
24 
Simulation Methods 

In this chapter we will show how simulation can be used to approximate inte­

grals. Our leading example is the problem of computing integrals in Bayesian 

inference but the techniques are widely applicable. We will look at three inte­

gration methods: (i) basic Monte Carlo integration, (ii) importance sampling, 

and (iii) Markov chain Monte Carlo (MCMC). 

24.1 Bayesian Inference Revisited 

Simulation methods are especially useful in Bayesian inference so let us briefly 

review the main ideas in Bayesian inference. See Chapter 11 for more details. 

Given a prior 1(8) and data xn = (Xl, ... ,Xn) the posterior density is 

where £(8) is the likelihood function and 

c = / £(8)1(8) d8 

is the normalizing constant. The posterior mean is 
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404 24. Simulation Methods 

If 8 = (81 , ... , 8k) is multidimensional, then we might be interested in the 

posterior for one of the components, 81 , say. This marginal posterior density 

is 

which involves high-dimensional integration. 

When 8 is high-dimensional, it may not be feasible to calculate these inte­

grals analytically. Simulation methods will often be helpful. 

24.2 Basic Monte Carlo Integration 

Suppose we want to evaluate the integral 

b 1= 1 h(x)dx 

for some function h. If h is an "easy" function like a polynomial or trigono­

metric function, then we can do the integral in closed form. If h is complicated 

there may be no known closed form expression for I. There are many numer­

ical techniques for evaluating I such as Simpson's rule, the trapezoidal rule 

and Gaussian quadrature. Monte Carlo integration is another approach for 

approximating I which is notable for its simplicity, generality and scalability. 

Let us begin by writing 

b b 1=1 h(x)dx = 1 w(x)f(x)dx (24.1 ) 

where w(x) = h(x)(b-a) and f(x) = l/(b-a). Notice that f is the probability 

density for a uniform random variable over (a, b). Hence, 

where X rv Unif(a, b). If we generate Xl, ... ,XN rv Unif(a, b), then by the 

law of large numbers 

N 
~ 1,,", p 
1== N ~ W(Xi)--+lE(W(X)) = I. (24.2) 

i=l 

This is the basic Monte Carlo integration method. We can also compute 

the standard error of the estimate 

~ S 
se= --

VN 
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where 
2 ~!l (Yi - J)2 s = ==-'---------'.-

N -1 

where Yi = W(Xi)' A 1- ex confidence interval for I is J ± Za/25e. We can take 

N as large as we want and hence make the length of the confidence interval 

very small. 

24.1 Example. Let h(x) = x 3 . Then, I = J~l x3 dx = 1/4. Based on N = 
10,000 observations from a Uniform(O,l) we get J = .248 with a standard 

error of .0028 .• 

A generalization of the basic method is to consider integrals of the form 

1= J h(x)f(x)dx (24.3) 

where f(x) is a probability density function. Taking f to be a Uniform (a,b) 

gives us the special case above. Now we draw Xl"'" X N rv f and take 

as before. 

24.2 Example. Let 
1 2 , f(x) = _e-x /2 

yI27T 
be the standard Normal PDF. Suppose we want to compute the CDF at some 

point x: 

Write 

where 

I = L~ f(s)ds = <p(x). 

1= J h(s)f(s)ds 

h(s) = { ~ s<x 
s:;:, x. 

Now we generate Xl"'" X N rv N(O, 1) and set 

~ _ 1 ~ ( ) _ number of observations ::; x 
1- N ~h Xi - N 

For example, with x 2, the true answer is <p(2) = .9772 and the Monte 

Carlo estimate with N = 10,000 yields .9751. Using N = 100,000 we get 

.9771. • 
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24.3 Example (Bayesian Inference for Two Binomials). Let X rv Binomial(n,pd 

and Y rv Binomial(m,P2)' We would like to estimate 5 = P2 - Pl. The MLE 

is 5' = P2 - PI = (Y/m) - (X/n). We can get the standard error se using the 

delta method which yields 

and then construct a 95 percent confidence interval 5' ± 2 se. Now consider a 

Bayesian analysis. Suppose we use the prior f(P1,P2) = f(pdf(p2) = 1, that 

is, a flat prior on (PI, P2). The posterior is 

The posterior mean of 5 is 

If we want the posterior density of 5 we can first get the posterior CDF 

F(cIX, Y) = P(5 <::: clX, Y) = i f(PI,P2IX, Y) 

where A = {(p1,P2): P2 - PI <::: c}. The density can then be obtained by 

differentiating F. 

