23
Probability Redux: Stochastic Processes

23.1 Introduction

Most of this book has focused on I1ID sequences of random variables. Now we
consider sequences of dependent random variables. For example, daily tem-
peratures will form a sequence of time-ordered random variables and clearly
the temperature on one day is not independent of the temperature on the
previous day.

A stochastic process {X; : ¢t € T} is a collection of random variables.
We shall sometimes write X (t) instead of X;. The variables X, take values in
some set X called the state space. The set T is called the index set and
for our purposes can be thought of as time. The index set can be discrete
T =10,1,2,...} or continuous 7' = [0, c0) depending on the application.

23.1 Example (11D observations). A sequence of 1ID random variables can be
written as {X; : t € T} where T' = {1,2,3,...,}. Thus, a sequence of 1ID
random variables is an example of a stochastic process. m

23.2 Example (The Weather). Let X = {sunny, cloudy}. A typical sequence
(depending on where you live) might be

sunny, sunny, cloudy, sunny, cloudy, cloudy, - - -

This process has a discrete state space and a discrete index set. m

L. Wasserman, A/l of Statistics
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price

time
FIGURE 23.1. Stock price over ten week period.

23.3 Example (Stock Prices). Figure 23.1 shows the price of a fictitious stock
over time. The price is monitored continuously so the index set T is continuous.
Price is discrete but for all practical purposes we can treat it as a continuous

variable. m

23.4 Example (Empirical Distribution Function). Let Xi,...,X,, ~ F where
F is some CDF on [0,1]. Let

~ 1 &
Fo(t) =~ > IX;<t)
i=1

be the empirical CDF. For any fixed value ¢, £, (t) is a random variable. But
the whole empirical CDF

{ﬁn(t): te [0,1]}

is a stochastic process with a continuous state space and a continuous index

set. m

We end this section by recalling a basic fact. If Xq,...,X,, are random
variables, then we can write the joint density as

f(Tlan) = f(l’l)f(l’2|l’1)f(1‘n‘7j1,l’n_1)

n

[ fCxilpast,) (23.1)

i=1



23.2 Markov Chains 383

where past;, = (X1,...,X;-1).

23.2 Markov Chains

A Markov chain is a stochastic process for which the distribution of X, de-
pends only on X;_;. In this section we assume that the state space is dis-
crete, either X = {1,...,N} or X = {1,2,...,} and that the index set is
T ={0,1,2,...}. Typically, most authors write X,, instead of X; when dis-
cussing Markov chains and I will do so as well.

23.5 Definition. The process {X,, : n € T} is « Markov chain if
P(Xp =2 | Xo,...,Xp-1) =P(Xpn =2 | Xp1) (23.2)

for alln and for all x € X.

For a Markov chain, equation (23.1) simplifies to

[y, an) = flz) f(zalzr) fas|az) - flan|zn-1).

A Markov chain can be represented by the following DAG:

Xo X1 Xo Xn

Each variable has a single parent, namely, the previous observation.

The theory of Markov chains is a very rich and complex. We have to get
through many definitions before we can do anything interesting. Our goal is
to answer the following questions:

1. When does a Markov chain “settle down” into some sort of equilibrium?
2. How do we estimate the parameters of a Markov chain?

3. How can we construct Markov chains that converge to a given equilib-
rium distribution and why would we want to do that?

We will answer questions 1 and 2 in this chapter. We will answer question
3 in the next chapter. To understand question 1, look at the two chains in
Figure 23.2. The first chain oscillates all over the place and will continue to
do so forever. The second chain eventually settles into an equilibrium. If we
constructed a histogram of the first process, it would keep changing as we got



384 23. Probability Redux: Stochastic Processes

more and more observations. But a histogram from the second chain would
eventually converge to some fixed distribution.

time time

FIGURE 23.2. Two Markov chains. The first chain does not settle down into an
equilibrium. The second does.

TRANSITION PROBABILITIES. The key quantities of a Markov chain are the
probabilities of jumping from one state into another state. A Markov chain is
homogeneous if P(X,,11 = j|X,, = i) does not change with time. Thus, for
a homogeneous Markov chain, P(X,, 11 = j| X, = i) = P(X; = j|Xo =1). We
shall only deal with homogeneous Markov chains.

23.6 Definition. We call
pij = P(Xpp1 = j|Xn =) (23.3)

the transition probabilities. The matriz P whose (i, j) element is p;;
is called the transition matrix.

