11) E¢(Hi2) - Eo(Hux)
(o) = — | FoER) Bolfa) e Bolfn) (9.18)
Ee(ﬁm) Ee(ﬁkz) Ee(ﬁkk)
Let J,(0) = I,;1(9) be the inverse of I,.
9.27 Theorem. Under appropriate reqularity conditions,
(0 —6) ~ N(0,.J,,).
Also, if é\j is the 7™ component of é\, then
;=6 N(0,1) (9.19)

sej

where sAe? = Jn(5,7) is the j* diagonal element of J,. The approrimate co-
variance ofé\j and 5;6 18 Cov(gj,gk) ~ Jn(4, k).

There is also a multiparameter delta method. Let 7 = g(61,...,6;) be a
function and let
99
064
Vg =
99
00y,

be the gradient of g.
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9.28 Theorem (Multiparameter delta method). Suppose that Vg evaluated at
0 is not 0. Let 7 = g(8). Then

G-7)
&7 N(0,1)

2(7) = \/(V9)TJn(Vy), (9-20)

T, = Jn(an) and Vg is Vg evaluated at 6 = b,

where

9.29 Example. Let Xy,..., X,, ~ N(u,0%). Let 7 = g(u,0) = o/p. In Excer-
cise 8 you will show that

Hence,
_ 1[e%2 0
Jn:Inl(Mag):E{ 0 072:|
The gradient of ¢ is
I
Thus,
~ = =~ 1 1 o2
Se(T = TJ = — —_—
se(7) = \/ (Vo) T Ju(Vg) = —= ST o "

9.11 The Parametric Bootstrap

For parametric models, standard errors and confidence intervals may also be
estimated using the bootstrap. There is only one change. In the nonparametric
bootstrap, we sampled X7, ..., X from the empirical distribution ﬁn In the
parametric bootstrap we sample instead from f(x; é\n) Here, én could be the

MLE or the method of moments estimator.

9.30 Example. Consider example 9.29. To get the bootstrap standard er-
ror, simulate X1,..., X} ~ N(1i,6%), compute i* = n~* >, X7 and 6% =
n~1 3. (X} — %)% Then compute 7% = g(1*,5*) = 5*/i*. Repeating this B
times yields bootstrap replications

o~k o~k
T1,---57TRH
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and the estimated standard error is

B i~ ~\2
- S (-7
S€hoot — —Zbil( b ) . n

B

The bootstrap is much easier than the delta method. On the other hand,
the delta method has the advantage that it gives a closed form expression for
the standard error.

9.12 Checking Assumptions

If we assume the data come from a parametric model, then it is a good idea to
check that assumption. One possibility is to check the assumptions informally
by inspecting plots of the data. For example, if a histogram of the data looks
very bimodal, then the assumption of Normality might be questionable. A
formal way to test a parametric model is to use a goodness-of-fit test. See
Section 10.8.

9.13 Appendix

9.13.1  Proofs

PRrOOF OF THEOREM 9.13. Since 6,, maximizes M, (8), we have _/\4n(§n) >
M, (6,). Hence,

M(6,) — M(6,) M, (0,) — M(6,) + M(6,) — M, (6,)
Mo(0,) — M(6y,) + M(6,) — M, (6,)

sgp | M, (0) — M(8)| + M(6y) — M,(6,)

I aa

0
where the last line follows from (9.7). It follows that, for any § > 0,
P (M(B) < M(8,) = 6) =0,

Pick any € > 0. By (9.8), there exists 6 > 0 such that |6 — 6,| > € implies that
M(6) < M(6,) — 0. Hence,

P\, — 0, > ¢) <P (M(én) < M(8,) - 5) 0.

Next we want to prove Theorem 9.18. First we need a lemma.
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9.31 Lemma. The score function satisfies
Ey [s(X;8)] = 0.

