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Diffraction from Crystals

CHAPTER PREVIEW

Since our emphasis is on crystalline materials, we will first discuss how the details of the
crystal symmetry affect the DPs we expect to see. What we’re doing here is taking the
concepts of the reciprocal lattice and applying it to particular examples. There are two basic
lessons.

& Youmust learn some of the rules that we will derive for particular crystal structures; one
example will be to determine which reflections are allowed for an fcc crystal.

& The other lesson is more general and is really concerned with why we have these rules.
Why are certain reflections absent or weak and how can you use this information to learn
more about your material?

We can deduce some selection rules for different crystal structures that tell you which
reflections are allowed. We suggest you learn the most common ones by heart. Throughout
this chapter, we’ll assume that the crystal is perfect and infinite, which it never is. In Chapter
17, we will examine what happens when we include defects or allow the diffracting crystal to
become relatively small. In Chapter 18, we’ll go through the process of indexing experi-
mental DPs.

16.1 REVIEW OF DIFFRACTION FROM A
PRIMITIVE LATTICE

In Chapters 11–15, we examined diffraction from a
regular array of lattice points. We will now define such
an array as a primitive lattice where there is only one
lattice point in the unit cell. Actually, we did begin to
consider the present topic when we discussed the mean-
ing of n in the Bragg equation 2d sin yB= nl in Sections
11.5 and 12.4. We showed that the diffraction from the
(200) planes would give rise to a 200 reflection even
when there were only atoms on the (100) planes.

By combining equations 13.3 and 13.4, we can see
that the amplitude of the diffracted beam is given by

fg ¼
a ilFg

Vc cos y

X

n

e�2piK � rne2piKD � r

where Fg is the structure factor for the material. Since
the same type of atom was at each lattice point, we only
needed to consider one atomic scattering factor f in
Chapter 13. Now we are going to include different
types of atoms as we build up real crystal unit cells.
From Section 3.7 we know that f varies with the

scattering angle. However, in this chapter we are going
to restrict ourselves to small values of y (excluding zero)
and will assume that we have fixed values of f; you can
easily extend this analysis to other scattering angles. For
convenience, we’ve summarized some useful values of f
in Table 16.1.

If you study the original paper of Ibers, from which
these data were taken, you will appreciate that these
numbers are not really well known. This is unfortunate
since much of our analysis depends on the values of f.
Furthermore, we have an additional reason for choos-
ing y not to be zero in Table 16.1 because these values
are even less reliable. Fortunately, what saves us is that
we are only interested in the details of the intensities in
some special cases and then the effects are really insen-
sitive to the precise value of f.

We are just going to take these numbers and move
on, but you may want to investigate a little further.
Some points you should consider are

& Why are these numbers not better known? We dis-
cussed this topic in Chapters 2 and 3. The atomic
scattering factor is related to the differential scatter-
ing cross section (Section 3.7)
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fðyÞj j2¼ dsðyÞ
dO

(16:2)

and the cross section is not well known at typical TEM
voltages.

& If the crystal is ionic, do we use f(y) for the atom or
for the ion?

& If the material is covalently bonded, how can we
incorporate the bonds into our scattering model?

How we calculate f(y) depends on the model we use
to describe the atom. You can find more details in the
references at the end of the chapter, but beware, this is
not an easy topic.

The simplest method is just to ignore any ionic char-
acter! If you look at Table 16.1, you’ll see that if the atomic
number is large enough, then the change in f caused by
removing an electron may not be great. In ionic materials,
we form ions by removing or adding outer electrons so the
interaction of the electron beam with the nucleus is not
significantly affected.However, you should remember that
this argument applies only to f. We’ll see in Part 4 that we
can detect differences between differently bonded atoms
using EELS. So, bonding does affect the electron beam.

The overall effect of the covalent, i.e., directional,
component of the bonding is usually ignored. However,
as you realize, all the bonds in Si, for example, are
aligned along one particular type of crystallographic
direction so you may indeed be able to detect some
special features in the DPs.