We will only consider homogeneous chains. Notice that P has two proper-
ties: (i) ps; > 0 and (ii) Y, p;; = 1. Each row can be regarded as a probability
mass function.

23.7 Example (Random Walk With Absorbing Barriers). Let X = {1,...,N}.
Suppose you are standing at one of these points. Flip a coin with P(Heads) = p
and P(Tails) = ¢ = 1 — p. If it is heads, take one step to the right. If it is
tails, take one step to the left. If you hit one of the endpoints, stay there. The
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transition matrix is

0 0 O 0 O
q O 0 -0 0
p_ 0 q 0 P - 0 0 .

0 0 0 0 q 0 »p
o 0 0 0 0 o0 1

23.8 Example. Suppose the state space is X = {sunny, cloudy}. Then Xj,
Xo, ... represents the weather for a sequence of days. The weather today
clearly depends on yesterday’s weather. It might also depend on the weather
two days ago but as a first approximation we might assume that the depen-
dence is only one day back. In that case the weather is a Markov chain and a
typical transition matrix might be

Sunny Cloudy
Sunny 0.4 0.6
Cloudy 0.8 0.2

For example, if it is sunny today, there is a 60 per cent chance it will be cloudy

tomorrow. m

Let
pij(n) = P(Xm+n = ]|Xm = Z) (23.4)
be the probability of of going from state i to state j in n steps. Let P,, be the

matrix whose (i, j) element is p;;(n). These are called the n-step transition
probabilities.

23.9 Theorem (The Chapman-Kolmogorov equations). The n-step probabilities
satisfy

pij(m +n) me m)prj(n (23.5)
PROOF. Recall that, in general,
PX =z,Y =y) =PX =2)PY =y|X =z).
This fact is true in the more general form
PX=z,Y=ylZ=z2)=P(X=z|Z=2)PY =y|X =2,7Z = 2).

Also, recall the law of total probability:

=Y P(X =z, =y).
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Using these facts and the Markov property we have

pij(m + n) = IP)()(m+n = j|Xo = Z)
= D PXpin = j: Xm = k| Xo = )
k
= Z]P(Xm+n = j| X =k, Xo = )P(X,, = k| X0 = 1)
k

> P(Xn = §1Xm = B)P(Xyy = k| Xo = i)
k

I

S pi(m)pis(n). m
k

Look closely at equation (23.5). This is nothing more than the equation for
matrix multiplication. Hence we have shown that

Prin = PP (23.6)

By definition, P; = P. Using the above theorem, Py = P4, = PP =
PP = P2. Continuing this way, we see that

P,=P"= PxPx---xP . (23.7)
N—_—

multiply the matrix n times

Let py, = (pn(1), ..., un(IN)) be a row vector where
Mn(l) = P<Xn = Z) (23'8)

is the marginal probability that the chain is in state ¢ at time n. In particular,
to is called the initial distribution. To simulate a Markov chain, all you
need to know is pg and P. The simulation would look like this:

Step 1: Draw Xy ~ po. Thus, P(Xy = i) = uo(i).
Step 2: Denote the outcome of step 1 by i. Draw X; ~ P. In other words,
Step 3: Suppose the outcome of step 2 is j. Draw Xy ~ P. In other words,
]:ED(XQ = k‘Xl = j) :ij~

And so on.

It might be difficult to understand the meaning of u,. Imagine simulating
the chain many times. Collect all the outcomes at time n from all the chains.
This histogram would look approximately like u,,. A consequence of theorem
23.9 is the following:
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23.10 Lemma. The marginal probabilities are given by
pn = poP™.
ProoF.

pn(i) = P(Xn =)
= ZIP(XnZﬂXo:Z')P(XO:i)

= Zﬂo(i)Pij(”):MOPn~ .

Summary of Terminology
1. Transition matrix: P(i,j) = P(Xp41 = j|Xn = 1) = pij.
2. n-step matrix: Py, (4,7) = P(Xpq1m = 71 Xm = 9).
3. P, =P".
4. Marginal: p, (1) = P(X,, = i).

5. Wy = uoP™.

STATES. The states of a Markov chain can be classified according to various
properties.

23.11 Definition. We say that i reaches j (or j is accessible from i) if
pij(n) >0 for some n, and we write i — j. If i — j and j — i then we
write © <> j and we say that ¢ and j communicate.