To avoid all these integrals, let's use simulation. Note that f(p1,P2IX, Y) = 

f(PIIX)f(P21Y) which implies that PI and P2 are independent under the pos­

terior distribution. Also, we see that PI I X rv Beta( X + 1, n - X + 1) and P21 Y rv 

B . (Y Y) H .' 1 (pC1) p,(1)) (p(N) p,CN)) eta + 1, m. - + 1. ence, we can Slmu ate l' 2 , ... , 1 , 2 

from the posterior by drawing 

p~i) Beta(X + 1, n - X + 1) 

pJi) Beta(Y + 1, m - Y + 1) 

£ : - 1 N NIt sCi) - p,(i) _ pCi) Th lor t - , ... , . ow e u - 2 l' en, 

We can also get a 95 percent posterior interval for 5 by sorting the simulated 

values, and finding the .025 and .975 quantile. The posterior density f( 51X, Y) 

can be obtained by applying density estimation techniques to 5(1 ), ... ,5CN) 

or, simply by plotting a histogram. For example, suppose that n = m = 10, 
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FIGURE 24.1. Posterior of <5 from simulation. 

x = 8 and Y = 6. From a posterior sample of size 1000 we get a 95 percent 

posterior interval of (-0.52,0.20). The posterior density can be estimated from 

a histogram of the simulated values as shown in Figure 24.1. • 

24.4 Example (Bayesian Inference for Dose Response). Suppose we conduct an 

experiment by giving rats one of ten possible doses of a drug, denoted by 

Xl < X2 < ... < XlO. For each dose level Xi we use n rats and we observe 

Yi, the number that survive. Thus we have ten independent binomials Yi rv 

Binomial( n, Pi). Suppose we know from biological considerations that higher 

doses should have higher probability of death. Thus, PI <::: P2 <::: ... <::: PlO' We 

want to estimate the dose at which the animals have a 50 percent chance of 

dying. This is called the LD50. Formally, 6 = Xj where 

j = min{i: Pi ~ .50}. 

Notice that 6 is implicitly a (complicated) function of PI, ... ,PlO so we can 

write 6 = 9 (PI, ... ,PlO) for some g. This just means that if we know (PI, ... ,PlO) 
then we can find 6. The posterior mean of 6 is 

J J ... i g(PI, ... ,Plo)f(PI,'" ,PIOiYI,"" YlO )dpl dp2 ... dplO' 

The integral is over the region 

The posterior CDF of 6 is 

JP'(6 <::: eIYI , ... , YlO ) 

J J"'l f(PI,'" ,PlOiYI,"" YlO )dpIdp2 ... dplO 
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where 

B=An{(Pl, ... ,PI0): g(Pl,···,PlO) -s:c}. 

We need to do a 10-dimensional integral over a restricted region A. Instead, 

we will use simulation. Let us take a flat prior truncated over A. Except for 

the truncation, each Pi has once again a Beta distribution. To draw from the 

posterior we do the following steps: 

(1) Draw Pi rv Beta(Yi + 1, n - Yi + 1), i = 1, ... ,10. 

(2) If PI -s: P2 -s: ... -s: P lO keep this draw. Otherwise, throw it away and 

draw again until you get one you can keep. 

(3) Let 5 = Xj where 

j = min{i: Pi> .50}. 

We repeat this N times to get 5(1), ... ,5(N) and take 

5 is a discrete variable. We can estimate its probability mass function by 

N 

lTll(' _ .IY Y ) rv ~ "'I(-(i) - .) 
Jr U - X J 1,···, 10 rv N ~ 6 - J . 

i=l 

For example, consider the following data: 

Dose 1 2 3 4 5 6 7 8 9 10 
Number of animals ni 15 15 15 15 15 15 15 15 15 15 
Number of survivors Yi 0 0 2 2 8 10 12 14 15 14 

The posterior draws for PI, . .. , PI0 are shown in the second panel in the 

figure. We find that that "5 = 4.04 with a 95 percent interval of (3,5) .• 

24.3 Irnportance Sarnpling 

Consider again the integral I = J h(x)f(x)dx where f is a probability density. 