PROOF. Note that 1 = [ f(x;)dz. Differentiate both sides of this equation
to conclude that

0 0
0 = %/j(as, 0)dx = %f(re)dr
- 01 (zi6) " dlog f(x;0)
_ 90 . _ ’ 7 0)d:
= F:0) f(z;0)dx = / 20 f(z;0)dx

/.S(J:;Q)f(as;Q)dx =Eys(X;6). m
PROOF OF THEOREM 9.18. Let £(8) = log £(6). Then,
0=1'(0) =~ €(0)+ (6 —6)"(6).
Rearrange the above equation to get 6 — 6 = —0'(6)/¢"(0) or, in other words,

N L ()
Vil —0) = 2 __Tor
—Lyng) ~ BOTTOM

Let Y; = Olog f(X;;0)/00. Recall that E(Y;) = 0 from the previous lemma
and also V(Y;) = I(9). Hence,

TOP =n~'2> "V, = VY = V(Y — 0) ~ W ~ N(0,1(6))
by the central limit theorem. Let A; = —9?log f(X;;0)/96%. Then E(4;) =

I(#) and
BOTTOM = A1 I(6)

by the law of large numbers. Apply Theorem 5.5 part (e), to conclude that

~ W 4 1
ﬂ(@@)me<0,Te)>.

Assuming that I(9) is a continuous function of 8, it follows that I(é\n)i) 1(0).
Now

= \/nIY?(0,)(6, —0)

1(6,)
1(0) -

= {Var4)@. - o)}



9.13 Appendix 137

The first term tends in distribution to N(0,1). The second term tends in
probability to 1. The result follows from Theorem 5.5 part (e). m
OUTLINE OF PROOF OF THEOREM 9.24. Write

~

7o = 9(0) = g(6) + (B — 0)g'(8) = 7 + (6, — 0)9(9).

Thus,
V(7 — 1) & Vb, — 0)g'(6),
and hence
n[(e)(?n - T) ~ n ) —
e MHOICEDE

Theorem 9.18 tells us that the right-hand side tends in distribution to a N(0,1).
Hence,
nI(0) (7, —
VIO =D . NG, )
g'(0)

or, in other words,

where ‘
(4'(9))?

seZ(?n) = TW)

The result remains true if we substitute 6,, for 6 by Theorem 5.5 part (e). m

9.13.2  Sufficiency

A statistic is a function T'(X™) of the data. A sufficient statistic is a statistic
that contains all the information in the data. To make this more formal, we
need some definitions.

9.32 Definition. Write z™ <> y™ if f(2™;0) = c f(y™; 0) for some constant
¢ that might depend on ™ and y™ but not 8. A statistic T(x™) is
sufficient if T(a™) <> T(y™) implies that z™ + y".

Notice that if 2™ < y™, then the likelihood function based on z™ has the
same shape as the likelihood function based on y™. Roughly speaking, a statis-
tic is sufficient if we can calculate the likelihood function knowing only T'(X™).

9.33 Example. Let X1,..., X, ~ Bernoulli(p). Then L(p) = p%(1 — p)»~%
where S =) X;, so S is sufficient. m
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9.34 Example. Let Xi,..., X, ~ N(u,0) and let T = (X, S). Then

n 52 ¥ 2
f(X”;,u,a): (U 1271—) eXP{;?}eXP{n(XQUQM) }

where S? is the sample variance. The last expression depends on the data
only through 7T and therefore, T = (X, S) is a sufficient statistic. Note that
U= (17X, 95) is also a sufficient statistic. If I tell you the value of U then you
can easily figure out 7" and then compute the likelihood. Sufficient statistics

are far from unique. Consider the following statistics for the N(u, c?) model:

(X" = (X5,....X,)
T(X") = (X,9)
(X" = X

Ty(X™ = (X,8,X3).