23.12 Theorem. The communication relation satisfies the following proper-
ties:

1. i,
2. If i <> j then j < .
8 Ifi+jand j < k then i < k.

4. The set of states X' can be written as a disjoint union of classes X' =
X JXo - -+ where two states i and j communicate with each other if
and only if they are in the same class.
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If all states communicate with each other, then the chain is called irre-
ducible. A set of states is closed if, once you enter that set of states you
never leave. A closed set consisting of a single state is called an absorbing
state.

23.13 Example. Let X = {1,2,3,4} and

)

I
O I Wl Wl
O Rl Wl Wl
e [ = R )

O Rk O O

The classes are {1,2}, {3} and {4}. State 4 is an absorbing state. m

Suppose we start a chain in state ¢. Will the chain ever return to state i?
If so, that state is called persistent or recurrent.

23.14 Definition. State i is recurrent or persistent if
P(X,, =i for somen>1|Xy=1) =1

Otherwise, state i is transient.

23.15 Theorem. A siate i is recurrent if and only if
an'(n) = o0. (23.9)
n
A state i is transient if and only if

> " pi(n) < . (23.10)

PROOF. Define

g1 X, =i
T 0If X, £

The number of times that the chain is in state ¢ is Y = > 7, I,. The mean
of Y, given that the chain starts in state ¢, is

E(Y[Xo=1) =Y E(I|Xo=1i)=> P(X,=i|Xo=1i)=> pin).
n=0 n=>0 n=0

Define a; = P(X,, =i for some n > 1| Xo =14). If i is recurrent, a; = 1. Thus,
the chain will eventually return to i. Once it does return to i, we argue again
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that since a; = 1, the chain will return to state ¢ again. By repeating this
argument, we conclude that E(Y| Xy = i) = oco. If i is transient, then a; < 1.
When the chain is in state ¢, there is a probability 1 —a; > 0 that it will never
return to state ¢. Thus, the probability that the chain is in state i exactly n
times is a'~'(1 — a;). This is a geometric distribution which has finite mean.
[

23.16 Theorem. Fucts about recurrence.

1. If state i is recurrent and i <> j, then j is recurrent.

2. If state i is transient and i <> j, then j is transient.

8. A finite Markov chain must have at least one recurrent state.

4. The states of a finite, irreducible Markov chain are all recurrent.
23.17 Theorem (Decomposition Theorem). The state space X can be written

x=xrJuJx -

where Xr are the transient states and each X; is a closed, irreducible set of

as the disjoint union

recurrent states.

23.18 Example (Random Walk). Let X = {...,-2,—-1,0,1,2,...,} and sup-
pose that p; ;41 = p, pii—1 = ¢ = 1 — p. All states communicate, hence either
all the states are recurrent or all are transient. To see which, suppose we start
at Xy = 0. Note that

Poo(2n) = (?)p”q” (23.11)

since the only way to get back to 0 is to have n heads (steps to the right) and
n tails (steps to the left). We can approximate this expression using Stirling’s
formula which says that

n! ~n"/ne "V2r.
Inserting this approximation into (23.11) shows that

(4pa)"
n) ~ —=.
pOU( 77) \/%
It is easy to check that > poo(n) < oo if and only if )" peo(2n) < oo.

Moreover, > poo(2n) = oo if and only if p = ¢ = 1/2. By Theorem (23.15),
the chain is recurrent if p = 1/2 otherwise it is transient. m
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CONVERGENCE OF MARKOV CHAINS. To discuss the convergence of chains,
we need a few more definitions. Suppose that Xy = i. Define the recurrence
time

T;; =min{n >0: X, =j} (23.12)
assuming X, ever returns to state i, otherwise define T;; = oo. The mean
recurrence time of a recurrent state ¢ is

mi =E(Ty;) = > nfu(n) (23.13)

n

where

fis(n) =P(X1 # 4§, Xo#J,..., Xn_1 # 5, Xn = j|Xo = 1).

A recurrent state is null if m; = oo otherwise it is called non-null or posi-
tive.

23.19 Lemma. If a state is null and recurrent, then pf;, — 0.
23.20 Lemma. In a finite state Markov chain, all recurrent states are positive.