The basic Monte Carlo method involves sampling from f. However, there 

are cases where we may not know how to sample from f. For example, in 

Bayesian inference, the posterior density density is is obtained by multiplying 

the likelihood £(8) times the prior f(8). There is no guarantee that f(8Ix) 
will be a known distribution like a Normal or Gamma or whatever. 
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Importance sampling is a generalization of basic Monte Carlo which over­

comes this problem. Let 9 be a probability density that we know how to 

simulate from. Then 

j. j' h(x)f(x) 
I = h(x)f(x)dx = g(x) g(x)dx = IEg(Y) (24.4) 

where Y = h(X)f(X)/g(X) and the expectation IEg(Y) is with respect to g. 
We can simulate Xl, ... , X N rv 9 and estimate I by 

(24.5) 

This is called importance sampling. By the law of large numbers, f ~ I. 
However, there is a catch. It's possible that I might have an infinite standard 

error. To see why, recall that I is the mean of w(x) = h(x)f(x)/g(x). The 

second moment of this quantity is 

IE ( 2(X)) = j' (h(X)f(X))2 ( )d = j' h2(x)P(x)d 
9 w ( ) 9 x x () x. 9 x 9 x 

(24.6) 

If 9 has thinner tails than f, then this integral might be infinite. To avoid this, 

a basic rule in importance sampling is to sample from a density 9 with thicker 

tails than f. Also, suppose that g(x) is small over some set A where f(x) is 

large. Again, the ratio of fig could be large leading to a large variance. This 

implies that we should choose 9 to be similar in shape to f. In summary, a 

good choice for an importance sampling density 9 should be similar to f but 

with thicker tails. In fact, we can say what the optimal choice of 9 is. 

24.5 Theorem. The choice of 9 that minimizes the variance of I is 

* Ih(x)lf(x) 
9 (x) = I Ih(s)lf(s)ds' 

PROOF. The variance of w = fhlg is 

J w2(x)g(x)dx - (J w(X)9(X)dX) 2 

J h2(X)P(X) (')d - (J h(x)f(x) (')d )2 
2() 9 X X () 9 x x 9 x 9 x 

J h2~1~~(X) g(x)dx - (J h(X)f(X)dX) 2 
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The second integral does not depend on g, so we only need to minimize the 

first integral. From Jensen's inequality (Theorem 4.9) we have 

This establishes a lower bound on lEg (W2). However, lEg * (W2) equals this 

lower bound which proves the claim. _ 

This theorem is interesting but it is only of theoretical interest. If we did 

not know how to sample from f then it is unlikely that we could sample from 

Ih(x)lf(x)/ J Ih(s)lf(s)ds. In practice, we simply try to find a thick-tailed 

distribution g which is similar to flhl. 

24.6 Example (Tail Probability). Let's estimate I = IP'(Z > 3) = .0013 where 

Z rv N(O,l). Write I = J h(x)f(x)dx where f(x) is the standard Normal 

density and h(x) = 1 if x > 3, and 0 otherwise. The basic Monte Carlo 

estimator is 1 = N- 1 2: i h(Xi ) where Xl, ... , X N rv N(O, 1). Using N = 100 

we find (from simulating many times) that lE(1) = .0015 and V(1) = .0039. 

Notice that most observations are wasted in the sense that most are not near 

the right tail. Now we will estimate this with importance sampling taking g 
to be a Normal(4,1) density. We draw values from g and the estimate is now 

1 = N- l 2:i f(Xi)h(Xi)/g(Xi ). In this case we find that lE(1) = .0011 and 
V(1) = .0002. We have reduced the standard deviation by a factor of 20. _ 

