18
Undirected Graphs

Undirected graphs are an alternative to directed graphs for representing in-
dependence relations. Since both directed and undirected graphs are used in
practice, it is a good idea to be facile with both. The main difference between
the two is that the rules for reading independence relations from the graph
are different.

18.1 Undirected Graphs

An undirected graph G = (V, E) has a finite set V of vertices (or nodes)
and a set E of edges (or arcs) consisting of pairs of vertices. The vertices
correspond to random variables X, Y, Z, ... and edges are written as unordered
pairs. For example, (X,Y) € E means that X and Y are joined by an edge.
An example of a graph is in Figure 18.1.

Two vertices are adjacent, written X ~ Y, if there is an edge between
them. In Figure 18.1, X and Y are adjacent but X and Z are not adjacent. A
sequence X, ..., X, is called a path if X; ;| ~ X for each ¢. In Figure 18.1,
X,Y, Z is a path. A graph is complete if there is an edge between every pair
of vertices. A subset U C V of vertices together with their edges is called a
subgraph.
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FIGURE 18.1. A graph with vertices V = {X,Y,Z}. The edge set is
E = {(X,V),(v, 2)}.
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FIGURE 18.2. {Y, W} and {Z} are separated by { X }. Also, W and Z are separated
by {X,Y}.

If A,B and C are three distinct subsets of V, we say that C' separates
A and B if every path from a variable in A to a variable in B intersects a
variable in C. In Figure 18.2 {Y, W} and {Z} are separated by {X}. Also, W
and Z are separated by {X,Y}.

18.2 Probability and Graphs

Let V be a set of random variables with distribution P. Construct a graph
with one vertex for each random variable in V. Omit the edge between a pair
of variables if they are independent given the rest of the variables:

no edge between X and ¥ <= X IIY|rest
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FIGURE 18.3. X 11 Z|Y.

Y

FIGURE 18.4. No implied independence relations.

where “rest” refers to all the other variables besides X and Y. The resulting
graph is called a pairwise Markov graph. Some examples are shown in
Figures 18.3, 18.4, 18.5, and 18.6.

The graph encodes a set of pairwise conditional independence relations.
These relations imply other conditional independence relations. How can we
figure out what they are? Fortunately, we can read these other conditional
independence relations directly from the graph as well, as is explained in the
next theorem.

18.1 Theorem. Let G = (V, F) be a pairwise Markov graph for a distribution
P. Let A, B and C be distinct subsets of V' such that C separates A and B.
Then AU B|C.

18.2 Remark. If A and B are not connected (i.e., there is no path from A to
B) then we may regard A and B as being separated by the empty set. Then
Theorem 18.1 implies that A 11 B.
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FIGURE 18.6. Pairwise independence implies that X II Z|{Y,W}. But is X [1 Z|Y'?

The independence condition in Theorem 18.1 is called the global Markov
property. We thus see that the pairwise and global Markov properties are
equivalent. Let us state this more precisely. Given a graph G, let M (G)
be the set of distributions which satisfy the pairwise Markov property: thus
P € Mpair(G) if, under P, X 11 Y|rest if and only if there is no edge between
X and Y. Let Mgiobai(G) be the set of distributions which satisfy the global
Markov property: thus P € Mp,;.(G) if, under P, Al B|C if and only if C
separates A and B.

18.3 Theorem. Let G be a graph. Then, Mpaic(G) = Mgiobal(G).

Theorem 18.3 allows us to construct graphs using the simpler pairwise prop-
erty and then we can deduce other independence relations using the global
Markov property. Think how hard this would be to do algebraically. Returning
to 18.6, we now see that X 1 Z|Y and Y I W|Z.

18.4 Example. Figure 18.7 implies that X 1Y, X 1 Z and X 1 (Y, Z). m

18.5 Example. Figure 18.8 implies that X T W|(Y,Z) and X 1 Z|Y.
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FIGURE 18.7. X11Y, X 11 Z and X 11 (Y, Z).
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FIGURE 18.8. X L1 W|(Y, Z) and X 11 Z|Y.