Consider a three-state chain with transition matrix
[ 01 0 -|
0 0 1.
[ 1 00 J

Suppose we start the chain in state 1. Then we will be in state 3 at times 3, 6,
9, .... This is an example of a periodic chain. Formally, the period of state 4
is d if py;(n) = 0 whenever n is not divisible by d and d is the largest integer
with this property. Thus, d = ged{n : p;;(n) > 0} where gcd means “greater
common divisor.” State ¢ is periodic if d(i) > 1 and aperiodic if d(i) = 1.
A state with period 1 is called aperiodic.

23.21 Lemma. If state i has period d and i <> j then j has period d.

23.22 Definition. A state is ergodic if it is recurrent, non-null and

aperiodic. A chain is ergodic if all its states are ergodic.

Let m = (m; : i € X) be a vector of non-negative numbers that sum to one.
Thus 7 can be thought of as a probability mass function.

23.23 Definition. We say that  is a stationary (or invariant)

distribution if m = wP.
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Here is the intuition. Draw X from distribution 7 and suppose that « is a
stationary distribution. Now draw X; according to the transition probability
of the chain. The distribution of X; is then pu; = ueP = 7P = 7. The
distribution of X5 is 7P? = (7#P)P = 7P = 7. Continuing this way, we see
that the distribution of X, is 7P™ = =. In other words:

If at any time the chain has distribution 7, then it will continue to
have distribution 7 forever.

23.24 Definition. We say that a chain has limiting distribution if
T

m
P" —

.

for some w, that is, m; = lim, o, P} exists and is independent of i.

i

Here is the main theorem about convergence. The theorem says that an
ergodic chain converges to its stationary distribution. Also, sample averages
converge to their theoretical expectations under the stationary distribution.

23.25 Theorem. An irreducible, ergodic Markov chain has a unique
stationary distribution w. The limiting distribution exists and is equal to
7. If g is any bounded function, then, with probability 1,

N
Jim > 9(Xn) = Exlg) =D 90i)mse (23.14)

Finally, there is another definition that will be useful later. We say that =
satisfies detailed balance if

TiDij = DjiTj- (23.15)
Detailed balance guarantees that « is a stationary distribution.

23.26 Theorem. If 7 satisfies detailed balance, then m is a stationary distri-
bution.

PROOF. We need to show that 7P = 7. The j* element of 7P is > Tibij =
25 MiPji = Tj ) Dji = Ty W
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The importance of detailed balance will become clear when we discuss
Markov chain Monte Carlo methods in Chapter 24.

Warning! Just because a chain has a stationary distribution does not mean
it converges.

23.27 Example. Let
010
P=|10 0 1
1 00

Let # = (1/3,1/3,1/3). Then 7P = 7 so 7 is a stationary distribution. If
the chain is started with the distribution 7 it will stay in that distribution.
Imagine simulating many chains and checking the marginal distribution at
each time n. It will always be the uniform distribution 7. But this chain does
not have a limit. It continues to cycle around forever. m

EXAMPLES OF MARKOV CHAINS.

23.28 Example. Let X = {1,2,3,4,5,6}. Let

[ e N L S
S O O R AW
S O rl= e O O
S O k= r= © O

= = O O O O

V= W= s= O O O

Then C; = {1,2} and Cs = {5,6} are irreducible closed sets. States 3 and
4 are transient because of the path 3 — 4 — 6 and once you hit state 6
you cannot return to 3 or 4. Since p;;(1) > 0, all the states are aperiodic. In
summary, 3 and 4 are transient while 1, 2, 5, and 6 are ergodic. m

23.29 Example (Hardy-Weinberg). Here is a famous example from genetics.
Suppose a gene can be type A or type a. There are three types of people (called
genotypes): AA, Aa, and aa. Let (p, ¢,7) denote the fraction of people of each
genotype. We assume that everyone contributes one of their two copies of the
gene at random to their children. We also assume that mates are selected at
random. The latter is not realistic however, it is often reasonable to assume
that you do not choose your mate based on whether they are AA, Aa, or
aa. (This would be false if the gene was for eye color and if people chose
mates based on eye color.) Imagine if we pooled everyone’s genes together.
The proportion of A genes is P = p + (¢/2) and the proportion of a genes is
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Q =1+ (g/2). A child is AA with probability P?, aA with probability 2PQ),
and aa with probability @2. Thus, the fraction of A genes in this generation
is )

P (o) (49 (4
However, » = 1 — p — ¢. Substitute this in the above equation and you get
P2 + PQ = P. A similar calculation shows that the fraction of “a” genes is
Q. We have shown that the proportion of type A and type a is P and @ and
this remains stable after the first generation. The proportion of people of type
AA, Aa, aa is thus (P?,2PQ, Q?) from the second generation and on. This is
called the Hardy-Weinberg law.