16.2 STRUCTURE FACTORS: THE IDEA

In this section, we are building on Chapter 12. To keep
things simple, we will illustrate the concept of the struc-
ture factor for cubic crystals. If we have a simple-cubic

crystal, then all possible values of g can give a reflection in
the DP. Each reciprocal-lattice point will then correspond
to a possible beam. The next step will be to add the basis
(i.e., the group of atoms associated with each lattice point)
to the primitive lattice. Since we still have the primitive
lattice, all of these points will still exist in the reciprocal
lattice but the reflections will be weighted. You will find
that there are three different ways to look at the situation,
which in fact are all equivalent

& Selection rules: This is perhaps closest to physics.
The structure of the crystal imposes certain selection
rules which determine which beams are allowed.

& Weights (or weighting factors): We can assign a
weight (which may be zero) to each of the points in
the reciprocal lattice. This is the terminology used by
Ewald. The nice feature about weighting factors is
that they are analogous to scattering factors.

& Structure factors (F): These are the unit-cell equiva-
lents of the atomic-scattering amplitude, f(y); they
can be thought of as unit-cell scattering amplitudes.
This is the terminology favored in materials science.

There are two ways to address this topic:

& We can examine the physical idea of interference
as we did in Chapters 2 and 3. This approach can
give some useful guidelines to you, the experimen-
talist. For example, we’ll see that the 200 reflec-
tion in Si should usually be absent; it should
always be present, though weak, in GaAs. Simi-
larly, in Ni3Al, the 100 reflection is weak, but in
Ni it is absent.

& Some materials have a special lattice in real space,
for example, fcc or bcc lattices. In these cases, we
can describe a corresponding special lattice in
reciprocal space. What this means is that certain
reflections are always forbidden for these particu-
lar structures; these are known as ‘kinematically
forbidden’ reflections. (We’ll see, however, that
they can be present due to dynamical scattering
events, and structure factors do not take any
account of dynamical scattering.) The reciprocal
lattice (of allowed reflections) of an fcc crystal is
bcc, and vice versa.

In equation 13.1 we described the scattering from the
unit cell by the expression

Acell ¼
e2pikr

r

X

i

fi yð Þe2piK � ri (16:3)

What this equation says is that the atoms within the unit
cell all scatter with a phase difference given by 2piK � ri
where ri is a vector which defines the location of each
atom within the unit cell

TABLE 16.1 Selected Values of f (q), the Atomic Scattering
Amplitude at q = qB

Element f (y) (Å) Element f (y) (Å)

H 0.31 Ca 3.40

Li 0.75 Cr 3.56

Be 1.16 Mn 3.55

B 1.37 Fe 3.54

C 1.43 Co 3.51

N 1.44 Ni 3.48

O 1.42

Cu 3.44

Na 1.59 Zn 3.39

Mg 1.95 Ga 3.64

Al 2.30 As 4.07

P 2.59 Ag 5.58

W 7.43

These are values were derived using a self-consistent field theory (sin y/l =

0.2 Å�1) and are based on the rest mass. The f(y) value must be multiplied by

(1 � (v/c)2)�1/2 for electrons with velocity v.
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ri ¼ xi aþ yi bþ zi c (16:4)

We’ll start by considering only the case where K = g

since this is an infinite, perfect crystal

K ¼ ha� þ kb� þ lc� (16:5)

So we can write

Fhkl ¼
X

i

fie
2pi hxiþkyiþlzið Þ (16:6)

This is our key equation; it is completely general.
This equation applies whether there is one atom or

one hundred atoms in the unit cell, nomatter where they
are located, and it applies to all crystal lattices. What we
do next is simply insert the atomic coordinates into
equation 16.6 and calculate Fhkl.

16.3 SOME IMPORTANT STRUCTURES:
BCC, FCC AND HCP

We will now calculate the structure factor for bcc and
fcc crystals, because they illustrate the points we just
made in Section 16.2 and because, as a materials scien-
tist, you must know these results. You can regard the
reciprocal lattice in two ways

& The reciprocal lattice for bcc and fcc are themselves
special lattices.

& All reciprocal lattices of cubic materials are simple
cubic, but some of the lattice points have a zero
structure factor.

Body-centered cubic: The bcc structure is particularly
easy. If we set the origin on one lattice point at (0, 0, 0),
the other lattice point is at (1/2, 1/2, 1/2) and we sub-
stitute these values of (x, y, z) into equation 16.6, then

F ¼ f 1þ epi hþkþlð Þ
n o

(16:7)

Now, since h, k, l are all integers, if we define the sum h
+ k+ l=N, then the exponential can take two values:
+1, for N even, and –1, for N odd.