The first statistic is just the whole data set. This is sufficient. The second
is also sufficient as we proved above. The third is not sufficient: you can’t
compute L(u, o) if I only tell you X. The fourth statistic Ty is sufficient. The
statistics 77 and Ty are sufficient but they contain redundant information.
Intuitively, there is a sense in which T5 is a “more concise” sufficient statistic
than either 77 or T,. We can express this formally by noting that 75 is a
function of T7 and similarly, 75 is a function of Ty. For example, Ty = g(T})
where g(ay,az2,a3) = (a1,a2). m

9.35 Definition. A statistic T is minimal sufficient if (i) it is
sufficient; and (ii) it is a function of every other sufficient statistic.

9.36 Theorem. T is minimal sufficient if the following is true:
T(x™) =T(y") if and only if 2" < y™.

A statistic induces a partition on the set of outcomes. We can think of
sufficiency in terms of these partitions.

9.37 Example. Let X, Xs ~ Bernoulli(¢). Let V = X;, T = >, X; and
U = (T,X1). Here is the set of outcomes and the statistics:

X, X |V T U
0 (0,0
1,0
1.1
2,1

3

— =0 O
—_ o = O
— =0 O
N =
A~~~
NP NN

?
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The partitions induced by these statistics are:

V. — {(0,0),(0,1)}, {(1,0),(1,1)}

T — {00,0)} {(0,1),(1,0} {1, 1)}

U — {0,0} {0,1} {(L0o)} {(1,1)}.
Then V is not sufficient but 7" and U are sufficient. T' is minimal sufficient;
U is not minimal since if 2™ = (1,0) and y™ = (0,1), then 2" + y™ yet
U(x™) # U(y™). The statistic W = 17T generates the same partition as T It

is also minimal sufficient. m

9.38 Example. For a N(u,0?) model, T = (X,S) is a minimal sufficient
statistic. For the Bernoulli model, T' = )", X is a minimal sufficient statistic.
For the Poisson model, T' = ). X, is a minimal sufficient statistic. Check that
T = (>, Xi, X1) is sufficient but not minimal sufficient. Check that T = X;
is not sufficient. m

I did not give the usual definition of sufficiency. The usual definition is this:
T is sufficient if the distribution of X™ given T'(X™) = ¢ does not depend on
0. In other words, T is suflicient if f(xq,...,z,|t;0) = h(xq,...,z,,t) where
h is some function that does not depend on 6.

9.39 Example. Two coin flips. Let X = (X7, X2) ~ Bernoulli(p). Then T =
X1 + X is sufficient. To see this, we need the distribution of (X7, Xs) given
T =t. Since T can take 3 possible values, there are 3 conditional distributions
to check. They are: (i) the distribution of (X, X3) given T = 0:

P(X;=0,X,=0]t=0)=1,P(X; =0,Xo = 1|t =0) =0,
P(X;=1,X,=0]t=0)=0,P(X, =1,X, = 1|t =0) = 0;

(ii) the distribution of (X1, X5) given T = 1:

1
P(X1=0,X;=0/t=1)=0,P(X, =0, X, = 1|t = 1) = 5,

P(X;1=1,X.=0t=1) = %,P(Xl =1,Xy=1]t=1)=0; and
(iil) the distribution of (X1, X2) given T' = 2:
P(X; =0,X; = 0|t =2) =0, P(X; =0, Xy = L[t = 2) =0,
P(X1=1,X2=0[t=2)=0,P(X; =1,Xs = 1|t =2) = 1.

None of these depend on the parameter p. Thus, the distribution of Xy, Xo|T
does not depend on 6, so T is sufficient. m
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9.40 Theorem (Factorization Theorem). T is sufficient if and only if there are
functions g(t,8) and h(x) such that f(z™;6) = g(t(z™), 0)h(z™).