Assume everyone has exactly one child. Now consider a fixed person and
let X,, be the genotype of their n** descendant. This is a Markov chain with
state space X = {AA, Aa,aa}. Some basic calculations will show you that the
transition matrix is

P Q 0
P P1Q Q
2 2 2
0 P

O

The stationary distribution is 7 = (P2,2PQ,Q?). m

23.30 Example (Markov chain Monte Carlo). In Chapter 24 we will present a
simulation method called Markov chain Monte Carlo (MCMC). Here is a brief
description of the idea. Let f(x) be a probability density on the real line and
suppose that f(x) = cg(x) where g(x) is a known function and ¢ > 0 is
unknown. In principle, we can compute ¢ since [ f(z)dz = 1 implies that
¢ =1/ [ g(x)dz. However, it may not be feasible to perform this integral, nor
is it necessary to know c in the following algorithm. Let Xy be an arbitrary
starting value. Given Xg, ..., X;, draw X,y as follows. First, draw W ~
N(X;,b%) where b > 0 is some fixed constant. Let

{2}

Draw U ~ Uniform(0, 1) and set

. W U<y
LT X, iU >

We will see in Chapter 24 that, under weak conditions, Xy, Xq,..., is an
ergodic Markov chain with stationary distribution f. Hence, we can regard
the draws as a sample from f. m
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INFERENCE FOR MARKOV CHAINS. Consider a chain with finite state space
X ={1,2,...,N}. Suppose we observe n observations Xy,..., X, from this
chain. The unknown parameters of a Markov chain are the initial probabilities
o = (po(1), o(2),...,) and the elements of the transition matrix P. Each
row of P is a multinomial distribution. So we are essentially estimating N
distributions (plus the initial probabilities). Let n;; be the observed number
of transitions from state ¢ to state j. The likelihood function is

n N N
Lo, P) = po(xo) [ [ px, 1.x, = polwo) [T T ] 075"
r=1 i=1j=1
There is only one observation on pg so we can’t estimate that. Rather, we
focus on estimating P. The MLE is obtained by maximizing £(ug, P) subject
to the constraint that the elements are non-negative and the rows sum to 1.
The solution is
Py = 4
Yy,
where n; = Z;V=1 n;;. Here we are assuming that n; > 0. If not, then we set
Di; = 0 by convention.
23.31 Theorem (Consistency and Asymptotic Normality of the MLE). Assume that
the chain is ergodic. Let p;;(n) denote the MLE after n observations. Then

@j(n)gp” AlSO,
VN By~ pig)] = NO.2)
where the left-hand side is a matriz, N;(n) = > _, I(X, =1i) and

r=1
pi(1=pi) (i.§) = (k.0)
Yijke = —PijPit i=k,j#L
0 otherwise.

23.3 Poisson Processes

The Poisson process arises when we count occurrences of events over time, for
example, traffic accidents, radioactive decay, arrival of email messages, etc.
As the name suggests, the Poisson process is intimately related to the Poisson
distribution. Let’s first review the Poisson distribution.

Recall that X has a Poisson distribution with parameter A — written X ~
Poisson(\) — if

, =0,1,2,...
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Also recall that E(X) = A and V(X) = A. If X ~ Poisson()\), Y ~ Poisson(v)
and X11Y, then X4Y ~ Poisson(A+v). Finally, if N ~ Poisson(A) and Y|N =
n ~ Binomial(n, p), then the marginal distribution of Y is Y ~ Poisson(Ap).

Now we describe the Poisson process. Imagine that you are at your com-
puter. Each time a new email message arrives you record the time. Let X; be
the number of messages you have received up to and including time ¢. Then,
{X:: t €]0,00)} is a stochastic process with state space X = {0,1,2,...}.
A process of this form is called a counting process. A Poisson process is
a counting process that satisfies certain conditions. In what follows, we will
sometimes write X (¢) instead of X;. Also, we need the following notation.
Write f(h) = o(h) if f(h)/h — 0 as h — 0. This means that f(h) is smaller
than h when h is close to 0. For example, h? = o(h).