Thus, we can say that

& F = 2f if h + k + l is even,
& F = 0 if h + k + l is odd.

There are no other possibilities. The resulting
indexed bcc reciprocal lattice is shown in Figure 16.1.
This lattice of allowed reflections is face-centered cubic.
The reason it may not look like the familiar fcc lattice in
real space is that the indices in reciprocal space must all
be integers.

Face-centered cubic: If we take the same approach
for the fcc structure, we now have to include four atoms
in the unit cell. We can view this cell as simple cubic with
a four-atom basis. The coordinates of the atoms are

ðx; y; zÞ ¼ ð0; 0; 0Þ; 1

2
;
1

2
; 0

� �
;

1

2
; 0;

1

2

� �
; 0;

1

2
;
1

2

� �
(16:8)

Substituting these values for ri into equation 16.6 gives

F ¼ f 1þ epi hþkð Þ þ epi hþlð Þ þ epi kþlð Þ
n o

(16:9)

Again, we consider the possible values of the integers h,
k, l. If all three are either odd or even, then all of the
exponential terms are e2npi. Therefore, all the phases of
the diffracted waves aremultiples of 2p and are in phase.
However, if one of h, k, or l is odd but the other two
even, or vice versa, then two of the three phase factors
will be odd multiples of p giving two terms of –1 in
equation 16.9. Therefore

& F = 4f if h, k, l are all even or all odd,
& F = 0 if h, k, l are mixed even and odd.

The resulting lattice is shown in Figure 16.2. This
time the reciprocal lattice of allowed reflections is bcc
with all the indices being integers.

Hexagonal close-packed: Generally DPs from hcp
crystals are more difficult to index for two reasons

& Except for (0001), the patterns can be different for
every material because the c/a ratio is different.

FIGURE 16.1. The reciprocal lattice for the bcc crystal structure. The

lattice points that correspond to systematic absences have been removed,

so the actual arrangement of points is an fcc lattice.
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& We use the three-index notation to derive the struc-
ture-factor rules.

& We use the four-index Miller-Bravais notation to
index the lattice planes and thus the DPs.

For the hcp structure, we only have to include two
atoms in the unit cell. We can view this cell as a simple
rhombohedral cell with a two-atom basis. The coordi-
nates of the atoms are

ðx; y; zÞ ¼ ð0; 0; 0Þ; 1

3
;
2

3
;
1

2

� �
(16:10)

Substituting these values for ri into equation 16.7
gives

F ¼ f 1þ e2pi
h
3þ 2 k

3 þ l
2

� �� �
(16:11)

We simplify the notation by setting h/3 + 2k/3 + l/2 =
X; the complication is simply that X may be a fraction.
The analysis is quite straightforward if we consider |F|2,
which is what we need in the expression for intensities.
Then we can rearrange as follows.

Fj j2¼ f 2 1þ e2piX
� �

1þ e�2piX
� �

¼ f 2 2þ e2piX þ e�2piX
� �

(16:12)

Fj j2¼ f 2 2þ 2 cos 2pXð Þ ¼ f 2 4 cos2 pX
� �

(16:13)

Now we can write down the rules for hcp which depend
mainly on whether or not h + 2k is a multiple of 3.

& |F|2 = 0 if h + 2k = 3m and l is odd,
& |F|2 = 4f 2 if h + 2k = 3m and l is even,
& |F|2 = 3f 2 if h + 2k = 3m � 1 and l is odd,
& |F|2 = f 2 if h + 2k = 3m � 1 and l is even.

Thus the 11�20 and 11�26 reflections will be strong but
the 11�23 reflection will be absent. Likewise 10�10 and 20�20
are weak but 30�30 is strong. Most importantly, 0001 is
absent. You can see that the four-index Miller-Bravais
notation takes some time to master. The third index is
only included to emphasize the symmetry; if the third
index were not included, you might not realize that, e.g.,
the (110) and ð1�20Þ are crystallographically equivalent.

You need to know a few other expressions for this
system. If you are working with hcp materials, youmust
have a copy of Frank’s (1965) paper on indexing this
system.