9.41 Example. Return to the two coin flips. Let t = 1 + x5. Then

fl@1,22:0) = flx1;0)f(22:0)
— 9w1(1 _ 9)1—9&193:2(1 _ 9)1—3:2
- g(tae)h(xlaxQ)

where g(t,0) = 0'(1 — 6)>~" and h(x1,22) = 1. Therefore, T = X; + Xy is

sufficient. m

Now we discuss an implication of sufficiency in point estimation. Let 9 be
an estimator of . The Rao-Blackwell theorem says that an estimator should
only depend on the sufficient statistic, otherwise it can be improved. Let
R(6, é\) =[Eqp(0 — 5)2 denote the MSE of the estimator.

9.42 Theorem (Rao-Blackwell). Let 8 be an estimator and let T be a sufficient
statistic. Define a new estimator by

6 =E@|T).

Then, for every 8, R(0, 5) < R(6, 5)

9.43 Example. Consider flipping a coin twice. Let g = X. This is a well-
defined (and unbiased) estimator. But it is not a function of the sufficient
statistic T = X1 + X,. However, note that 6§ = E(X;|T) = (X1 + X,)/2. By
the Rao-Blackwell Theorem, 6 has MSE at least as small as § = X1. The
same applies with n coin flips. Again define 9 = Xy and T = ), X;. Then
6 =E(X4|T) =n""! >_; X; has improved MSE. m

9.13.3 FEzxponential Families

Most of the parametric models we have studied so far are special cases of
a general class of models called exponential families. We say that {f(z;0) :
0 € O} is a one-parameter exponential family if there are functions 1(9),
B(#), T(x) and h(zx) such that

f(x:0) = h(x)eﬂ(e)T(l’)*B(e).

It is easy to see that T'(X) is sufficient. We call T' the natural sufficient
statistic.
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9.44 Example. Let X ~ Poisson(6). Then

x ,—6
g™ _ i6fclog9—9
! x!

f(x;0) =

and hence, this is an exponential family with 7(8) = log 6, B(6) = 0, T(z) = «,
h(z) =1/z!. m

9.45 Example. Let X ~ Binomial(n, ¢). Then

f(x:0) = <Z) 67(1— 6)"° = <Z> exp {mlog (&) +nlog(l — 9)} .

In this case,

and

We can rewrite an exponential family as
f(win) = h(@)e I =A0

where 77 = 7(6) is called the natural parameter and
A(T]) = log/ h(:[;)enT(x)dm.

For example a Poisson can be written as f(z;n) = €7*~¢" /2! where the natural
parameter is 1 = log 6.
Let X1,...,X, be 1ID from an exponential family. Then f(z";0) is an

exponential family:
f(l’n; 9) — hn(Tn)hn (xn)en(a)Tn(x“)—B,,,(G)

where h,(z™) = [], h(zs), Tn(z™) = > ,T(z;) and B,(#) = nB(¢). This
implies that ), T'(X;) is sufficient.

9.46 Example. Let X1,...,X,, ~ Uniform(0, §). Then

1
F(a™6) = =T () < 0)
where I is 1 if the term inside the brackets is true and 0 otherwise, and
T(py = maz{zi,...,Tn}. Thus T(X") = max{Xy,..., X,} is sufficient. But

since T(X™) # >, T(X;), this cannot be an exponential family. m
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9.47 Theorem. Let X have density in an exponential family. Then,
E(T(X)) = A'(n), V(T'(X)) = A" (n).

If 6 = (61,...,0) is a vector, then we say that f(x;6) has exponential
family form if

k
F(a;0) = h(z)exp Y 0 (0)T;(x) — B(9)
j=1
Again, T = (11,...,T}) is sufficient. An 1ID sample of size n also has expo-

nential form with sufficient statistic (3, T1(X;),..., >, Te(Xy)).