18.3 Cliques and Potentials

A clique is a set of variables in a graph that are all adjacent to each other. A
set of variables is a maximal clique if it is a clique and if it is not possible
to include another variable and still be a clique. A potential is any positive
function. Under certain conditions, it can be shown that IP is Markov G if and

only if its probability function f can be written as

fz) = W (18.1)

where C is the set of maximal cliques and

zZ=> 1] ¢olze).

z CeC

18.6 Example. The maximal cliques for the graph in Figure 18.1 are C] =
{X,Y} and Cy = {Y, Z}. Hence, if PP is Markov to the graph, then its proba-
bility function can be written

f('rvya Z) X 1/11(1'731)%52(@/, Z)

for some positive functions ¢; and 5. =
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FIGURE 18.9. The maximumly cliques of this graph
{X0, Xo ) { X0, Xa} {Xo, Xa}, { X, X5}, { X2, X5, X}

18.7 Example. The maximal cliques for the graph in Figure 18.9 are
{Xla X2}’ {X17 X3}7 {X27 X4}a {X?n X5}7 {X27 X57 XG}
Thus we can write the probability function as

flxr, 29, 23,24, T5,26) o< P12(x1, T2)Yr3(x1, T3)Yoa(T2, T4)

X135 (23, T5) P56 (T2, T5, T6). ™

18.4 Fitting Graphs to Data

are

Given a data set, how do we find a graphical model that fits the data? As

with directed graphs, this is a big topic that we will not treat here. However,

in the discrete case, one way to fit a graph to data is to use a log-linear

model, which is the subject of the next chapter.

18.5 Bibliographic Remarks

Thorough treatments of undirected graphs can be found in Whittaker (1990)
and Lauritzen (1996). Some of the exercises below are from Whittaker (1990).

18.6 Exercises

1. Consider random variables (X7, Xa, X3). In each of the following cases,

draw a graph that has the given independence relations.
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Xy X X3 Xy
° ° ° °

FIGURE 18.11.

(a) X1 I X3 | Xo.

(b) X1 0 Xs | X5 and X7 11 X3 | Xo.

(¢) X1 I Xs| X3 and X7 I X5 | X and X5 11 X5 | X7.

. Consider random variables (X1, X2, X3, X4). In each of the following
cases, draw a graph that has the given independence relations.

(a) X1 I X3 | Xo, X4 and X3 11 X4 | Xo, X3 and Xo 11 X4 | X1, X3.

(b) X1 1 Xo | X3, X4 and X1 I X3 | X2, X4 and Xo 11 X3 | X3, X4.

(¢) X111 X5 | X2, X4 and X, 11 X4 | X1, X;.

3. A conditional independence between a pair of variables is minimal if it

is not possible to use the Separation Theorem to eliminate any variable
from the conditioning set, i.e. from the right hand side of the bar Whit-
taker (1990). Write down the minimal conditional independencies from:
(a) Figure 18.10; (b) Figure 18.11; (¢) Figure 18.12; (d) Figure 18.13.

. Let X1, X5, X3 be binary random variables. Construct the likelihood

ratio test for

Hy: X111 X5|X5 versus Hj : Xiis not independent of X5|Xs.

. Here are breast cancer data from Morrison et al. (1973) on diagnostic
center (X7), nuclear grade (X2), and survival (X3):
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FIGURE 18.12.
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FIGURE 18.13.

X, malignant malignant benign benign

X3 died survived died survived

X1 Boston 35 59 47 112
Glamorgan 42 7 26 76

(a) Treat this as a multinomial and find the maximum likelihood esti-

mator.

(b) If someone has a tumor classified as benign at the Glamorgan clinic,
what is the estimated probability that they will die? Find the standard
error for this estimate.
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(c) Test the following hypotheses:
X1HX2|X3 versus X1 mX2|X3
X1HX3|X2 versus X1 WX3|X2
X2HX3|X1 versus XQ ’2525625\)(3|X1

Use the test from question 4. Based on the results of your tests, draw
and interpret the resulting graph.