24.7 Example (Measurement Model With Outliers). Suppose we have measure­

ments Xl, . .. , Xn of some physical quantity B. A reasonable model is 

If we assume that Ei rv N (0, 1) then Xi rv N ( B i, 1). However, when taking 

measurements, it is often the case that we get the occasional wild observation, 

or outlier. This suggests that a Normal might be a poor model since Normals 

have thin tails which implies that extreme observations are rare. One way to 

improve the model is to use a density for Ei with a thicker tail, for example, 

a t-distribution with v degrees of freedom which has the form 

r e'!l) 1 ( X2) -(u+1)/2 
t(x) = - 1 +-

r (~) VIr V 

Smaller values of v correspond to thicker tails. For the sake of illustration we 

will take v = 3. Suppose we observe n Xi = B + Ei, 'i = 1, ... ,n where Ei has 
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a t distribution with v = 3. We will take a flat prior on e. The likelihood is 

£(e) = TI~=l t(Xi - e) and the posterior mean of e is 

- Ie£(e)de 
e = I £(e)de . 

We can estimate the top and bottom integral using importance sampling. We 

draw el , ... , eN rv 9 and then 

1 ",N ej£(ej ) 
!Ii~j=l~ 

1 ",N £(e j ) • 

!Ii ~j=l g(e j ) 

To illustrate the idea, we drew n = 2 observations. The posterior mean (com­

puted numerically) is -0.54. Using a Normal importance sampler 9 yields an 

estimate of -0.74. Using a Cauchy (t-distribution with 1 degree of freedom) 

importance sampler yields an estimate of -0.53 .• 

24.4 MCMC Part I: The Metropolis-Hastings 
Algorithrn 

Consider once more the problem of estimating the integral I = I h(x)f(x)dx. 
Now we introduce Markov chain Monte Carlo (MCMC) methods. The idea is 

to construct a Markov chain Xl, X 2 , ... , whose stationary distribution is f. 
Under certain conditions it will then follow that 

1 N 

N L h(Xi)~ IEf(h(X)) = I. 
i=l 

This works because there is a law of large numbers for Markov chains; see 

Theorem 23.25. 

The Metropolis-Hastings algorithm is a specific MCMC method that 

works as follows. Let q(ylx) be an arbitrary, friendly distribution (i.e., we 

know how to sample from q(ylx)). The conditional density q(Ylx) is called 

the proposal distribution. The Metropolis-Hastings algorithm creates a 

sequence of observations X o, Xl, ... , as follows. 

Metropolis-Hastings Algorithm 

Choose X o arbitrarily. Suppose we have generated XO,Xl , ... ,Xi. To 

generate Xi+l do the following: 

(1) Generate a proposal or candidate value Y rv q(yIXi ). 



412 24. Simulation Methods 

(2) Evaluate T == T(Xi' Y) where 

(3) Set 

. {f(Y) q(xIY) } 
T(X, y) = mm f(x) q(ylx)' 1 . 

with probability T 

with probability 1 - T. 

24.8 Remark. A simple way to execute step (3) is to generate U rv (0,1). If 

U < T set Xi+1 = Y otherwise set Xi+1 = Xi. 

24.9 Remark. A common choice for q(ylx) is N(x, b2 ) for some b > O. This 

means that the proposal is draw from a Normal, centered at the current 

value. In this case, the proposal density q is symmetric, q(Ylx) = q(xly), and 

T simplifies to 

. {f(Y) } T=mm f(X i ) , 1 . 

By construction, X o, Xl, . .. is a Markov chain. But why does this Markov 

chain have f as its stationary distrihution? Before we explain why, let us first 

do an example. 

24.10 Example. The Cauchy distribution has density 

1 1 
f(x) = ---2· 

1fl+x 

Our goal is to simulate a Markov chain whose stationary distribution is f. 
As suggested in the remark above, we take q(ylx) to be a N(x, b2 ). So in this 

case, 

T(x,y)=min{j~~~, 1}=min{~:~:, I}. 

So the algorithm is to draw Y rv N(Xi' b2 ) and set 

x _ {Y with probability T(Xi' Y) 
,+1 - Xi with probability 1 - T(Xi' Y). 