9.48 Example. Consider the normal family with 6 = (i, o). Now,

f(z;0) = exp {%x — I—Z 1 (MZ + log(2702)> } .

o2

This is exponential with

4
me) =75, Tilw) ==
1 2
ma2(0) = ~ 552 Ii(z) ==

1/ 2
B(6) = Jl52 +log(27c?) |, h(z) =1.
Hence, with n 11D samples, (>, X;, >, X?) is sufficient. m

As before we can write an exponential family as

flasn) = h(x)exp {T" (x)n — A(n)},

where A(n) = log [ ll(x)eTT(x)"d:r. It can be shown that

where the first expression is the vector of partial derivatives and the second
is the matrix of second derivatives.

9.13.4  Computing Mazimum Likelihood Estimates

In some cases we can find the MLE 0 analytically. More often, we need to
find the MLE by numerical methods. We will briefly discuss two commonly
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used methods: (i) Newton-Raphson, and (ii) the EM algorithm. Both are
iterative methods that produce a sequence of values 6°,6',... that, under
ideal conditions, converge to the MLE 6. In each case, it is helpful to use a
good starting value 6°. Often, the method of moments estimator is a good
starting value.

NEWTON-RAPHSON. To motivate Newton-Raphson, let’s expand the deriva-
tive of the log-likelihood around 6#79:

~ 7"

0=10(0)~(67)+ (6 — 670" (69).
Solving for 0 gives
7 (67)
)6// (9]) .

This suggests the following iterative scheme:

~ 67—

)

o~ L)
pitt =g — £
7 (9])

~

In the multiparameter case, the mle o = (é\l,...ﬁk) is a vector and the
method becomes

Gt =97 — H1/ (97)
where El(ﬁj ) is the vector of first derivatives and H is the matrix of second
derivatives of the log-likelihood.

THE EM ALGORITHM. The letters EM stand for Expectation-Maximization.
The idea is to iterate between taking an expectation then maximizing. Sup-
pose we have data Y whose density f(y;#) leads to a log-likelihood that is
hard to maximize. But suppose we can find another random variable Z such
that f(y;0) = [ f(y,z;6) dz and such that the likelihood based on f(y, z;6)
is easy to maximize. In other words, the model of interest is the marginal of a
model with a simpler likelihood. In this case, we call Y the observed data and
Z the hidden (or latent or missing) data. If we could just “fill in” the missing
data, we would have an easy problem. Conceptually, the EM algorithm works
by filling in the missing data, maximizing the log-likelihood, and iterating.

9.49 Example (Mixture of Normals). Sometimes it is reasonable to assume that
the distribution of the data is a mixture of two normals. Think of heights of
people being a mixture of men and women’s heights. Let ¢(y; 1, o) denote
a normal density with mean p and standard deviation o. The density of a
mixture of two Normals is

F(y:0) = (1 —p)o(y; pos 00) + po(y; p, 01).
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The idea is that an observation is drawn from the first normal with probability
p and the second with probability 1—p. However, we don’t know which Normal
it was drawn from. The parameters are 6 = (ug, oo, ti1,01,p). The likelihood

function is
L(0) = H [(1 = P)(Yi; o, 00) + pP(yis 1, 01)] -
i=1

Maximizing this function over the five parameters is hard. Imaging that we
were given extra information telling us which of the two normals every observa-
tion came from. These “complete” data are of the form (Y1, Z1),..., (Yn, Zn),
where Z; = 0 represents the first normal and Z; = 1 represents the second.
Note that P(Z; = 1) = p. We shall soon see that the likelihood for the com-
plete data (Y1, Z1),...,(Yn, Z,) is much simpler than the likelihood for the
observed data Y7,...,Y,. =

Now we describe the EM algorithm.

The EM Algorithm
(0) Pick a starting value 8. Now for j = 1,2,..., repeat steps 1 and 2
below:
(1) (The E-step): Calculate

J(6]67) = Ky, <log SO, 2%0) Y = y”) :

f(Y, 27 69)

The expectation is over the missing data Z” treating 6 and the observed
data Y™ as fixed.
(2) Find 671 to maximize J(6]67).