23.32 Definition. A Poisson process is a stochastic process
{X:: t€[0,00)} with state space X ={0,1,2,...} such that

1. X(0)=0.
2. For any 0 =ty <ty <ty <--- <ty,, the increments
X(t1) — X(to), X(t2) = X(t1), -+, X(tn) = X(tn-1)
are independent.

3. There is a function A(t) such that

We call A(t) the intensity function.

The last condition means that the probability of an event in [¢,¢ + h] is
approximately hA(t) while the probability of more than one event is small.

23.33 Theorem. If X is a Poisson process with intensity function A(t), then
X(s+1t) — X(s) ~ Poisson(m(s +t) — m(s))
where .
m(t) = /0 A(s)ds.

In particular, X (t) ~ Poisson(m(t)). Hence, E(X(t)) = m(t) and V(X (¢t)) =
m(t).
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23.34 Definition. A Poisson process with intensity function A\(t) = A for
some A > 0 is called a homogeneous Poisson process with rate A. In
this case,

X (t) ~ Poisson(At).

Let X(t) be a homogeneous Poisson process with rate A. Let W,, be the
time at which the nt" event occurs and set Wy = 0. The random variables
Wo, W1, ..., are called waiting times. Let S,, = W,,,1—W,,. Then Sy, S1,. ..,

are called sojourn times or interarrival times.

23.35 Theorem. The sojourn times Sy, S1, ... are 11D random variables. Their
distribution is exponential with mean 1/A, that is, they have density

f(s)=Xxe ™, s>0.
The waiting time W, ~ Gamma(n,1/)) i.e., it has density

1
f(w) = =— A" te A,

L(n)
Hence, E(W,,) = n/X\ and V(W,,) = n/)\2.
PRrooOF. First, we have
P(S; >t) =P(X(t) =0) = e M
with shows that the cDF for Sy is 1 — e~ . This shows the result for 5. Now,

P(S; >t|S; =s) = P(no events in (s, s +t]|S1 = s)

P(no events in (s,s +t]) (increments are independent)
— 6_/\7:.

Hence, S5 has an exponential distribution and is independent of S7. The result
follows by repeating the argument. The result for W,, follows since a sum of
exponentials has a Gamma distribution. m

23.36 Example. Figure 23.3 shows requests to a WWW server in Calgary.!
Assuming that this is a homogeneous Poisson process, N = X (T') ~ Poisson(AT).
The likelihood is

L) x e TN

ISee http://ita.ee.lbl.gov/html/contrib/Calgary-HTTP.html for more information.
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FIGURE 23.3. Hits on a web server. Each vertical line represents one event.

which is maximized at

~ N
A= T = 48.0077

in units per minute. Let’s now test the assumption that the data follow a ho-
mogeneous Poisson process using a goodness-of-fit test. We divide the interval
[0, T] into 4 equal length intervals Iy, I5, I5, I. If the process is a homogeneous
Poisson process then, given the total number of events, the probability that an
event falls into any of these intervals must be equal. Let p; be the probability
of a point being in I;. The null hypothesis is that p1 = ps = ps = ps = 1/4.
We can test this hypothesis using either a likelihood ratio test or a x? test.
The latter is

~ (0; — Ey)?
- E;

i=1

where O; is the number of observations in I; and E; = n/4 is the expected
number under the null. This yields x? = 252 with a p-value near 0. This is
strong evidence against the null so we reject the hypothesis that the data are
from a homogeneous Poisson process. This is hardly surprising since we would
expect the intensity to vary as a function of time. m

23.4 Bibliographic Remarks

This is standard material and there are many good references including Grim-
mett and Stirzaker (1982), Taylor and Karlin (1994), Guttorp (1995), and
Ross (2002). The following exercises are from those texts.
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23.5 Exercises

. Let Xo, X1,... be a Markov chain with states {0,1,2} and transition

matrix
0.1 0.2 0.7
P=1]09 01 0.0
0.1 0.8 0.1

Assume that pp = (0.3,0.4,0.3). Find P(Xy = 0,X; = 1, X5 = 2) and
P(Xo=0,X; =1,X,=1).

. Let Y7,Y5,... be a sequence of iid observations such that P(Y = 0) =

0.1, P(Y = 1) = 0.3, P(Y = 2) = 0.2, P(Y = 3) = 0.4. Let X = 0 and
let
X, = max{Yy,..., Y, }.