If the direction [uvtw] lies in the plane (hkil), then we
can show that

uhþ vkþ tiþ wl ¼ 0 (16:14)

The normal to the plane (h,k,i,l) is actually the Car-
tesian vector [h,k,i,l/l], and likewise the crystallographic
direction [u,v,t,w] is actually the vector [u,v,t,lw] in the
Cartesian system. So using the four-index Cartesian
vector notation, equation 16.14 can be written as

½u; v; t; lw�½h; k; i; l=l� ¼ 0 (16:15)

In cubic crystals, the direction [hkl] is always normal
to the plane (hkl), but this is not the case for hcp crystals.
You can show using some simple geometry that

l2 ¼ 2

3

� �
c

a

� 	2
(16:16)

Thus the Cartesian vector [HKIL], which is normal
to the plane (hkil), is the vector

h; k; i;
3

2

� �1
2 a

c

� 	
l

 !
(16:17)

½11�20� is normal to the ð11�20Þ plane because l is zero
but ½01�12� is not normal to the ð01�12Þ plane.

We can now write down an expression for the angle,
f, between two planes (hkil) and (defg).We use equation
16.17 to deduce the normals to the planes, then take the
dot product of these two four-index vectors to deduce
cos f in the form

cosf ¼
hdþ keþ 1

2 heþ kdð Þ þ 3
4 lg

a
c

� �2

h2 þ k2 þ hkþ 3
4 l

2 a
c

� �2n o1
2

d 2 þ e2 þ deþ 3
4 g

2 a
c

� �2n o1
2

(16:18)

FIGURE 16.2. The reciprocal lattice for the fcc crystal structure. The

lattice points that correspond to systematic absences have been removed,

so the actual arrangement of points is a bcc lattice.
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The hcp unit cell is shown in Figure 16.3. Remember
that there are three crystallographically equivalent axes
x, y and u, and that the indices of any plane can be
written as (uviw) where i = (u + v).

16.4 EXTENDING FCC AND HCP
TO INCLUDE A BASIS

What we did in the previous section was to calculate the
reciprocal lattice of a simple-cubic crystal with a basis of
four atoms in fcc and two atoms in bcc. We can take this
analysis one step further by starting with fcc and adding a
basis. This extension both illustrates the technique and
deduces structure-factor rules for three importantmaterials.

NaCl, GaAs, and Si: Each of these three crystal
structures is an fcc lattice with a basis. In other words,
we can separate out the atoms lying on the fcc lattice and
those which make up the basis.

NaCl: Let’s locate each of the Na atoms on an fcc
site; although NaCl is ionic, we’ll refer to the ions as
atoms since we generally do not take account of the
charge on the ion.

We usually say that for every Na atom, there is a Cl
atom related to it by the vector [1/2, 0, 0]. However, to
emphasize the cubic symmetry, we can choose the alter-
nate basis vector [1/2, 1/2, 1/2]. The phase factor for the

Cl atomwill be the same as for the Na atom, but with an
additional phase of pi(h+ k+ l). Of course, the atomic
scattering amplitudes, f, are also different for the two
atoms. We can write this expression for F as

F ¼ fNa þ fCle
pi hþkþlð Þ

n o
1þ epi hþkð Þ þ epi hþlð Þ þ epi kþlð Þ
n o

(16:19)

This again gives rise to some rules:

& F = 4(fNa + fC1) if h, k, l are all even,
& F = 4(fNa � fC1) if h, k, l are all odd,
& F = 0 if h, k, l are mixed.

Clearly, the third condition is the same as for any fcc
structure because the factor with four terms is then zero,
exactly as we deduced for fcc. You can check this if you
imagine that fCl is zero. Whether the sign in (fNa � fC1) is
positive or negative is the new feature. What this means in
practice is that reflections with h, k, l all even will appear
muchmore intense in the DP than those with h, k, l all odd.
Lookat the values given for f inTable 16.1. LiF,KCl,MgO,
NiO, FeO, andErAs all have theNaCl structure. Since they
have different pairs of atomic-scattering amplitudes, the
term corresponding to 4(fNa � fC1) will be different in each
case. Reflections with h, k, and l all odd are thus sensitive to
the chemistry of the compoundandwe call them ‘chemically
sensitive reflections.’ We will see further examples in Chap-
ter 29 of how this sensitivity can be used in imaging.