We now show that the EM algorithm always increases the likelihood, that
is, £(#711) > L£(67). Note that

o Yn, Zn 00t
J+1|97 = Eu (1 f(’— Y= "
SO = (Og 07, Z%.07) !
fly™; 67t ( f(Z”Y";Gj“)‘ )
= log=——— > +Ep [log———— | Y"=9y"
fym; 69) 0 f(Zny™;07)
and hence
L7+ ) [y 6711

T2 A (T
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e lini Zryn; i+t
= J(7TH¢7) — By (1 JZYO7) | yn
@100 -y (10 LT y
= JOHO) + K (f5, fi41)
where f; = f(y"; 6) and f;41 = F(u™s 09+1) and K (£,9) = [ £(z)log(f(x) /g(x)) dz
is the Kullback-Leibler distance. Now, /7! was chosen to maximize .J (9\99).
Hence, J(6711]67) > J(67]67) = 0. Also, by the properties of Kullback-Leibler
divergence, K (f;, fj+1) > 0. Hence, L(67T1) > L£(67) as claimed.
9.50 Example (Continuation of Example 9.49). Consider again the mixture of
two normals but, for simplicity assume that p = 1/2, 01 = 03 = 1. The density
s 1 1
Fys s p2) = 503 o, 1) + 50(y; s 1)-
Directly maximizing the likelihood is hard. Introduce latent variables Z1, ..., Z,
where Z; = 0 if Y; is from ¢(y; 1o,1), and Z; = 1 if Y} is from ¢(y; pq, 1),
P(Z; = 1) = P(Z; = 0) = 1/2, f(yi|Z; = 0) = ¢(y; o, 1) and f(y;|Z; = 1) =
o(y; p1,1). So f(y) = Zi:o f(y,z) where we have dropped the parameters
from the density to avoid notational overload. We can write

1 _
F(z0) = F()Fl2) = 563 0, 1) 6 (y; 1, 1)
Hence, the complete likelihood is

n
H O (yis o 1)~ (yis pur, 1)
i=1

The complete log-likelihood is then

1 1 &
= 5223 ]. *Zz 5;22
And so
. 1 & . 1 & .
J(0167) = —5 D (L=E(Zily™, 67) (yi — o) — B > EB(Zily™,67)) (i — i)
i=1 i=1

Since Z; is binary, E(Z;|y™, 07) = P(Z; = 1|y™,67) and, by Bayes’ theorem,
fWZi = ,00)P(Z; = 1)

fWHZ = 1,00 P(Z; = 1) + f(y"|Z; = 0;07)P(Z; = 0)
Gyis i1, 13

Gy 11, 1) + d(yis 1, 1) 3
¢y i, 1)

?(yis :U'Jl’ 1) + ¢(yi; M%v 1)

= 7(i).

P(Z; = 1ly".0") =
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Take the derivative of J(0|67) with respect to i1 and us, set them equal to 0
to get

~j+1 _ 2?21 TilYfi

# > T

ﬂj+1 _ Z?:1(1 — 7)Y

0 22:1(1 — i) .

We then recompute 7; using i ™' and fi}t" and iterate. m

and

9.14 Exercises

1. Let X1,..., X, ~ Gamma(a, ). Find the method of moments estimator
for a and S.

2. Let X1,...,X,, ~ Uniform(a, b) where a and b are unknown parameters
and a < b.
(a) Find the method of moments estimators for a and b.
(b) Find the MLE @ and b.
(c) Let 7 = [@dF(x). Find the MLE of 7.

(d) Let 7 be the MLE of 7. Let T be the nonparametric plug-in estimator
of 7 = [xdF(x). Suppose that @ = 1, b = 3, and n = 10. Find the MSE
of 7 by simulation. Find the MSE of 7 analytically. Compare.

3. Let X1,..., X, ~ N(p1,0%). Let 7 be the .95 percentile, i.e. P(X < 7) =
.95.

a) Find the MLE of .
(b) Find an expression for an approximate 1 — « confidence interval for
T.