The simulator requires a choice of b. Figure 24.2 shows three chains of length 

N = 1,000 using b = .1, b = 1 and b = 10. Setting b = .1 forces the chain 

to take small steps. As a result, the chain doesn't "explore" much of the 

sample space. The histogram from the sample does not approximate the true 

density very well. Setting b = 10 causes the proposals to often be far in the 
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FIGURE 24.2. Three Metropolis chains corresponding to b = .1, b = 1, b = 10. 

tails, making r small and hence we reject the proposal and keep the chain 

at its current position. The result is that the chain "gets stuck" at the same 

place quite often. Again, this meanS that the histogram from the sample does 

not approximate the true density very well. The middle choice avoids these 

extremes and results in a Markov chain sample that better represents the 

density SOOner. In summary, there are tuning parameters and the efficiency 

of the chain depends On these parameters. We'll discuss this in more detail 
later. _ 

If the sample from the Markov chain starts to "look like" the target distri­

bution f quickly, then we say that the chain is "mixing well." Constructing a 

chain that mixes well is somewhat of an art. 

WHY IT WORKS. Recall from Chapter 23 that a distribution 7r satisfies 

detailed balance for a Markov chain if 

We showed that if 7r satisfies detailed balance, then it is a stationary distri­

bution for the chain. 

Because we are nOw dealing with continuous state Markov chains, we will 

change notation a little and write p(x, y) for the probability of making a 

transition from x to y. Also, let's use f(x) instead of 7r for a distribution. In 
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this new notation, f is a stationary distribution if f(x) = J f(y)p(y, x)dy and 

detailed balance holds for f if 

f(x)p(x, y) = f(y)p(y, x). (24.7) 

Detailed balance implies that f is a stationary distribution since, if detailed 

balance holds, then 

/ f(y)p(y, x)dy = / f(x)p(x, y)dy = f(x) / p(x, y)dy = f(x) 

which shows that f(x) = J f(y)p(y, x)dy as required. Our goal is to show that 

f satisfies detailed balance which will imply that f is a stationary distribution 

for the chain. 

Consider two points x and y. Either 

f(x)q(ylx) < f(y)q(xly) or f(x)q(ylx) > f(y)q(xly)· 

We will ignore ties (which occur with probability zero for continuous distribu­

tions). Without loss of generality, assume that f(x)q(ylx) > f(y)q(xly). This 
implies that 

f(y) q(xly) 
r(x, y) = f(x) q(ylx) 

and that r(y, x) = 1. Now p(x, y) is the probability of jumping from x to y. 
This requires two things: (i) the proposal distribution must generate y, and 

(ii) you must accept y. Thus, 

f(y) q(xly) f(y) 
p(x, y) = q(ylx)r(x, y) = q(Ylx) f(x) q(ylx) = f(x) q(xly)· 

Therefore, 

f(x)p(x, y) = f(y)q(xIY)· (24.8) 

On the other hand, p(y, x) is the probability of jumping from y to x. This 

requires two things: (i) the proposal distribution must generate x, and (ii) you 

must accept x. This occurs with probability p(y, x) = q(xly)r(y, x) = q(xly). 
Hence, 

f(y)p(y, x) = f(y)q(xly)· (24.9) 

Comparing (24.8) and (24.9), we see that we have shown that detailed balance 

holds. 
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24.5 MCMC Part II: Different Flavors 

There are different types of MeMe algorithm. Here we will consider a few of 

the most popular versions. 

RANDOM-WALK-METROPOLIS-HASTINGS. In the previous section we con­

sidered drawing a proposal Y of the form 

where fi comes from some distribution with density g. In other words, q(ylx) = 
g(y - x). We saw that in this case, 

. { f(Y)} r(x, y) = mm 1, f(x) . 

This is called a random-walk-Metropolis-Hastings method. The reason 

for the name is that, if we did not do the accept-reject step, we would be 

simulating a random walk. The most common choice for 9 is a N(O, b2 ). The 

hard part is choosing b so that the chain mixes well. A good rule of thumb is: 

choose b so that you accept the proposals about 50 percent of the time. 

Warning! This method doesn't make sense unless X takes values on the 

whole real line. If X is restricted to some interval then it is best to transform 

X. For example, if X E (0, (0) then you might take Y = logX and then 

simulate the distribution for Y instead of X. 

INDEPENDENcE-METRoPoLIs-HASTINGs. This is an importance-sampling 

version of MeMe. We draw the proposal from a fixed distribution g. Gen­

erally, 9 is chosen to be an approximation to f. The acceptance probability 

becomes 
. { f(y) g(x)} 

r(x, y) = mm 1, f(x) g(y) . 