GaAs: You should repeat the above exercise with
the Ga located on the fcc lattice and the As related
to it by the basis vector [1/4, 1/4, 1/4]. (Crystallogra-
phers will immediately note that this puts the As atom
in the tetrahedron instead of the octahedron as
found in NaCl.) Now the expression for F becomes
(see equation 16.9 for Ffcc)

F ¼ fGa þ fAse
p
2i hþkþlð Þ

n o
Ffcc (16:20)

So the rules are slightly more complicated:

& F=0 if h, k, l aremixed as always for fcc,
& F = 4(fGa � i fAs) if h, k, l are all odd,
& F = 4(fGa � fAs) if h, k, l are all even and h+k+l

= 2N where N is odd (e.g., the
200 reflection),

& F = 4(fGa + fAs) if h, k, l are all even and h+k+l
= 2N where N is even (e.g., the
400 reflection).

You can appreciate the difference between the
200 reflection and the 400 reflection by drawing a pro-
jection onto the (001) plane and applying the physical
ideas we discussed in Chapter 11. The case where all
three indices are odd is interesting. However, for this
case remember that we only see intensities (i.e., |F|2 not
F) so |F|2 is 16(fGa

2 + fAs
2) and is independent of the

a

c

x

y

a

z

u

FIGURE 16.3. The hcp unit cell showing the four axes used in theMiller-

Bravais indexing system. The three axes in the basal plane, x, y, and u, are

all crystallographically equivalent and the z-axis is normal to the basal

plane.
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sign initially present. Of course, the structure factor is
still different from the others derived here.

Si: Now we can easily extend this analysis to Si, Ge,
or diamond. Just replace both fGa and fAs in our results
by fSi. The major change is that F is zero when h+k+l
= 2N and N is odd. The best known example of this is
again the 200 reflection. For Si andGe, it has F=0, but
F is finite for GaAs.

Now for ‘hcp.’
Wurtzite: The wurtzite structure is to hcpwhatGaAs

(or zinc blende) is to fcc! It is an important structure
because it includes BeO, ZnO, AlN, and GaN, all of
which have been widely studied. We can think of it as
adding a second hcp lattice displaced by [1/3, 1/3, 1/8] or
[0, 0, 3/8] relative to the first. The problem is that we
now have a four-atom basis because the second atom in
the hcp cell does not lie at a lattice site. This is a good
exercise for Section 16.8, if you look ahead.

16.5 APPLYING THE BCC AND FCC
ANALYSIS TO SIMPLE CUBIC

Extending bcc to NiAl (B2): For this material, we can
easily modify the original treatment of the bcc structure,
since now the centering atom is different, so NiAl is
simple cubic. If we choose to place the Ni atom at (0,
0, 0) and the Al atoms at [1/2, 1/2, 1/2], then

F ¼ fNi þ fAle
pi hþkþlð Þ

n o
(16:21)

This leads to two values for F, neither of which is zero.

& F = fNi + fAl if h + k + l is even,
& F = fNi � fAl if h + k + l is odd.

This would, of course, be the bcc result if fNi and fAl

were the same. The result of this difference is that all of
the reflections for NiAl will be present in aDP because F
is never zero. This result is, of course, exactly what we
would expect, because NiAl really is simple cubic. Other
materials with this structure include CsCl, CoGa, FeAl,
and CuZn. Reflections like (100) are chemically sensi-
tive for NiAl.

The Cu3Au (L12) structure: There are many impor-
tant ordered intermetallics with this structure such as
Al3Li and Fe3Al. The most important is Ni3A1 (because
of its role in Ni-base superalloys). We can treat Ni3Al in
a similar manner to NiAl. Here the Al atom sits on the
(0, 0, 0) site and the three Ni atoms center the faces. The
expression for F now becomes

F ¼ fAl þ fNi epi hþkð Þ þ epi hþlð Þ þ epi kþlð Þ
n o

(16:22)

The rules for Ni3Al are

& F = (fA1 + 3fNi) if h, k, l are all even or all odd.
& F = (fA1 � fNi) if h, k, l are mixed.

Again, all of the possible reciprocal-lattice points for
Ni3Al will give rise to Bragg reflections because the
structure is really simple cubic. The mixed hkl reflec-
tions are now the chemically sensitive reflections. This
material is particularly interesting since it can be heat-
treated so as to randomize the distribution of the two
elements; then each site will be occupied by 75% Ni,
25% Al, and F for mixed hkl will be zero. For this
reason, reflections with mixed hkl are referred to as
superlattice reflections (see Section 16.7).