¢) Suppose the data are:

3.23 -2.50 1.88 -0.68 4.43 0.17
1.03 -0.07 -0.01 0.76 1.76 3.18
0.33 -0.31 0.30 -0.61 1.52 5.43
1.54 2.28 0.42 2.33 -1.03 4.00
0.39

Find the MLE 7. Find the standard error using the delta method. Find
the standard error using the parametric bootstrap.
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. Let X1,..., X, ~ Uniform(0, §). Show that the MLE is consistent. Hint:
Let YV = max{Xy,...,X,}. For any ¢, P(Y < ¢) = P(X; < ¢,X3 <
€y X < ) =P(X; < ¢)P(Xs < 0)..P(X,, <)

. Let X4,...,X,, ~ Poisson(}\). Find the method of moments estimator,

the maximum likelihood estimator and the Fisher information I(X).
. Let Xy, ..., X,, ~ N(6,1). Define

Y, = { 1 %f X; >0
0 if X; <0.
Let v =P(Y; = 1).
(a) Find the maximum likelihood estimator 17; of .
(b) Find an approximate 95 percent confidence interval for ).
(c) Define ¢ = (1/n) >, Y;. Show that ¢ is a consistent estimator of 1.

(d) Compute the asymptotic relative efficiency of 17; to 12)\ Hint: Use the
delta method to get the standard error of the MLE. Then compute the
standard error (i.e. the standard deviation) of 1.

(e) Suppose that the data are not really normal. Show that zz is not
consistent. What, if anything, does v converge to?

. (Comparing two treatments.) ny people are given treatment 1 and ns
people are given treatment 2. Let X7 be the number of people on treat-
ment 1 who respond favorably to the treatment and let X, be the
number of people on treatment 2 who respond favorably. Assume that
X1 ~ Binomial(ny,p1) X2 ~ Binomial(ng, p2). Let ¢ = p1 — pa.

(a) Find the MLE V¥ for 1.

(b) Find the Fisher information matrix I(p;, p2).

(c¢) Use the multiparameter delta method to find the asymptotic stan-
dard error of 4.

(d) Suppose that ny = ny = 200, X; = 160 and X, = 148. Find 1. Find
an approximate 90 percent confidence interval for ¢ using (i) the delta
method and (ii) the parametric bootstrap.

. Find the Fisher information matrix for Example 9.29.

. Let Xy,...,X,, ~ Normal(y,1). Let 8 = e* and let 8 = X be the MLE.
Create a data set (using p = 5) consisting of n=100 observations.
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(a) Use the delta method to get e and a 95 percent confidence interval
for 0. Use the parametric bootstrap to get sé and 95 percent confidence
interval for . Use the nonparametric bootstrap to get $& and 95 percent
confidence interval for #. Compare your answers.

(b) Plot a histogram of the bootstrap replications for the parametric
and nonparametric bootstraps. These are estimates of the distribution
of 8. The delta method also gives an approximation to this distribution
namely, Normal(@, se?). Compare these to the true sampling distribu-
tion of (which you can get by simulation). Which approximation —
parametric bootstrap, bootstrap, or delta method — is closer to the true
distribution?

Let X1, ..., X, ~ Uniform(0, 8). The MLE is § = X(,,y = max{X1, ..., X,,}.
Generate a dataset of size 50 with § = 1.

(a) Find the distribution of 0 analytically. Compare the true distribu-
tion of 6 to the histograms from the parametric and nonparametric
bootstraps.

(b) This is a case where the nonparametric bootstrap does very poorly.
Show that for the parametric bootstrap P(6* = 6) = 0, but for the
nonparametric bootstrap P(8* = 0) ~ .632. Hint: show that, P(0* =

8) =1— (1 —(1/n))"™ then take the limit as n gets large. What is the
implication of this?