GIBBS SAMPLING. The two previous methods can be easily adapted, in 

principle, to work in higher dimensions. In practice, tuning the chains to make 

them mix well is hard. Gibbs sampling is a way to turn a high-dimensional 

problem into several one-dimensional problems. 

Here's how it works for a bivariate problem. Suppose that (X, Y) has den­

sity fx,Y(x, y). First, suppose that it is possible to simulate from the condi­

tional distributions fXIY(xly) and jylx(ylx). Let (Xo, Yo) be starting values. 

Assume we have drawn (Xo, Yo), ... , (Xn' Yn). Then the Gibbs sampling al­

gorithm for getting (Xn+l' Yn+d is: 
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Gibbs Sampling 

X n +1 

Yn+l 

repeat 

!XIY(xlYn) 

jylx(yIXn+d 

This generalizes in the obvious way to higher dimensions. 

24.11 Example (Normal Hierarchical Model). Gibbs sampling is very useful 

for a class of models called hierarchical models. Here is a simple case. 

Suppose we draw a sample of k cities. From each city we draw ni people and 

observe how many people Y; have a disease. Thus, Y; rv Binomial(ni, Pi). We 

are allowing for different disease rates in different cities. We can also think of 

the p~s as random draws from some distribution F. We can write this model 

in the following way: 

F 

Binomial( ni, Pi). 

We are interested in estimating the p~s and the overall disease rate J pdF(p). 

To proceed, it will simplify matters if we make some transformations that 

allow us to use some Normal approximations. Let Pi = Yi/ni. Recall that 

Pi ~ N(Pi' Si) where Si = VPi(l - Pi)/ni. Let 7/Ji = log(p;j(l - Pi)) and 

define Zi == ;(j;i = 10g(iJi / (1 - Pi)). By the delta method, 

~ 2 
7/Ji ~ N(7/Ji, ai) 

where az = l/(npi(l- Pi)). Experience shows that the Normal approximation 

for 7/J is more accurate than the Normal approximation for P so we shall work 

with 7/J. We shall treat ai as known. Furthermore, we shall take the distribution 

of the 7/J~s to be Normal. The hierarchical model is now 

I/Ji N(JL, T2) 

Zil7/Ji N(7/Ji, aZ)· 

As yet another simplification we take T = 1. The unknown parameter are 

8 = (JL, 7/Jl, ... ,I/Jk). The likelihood function is 

£(8) ex II !(l/JiIJL) II !(Zill/J) 

ex II exp { -~(7/Ji - JL)2 } exp { - 2~Z (Zi - ~)i)2 } . 
t 
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If we use the prior f (,1) ex 1 then the posterior is proportional to the likelihood. 

To use Gibbs sampling, we need to find the conditional distribution of each 

parameter conditional on all the others. Let us begin by finding j(fLlrest) 

where "rest" refers to all the other variables. We can throwaway any terms 

that don't involve fL. Thus, 

f(fLlrest) ex II exp { - ~ (1/)i - fL)2 } 
t 

where 

Hence we see that 111rest rv N(b, 11k). Next we will find f(1/)lrest). Again, we 

can throwaway any terms not involving 1/)i leaving us with 

where 

f(l/'il rest) ex exp { -~(I/'i - fL)2 } exp { - 2~; (Zi -l/'i)2 } 

ex exp { - 2~; (1/Ji - ei)2 } 

and so 1/)ilrest rv N(ei,d;). The Gibbs sampling algorithm then involves iter­

ating the following steps N times: 

draw fL 

draw 1/JI 

draw 1/Jk 

N(b,V2) 

N(el' di) 

It is understood that at each step, the most recently drawn version of each 

variable is used. 

We generated a numerical example with k = 20 cities and n = 20 people 

from each city. After running the chain, we can convert each 1/Ji back into Pi 
by way of Pi = eWi 1(1 + eWi ). The raw proportions are shown in Figure 24.4. 