Show that Xy, Xq,...is a Markov chain and find the transition matrix.
Consider a two-state Markov chain with states X = {1,2} and transition
l—-a a
P= { boo1-b }

where 0 < a <1 and 0 < b < 1. Prove that

matrix

b
lim P" = { Lfb atb

n—oo

Consider the chain from question 3 and set ¢ = .1 and b = .3. Simulate
the chain. Let

be the proportion of times the chain is in state 1 and state 2. Plot p,,(1)
and p,(2) versus n and verify that they converge to the values predicted
from the answer in the previous question.

An important Markov chain is the branching process which is used in
biology, genetics, nuclear physics, and many other fields. Suppose that
an animal has Y children. Let p, = P(Y = k). Hence, p;, > 0 for all
k and ZZO:O pr = 1. Assume each animal has the same lifespan and
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that they produce offspring according to the distribution py. Let X, be
the number of animals in the n'® generation. Let Y( ) ., Y;g) be the
offspring produced in the n** generation. Note that

X1 ="+ 1 v
Let 4 = E(Y) and 02 = V(Y). Assume throughout this question that
Xo=1.Let M(n) =E(X,) and V(n) = V(X,,).
(a) Show that M(n + 1) = uM(n) and V(n + 1) = 02M(n) + p?V(n).
(b) Show that M(n) = u™ and that V(n) = o2y Y1+ pu+---+u™1).

(c) What happens to the variance if ;4 > 17 What happens to the vari-
ance if g = 1?7 What happens to the variance if p < 17

(d) The population goes extinct if X,, = 0 for some n. Let us thus define
the extinction time N by

N =min{n: X, =0}

Let F(n) = P(N < n) be the ¢DF of the random variable N. Show that

Zpk (n—1)) , n=12...

Hint: Note that the event {N < n} is the same as event {X,, = 0}.
Thus, P({N < n}) = P({X,, = 0}). Let k be the number of offspring
of the original parent. The population becomes extinct at time n if and
only if each of the k sub-populations generated from the k offspring goes
extinct in n — 1 generations.

(e) Suppose that pg = 1/4, p1 = 1/2, po = 1/4. Use the formula from
(5d) to compute the CDF F(n).

6. Let

0.40 0.50 0.10
P=| 005 070 0.25
0.05 0.50 0.45

Find the stationary distribution 7.

7. Show that if ¢ is a recurrent state and i <> j, then j is a recurrent state.
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10.

11.

12.

13.

14.

15.

23. Probability Redux: Stochastic Processes

. Let . . L -
= 0 3 0 0 =
i 1 i 0 0 8
8 é 61 0 1 0
P=|1 1 1 1
i1 1 00 g
0O 01 0 0O
|0 0 0 0 0 1 |
Which states are transient?” Which states are recurrent?
. Let
0 1
=[1 ]

Show that m = (1/2,1/2) is a stationary distribution. Does this chain
converge? Why /why not?

Let 0<p<1landg=1—p. Let

qg p 0 0 0
qg 0 p 0 O
P=|q¢g 0 0 p O
qg 0 0 0 p
[1 OOOOJ

Find the limiting distribution of the chain.

Let X(¢t) be an inhomogeneous Poisson process with intensity function
A(t) > 0. Let A(t) = f(f Au)du. Define Y(s) = X (t) where s = A(t).
Show that Y'(s) is a homogeneous Poisson process with intensity A = 1.

Let X(t) be a Poisson process with intensity A. Find the conditional
distribution of X (¢) given that X (¢t + s) = n.

Let X(t) be a Poisson process with intensity A. Find the probability
that X (t) is odd, i.e. P(X(t) =1,3,5,...).

Suppose that people logging in to the University computer system is
described by a Poisson process X (t) with intensity A. Assume that a
person stays logged in for some random time with CDF . Assume these
times are all independent. Let Y'(t) be the number of people on the
system at time ¢. Find the distribution of Y (¢).

Let X (t) be a Poisson process with intensity A. Let Wy, W5, ..., be the
waiting times. Let f be an arbitrary function. Show that

X(8)

E Zf(Wi) =>\/(; f(w)dw.
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16. A two-dimensional Poisson point process is a process of random points
on the plane such that (i) for any set A, the number of points falling
in A is Poisson with mean Au(A) where pu(A) is the area of A, (ii) the
number of events in non-overlapping regions is independent. Consider
an arbitrary point xg in the plane. Let X denote the distance from x,
to the nearest random point. Show that

P(X > t) = e M

and