16.6 EXTENDING HCP TO TiAl

The TiAl structure is not as well known as the previous
two cases, but illustrates a similar class of materials. We
noted in Section 16.4 that the two atoms in the hcp
structure are not equivalent. In TiAl, we actually make
them chemically distinct too. This means that the rules
for hcp will be modified again. Using equation 16.11, we
find that

F ¼ fTi þ fAle
2pi h

3þ2 k
3 þ l

2ð Þ (16:23)

The most important result is that the (0001) reflection is
now allowed since F= fTi� fAl. TiAl really does have a
primitive hexagonal unit cell.

16.7 SUPERLATTICE REFLECTIONS
AND IMAGING

The reciprocal lattices for Ni3Al and NiAl are shown in
Figure 16.4; the small circles indicate the chemically
sensitive reciprocal-lattice points. The terminology
which has developed calls the chemically sensitive reflec-
tions superlattice reflections; the idea is that the fcc
lattice is viewed as the lattice and the chemically sensi-
tive reflections then lie on a lattice with a finer scale in
reciprocal space. The chemically sensitive superlattic
reflections are all forbidden in the disordered fcc
structure.

Superlattice reflections are those present because the
material is ordered such that the actual real-space unit
cell is larger and thus the reciprocal-space cell is smaller.

For many years, these superlattice reflections were
regarded as a special feature in some unusual materials.
However, ordered materials, particularly the ordered
intermetallics which we mentioned in Section 16.4, are
finding increased uses.Wewill illustrate the wide variety
of superlattice effects by selecting some examples.

Figure 16.5 shows an image from Cu3Au, the arche-
typal A3B ordered fcc structure. The crystal has been
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irradiated with ions so that small regions known as
cascades have been damaged just enough that the Cu
and Au have been mixed up, i.e., the ordering has been
destroyed locally (Jenkins et al.). The DF image has
been formed using the 110 reflection, which we know
is a superlattice reflection. By destroying the ordering,

we ‘destroy’ the superlattice reflection for the disordered
region, so the disordered region appears black when the
ordered matrix appears bright. Thus, we can ‘see’ the
disordered region, measure its size, etc., even though it is
not diffracting electrons. The dark bands between the
domains are inclined anti-phase domain boundaries
(APBs), a specific kind of planar defect which we’ll
examine in more detail in Section 24.6.

Figure 16.6A and B shows a 002 DF image and the
corresponding DP from aGaAs/AlxGa1�xAs quantum-
well structure. The AlxGa1�xAs appears lighter than the
GaAs because the 002 reflection is a superlattice reflec-
tion; remember, it would be forbidden for GaAs if fGa

and fAs were equal. The reason the AlxGa1�xAs appears
lighter is that we have replaced a fraction x of the Ga
atoms with the lighter Al atoms, thus increasing the
difference fIII � fV. Clearly, this is a classic example of
chemically sensitive reflections. At this point we should

(B)

FIGURE 16.4. The reciprocal lattices for (A) the Ni3Al and (B) the NiAl

structures. In (A) Ni3Al is fcc, so the fcc-forbidden reflections (h, k, l

mixed even and odd) are allowed and become chemically sensitive (super-

lattice) reflections. In (B) NiAl is bcc, so the bcc-forbidden reflections (if

h + k+ l odd) are now allowed superlattice reflections.

(A)

FIGURE 16.5. DF image from a chemically sensitive 110 reflection

showing bright ordered domains in Cu3Au. The dark areas in the bright

domains are regions of local disorder induced by ion beam damage.

(A) (B)

FIGURE 16.6. (A) DF image from a 002 chemically sensitive reflection in

GaAs/AlxGa1-xAs. The AlxGa1-xAs is the lighter region because Al has

replacedGa in the GaAs (darker regions). (B) DP showing the less intense

002 and other superlattice reflections.
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remind you about intensities in images and DPs. The
discussion we have just gone through assumes that we
have a thin specimen, so that we are within the first
thickness zone (i.e., the specimen is thinner than one
extinction distance). In other words, be wary of trying to
be quantitative about these intensities since superlattice
beams are also dynamically diffracted.