Figure 24.3 shows "trace plots" of the Markov chain for PI and 11. Figure 

24.4 shows the posterior for fL based on the simulated values. The second 
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panel of Figure 24.4 shows the raw proportions and the Bayes estimates. Note 

that the Bayes estimates are "shrunk" together. The parameter T controls 

the amount of shrinkage. We set T = 1 but, in practice, we should treat T as 

another unknown parameter and let the data determine how much shrinkage 
is needed. _ 

C> 
6 

C> 
6 

o 500 1000 

U") 

9~r-------------~~~------------~~_ 

FIGURE 24.3. Posterior simulation for Example 24.11. The top panel shows simu­
lated values of Pl. The top panel shows simulated values of 11. 

So far we assumed that we know how to draw samples from the conditionals 

fXIY(xly) and fYlx(ylx). If we don't know how, we can still use the Gibbs 

sampling algorithm by drawing each observation using a Metropolis-Hastings 

step. Let q be a proposal distribution for x and let qbe a proposal distribution 

for y. When we do a Metropolis step for X, we treat Y as fixed. Similarly, 

when we do a Metropolis step for Y, we treat X as fixed. Here are the steps: 
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Metropolis within Gibbs 

(Ia) Draw a proposal Z rv q(zIXn). 
(Ib) Evaluate 

(Ie) Set 
with probability T 

with probability 1 - T. 

(2a) Draw a proposal Z rv q(zlYn). 

(2b) Evaluate 

(2e) Set 
with probability T 

with probability 1 - T. 

Again, this generalizes to more than two dimensions. 

-0.6 

I 1ft II! \\\\\\ 
FIGURE 24.4. Example 24.11. Top panel: posterior histogram of fJ,. Lower panel: 
raw proportions and the Bayes posterior estimates. The Bayes estimates have been 
shrunk closer together than the raw proportions. 
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24.6 Bibliographic Rernarks 

MCMC methods go back to the effort to build the atomic bomb in World War 

II. They were used in various places after that, especially in spatial statistics. 

There was a new surge of interest in the 1990s that still continues. My main 

reference for this chapter was Robert and Casella (1999). See also Gelman 

et al. (1995) and Gilks et al. (1998). 

24.7 Exercises 

1. Let 
_ J2 e- x2

/ 2 
I - r.>= dx. 

1 V 27T 

(a) Estimate I using the basic Monte Carlo method. Use N = 100,000. 

Also, find the estimated standard error. 

(b) Find an (analytical) expression for the standard error of your esti­

mate in (a). Compare to the estimated standard error. 

(c) Estimate I using importance sampling. Take g to be N(1.5,v 2 ) with 

v = .1, v = 1 and v = 10. Compute the (true) standard errors in each 

case. Also, plot a histogram of the values you are averaging to see if 

there are any extreme values. 

(d) Find the optimal importance sampling function g*. What is the 

standard error using g*? 

2. Here is a way to use importance sampling to estimate a marginal density. 

Let ix,y(x,y) be a bivariate density and let (X1,X2), ... ,(XN ,YN) rv 

ix,y. 

(a) Let w(x) be an arbitrary probability density function. Let 

Show that, for each x, 

lx(x) ~ ix(x). 

Find an expression for the variance of this estimator. 

(b) Let Y rv N(O, 1) and XIY = y rv N(y, 1 + y2). Use the method in 

(a) to estimate ix(x). 
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3. Here is a method called accept-reject sampling for drawing observa­

tions from a distribution. 

(a) Suppose that j is some probability density function. Let 9 be any 

other density and suppose that j(x) <::: Mg(x) for all x, where M is a 

known constant. Consider the following algorithm: 

(step 1): Draw X rv 9 and U rv Unif(O, 1); 

(step 2): If U <::: j(X)/(Mg(X)) set Y = X, otherwise go back to step 

1. (Keep repeating until you finally get an observation.) 

Show that the distribution of Y is j. 

(b) Let j be a standard Normal density and let g(x) = 1/(1 + x 2 ) be 

the Cauchy density. Apply the method in (a) to draw 1,000 observations 

from the Normal distribution. Draw a histogram of the sample to verify 

that the sample appears to be Normal. 

4. A random variable Z has a inverse Gaussian distribution if it has 

density 

j(z) ex z-3/2 exp { -BIZ - B: + 2VB1B2 + log ( ~) }, z > 0 

where Bl > 0 and B2 > 0 are parameters. It can be shown that 

fl;2 (1) #,1 1 IE(Z) = - and IE - = - + -. 
Bl Z B2 2B2 

(a) Let Bl = 1.5 and B2 = 2. Draw a sample of size 1,000 using the 

independence-Metropolis-Hastings method. Use a Gamma distribution 

as the proposal density. To assess the accuracy, compare the mean of Z 
and I/Z from the sample to the theoretical means Try different Gamma 

distributions to see if you can get an accurate sample. 

(b) Draw a sample of size 1,000 using the random-walk-Metropolis­

Hastings method. Since z > 0 we cannot just use a Normal density. 

One strategy is this. Let W = log Z. Find the density of W. Use the 

random-walk-Metropolis-Hastings method to get a sample WI, ... , WN 

and let Zi = e Wi. Assess the accuracy of the simulation as in part (a). 

5. Get the heart disease data from the book web site. Consider a Bayesian 

analysis of the logistic regression model 
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Use the flat prior f((3o, ... ,(3k) ex 1. Use the Gibbs-Metropolis algorithm 

to draw a sample of size 10,000 from the posterior f((3o, (31Idata). Plot 

histograms of the posteriors for the (3/s. Get the posterior mean and a 

95 percent posterior interval for each (3j. 

(b) Compare your analysis to a frequentist approach using maximum 

likelihood. 
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lR 
infxEA f(x) 

SUPxEA f(x) 

71! 
(~) 
f(a) 
n 

IP'(A) 
AilB 
A '0060' B 
Fx 

fx 
XrvF 
X rv f 
X~Y 
lID 

X1"",XnrvF 
¢ 
<I> 
Zcx 

IE(X) = f xdF(x) 
IE(r(X)) = f r(x)dF(x) 
V(X) 
Cov(X, Y) 
Xl, ... ,Xn 
n 

List of Syrnbols 

General Symbols 

real numbers 
infimum: the largest number y such that 
y S f ( x) for all x E A 
think of this as the minimum of f 
supremum: the smallest number y such that 
y ~ f ( x) for all x E A 
think of this as the maximum of f 
71 X (71 -1) x (71 - 2) x··· x 3 x 2 x 1 

n! 
k!(n-k)! 
Gamma function fooo yCX-1 e- Ydy 
sample space (set of outcomes) 
outcome, element, point 
event (subset of n) 
indicator function; 1 if W E A and 0 otherwise 
number of points in set A 

Probability Symbols 

probability of event A 
A and B are independent 
A and B are dependent 
cumulative distribution function 
Fx(x) = IP'(X S x) 
probability density (or mass) function 
X has distribution F 
X has density f 
X and Y have the same distribution 
independent and identically distributed 
IID sample of size n from F 
standard Normal probability density 
standard Normal distribution function 
upper a quantile of N(O, 1): Zcx = <I>-1(1 - a) 
expected value (mean) of random variable X 
expected value (mean) of r(X) 
variance of random variable X 
covariance between X and Y 
data 
sample size 



432 List of Symbols 

p 
---+ 
~ 

~ 
Xn :::::: N (,L, 0-;:,) 
xn = o(an ) 
xn = O(an ) 

Xn = op(an ) 
Xn = Op(an ) 

Convergence Symbols 

convergence in probability 
convergence in distribution 

convergence in quadratic mean 
(Xn - IL)/On ~ N(O, 1) 
xn/an --+ 0 
Ixn / an I is bounded for large n 

p 
Xn/an---+O 
IXn/ an I is bounded in probability for large n 

Statistical Models 

statistical model; a set of distribution functions, 
density functions or regression functions 
parameter 

estimate of parameter 
statistical functional (the mean, for example) 
likelihood function 

Useful Math Facts 

x ~CX) xk x 2 
e = L-k=O k! = 1 + x + 2T + ... 
,\,00 r j = L for 0 < r < 1 L-J=k l-r 

limn --+ oo (1 + ~) n = ea 

Stirling's approximation: n! :::::: nn e-nj27rn 

THE GAMMA FUNCTION. The Gamma function is defined by 

for 0; ~ O. If 0; > 1 then r(o;) = (0; -l)r(o; -1). If n is a positive integer then 

r(n) = (n - I)!. Some special values are: r(l) = 1 and [(1/2) = ft. 
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