Our third example is from a ceramic, vanadium
carbide. The structure of VC is the same as for NaCl
so we already have the rules. However, this carbide is
usually non-stoichiometric, having the composition
VxCy, where x > y. The two images and DPs shown in
Figure 16.7 were taken from well-ordered V6C5 and
V8C7 where 1/6 and 1/8 of the carbon sites are not
occupied by C: we say these sites are occupied by vacan-
cies and the vacancies have formed ordered arrays.
Clearly since we only have four atoms of each element
in the unit cell, the vacancies must be distributed over
more than one cell so the new lattice parameter must be
greater than the lattice parameter (a) of the VC fcc
lattice. So, we expect to see extra spots that are closer
to the origin than (001). This is the case in both patterns
shown here. The ordering actually destroys the cubic

symmetry, so we have several orientations of the
ordered carbides that are related to one another by the
way they break the symmetry. By forming DF images,
we can identify which region of the specimen corre-
sponds to which variant (Dodsworth et al.).

16.8 DIFFRACTION FROM LONG-PERIOD
SUPERLATTICES

In the previous section, the atoms or vacancies in the
different structures essentially arranged themselves to
increase the lattice parameter and therefore give rise to
superlattice reflections. In this section, we will discuss
several examples where either we (or nature) have
arranged the materials to give much larger superlattices.
We will begin by considering the image and DP shown
in Figure 16.8, which are from an artificial GaAs/Alx-
Ga1�xAs superlattice. The superlattice is created chemi-
cally by changing from four layers of GaAs to four of
(AlxGa1�x)As. So we see a series of three closely spaced
extra spots in the DP which correspond to the new long
lattice parameter in real space.

Another example is shown in Figure 16.9. This is a
very long period (�10 nm) artificial superlattice of alter-
nating layers of Si and Mo. The extra reflections
are very close and are not as useful as they were in
Figure 16.6, but they do allow us to check the periodic-
ity of the real-space structure very easily and quickly
and without needing to use HRTEM (Chapter 28). This
can be useful, particularly for artificially grown super-
lattices, since the superlattice periodicity is ‘internally
calibrated’ in the DP by the lattice spacing of the mate-
rial. (Remember that, for comparison, the magnifica-
tion of a TEM image is usually subject to a �10%
uncertainty.)

(A) (B)

(C) (D)

FIGURE 16.7. (A) DF image of ordered V6C5 and (B) accompanying

DP. (C) DF image of V8C7 and (D) DP. In both carbides the ordering is

due to vacancies on the C sublattice.

(A) (B)

FIGURE 16.8. (A) GaAs/AlxGa1-xAs structure in which order is created

by alternating four layers of GaAs and four of (AlxGa1–x)As. (B) DP

showing three superlattice spots between the fundamental reflections in

the 020 direction.
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16.9 FORBIDDEN REFLECTIONS

Wementioned in Section 16.2 that certain reflections are
always forbidden for some structures because they have
F=0. They are known as kinematically forbidden reflec-
tions, because such reflections can sometimes actually be
present due to dynamical scattering events. This process
is illustrated in Figure 16.10. The DP is the [011] pattern
in Si so that the 200 reflection should be absent according
to Section 16.4. The reason it is usually present is that,
since we are oriented at the zone axis, the 11�1 beam,
which has F 6¼ 0, acts like a new incident beam and is
rediffracted by the (1�11) plane. The result is that we
appear to excite the 200 reflection since

ð11�1Þ þ ð1�11Þ ¼ ð200Þ (16:24)

From this example, you can appreciate the use of the
phrase ‘kinematically forbidden.’

16.10 USING THE INTERNATIONAL
TABLES

As long as you work with fcc or bcc metals or the other
special structures listed here, you can use the simple
rules derived in this chapter. Once you venture further,

you should quickly become familiar with the Interna-
tional Tables for Crystallography (Hahn), in particular
with the introductory booklet. You must know the
crystal structure of your material; if not, you will in
principle be able to determine it after studying Chapter
21. If, for example, you were working with a-Al2O3, you

(A) (B)

FIGURE 16.9. (A) Artificial superlattice of Si and Mo layers �5 nm

thick. (B) Expanded DP around 000 showing many superlattice spots

(arrowed). The large spacing of the superlattice in real space results in

very small spacing of the superlattice reflections in the DP in reciprocal

space. Compare with Figure 16.8.

FIGURE 16.10. The [011] DP from Si. The 200 reflection is forbidden,

but it is present because the allowed 11�1 diffracted beam acts like a new

incident beam and is rediffracted by the (1�11) plane. The sum of the two

allowed reflections (11�1) + (1�11) results in a 200 reflection, which is so

weak you may not see it.

FIGURE 16.11. (continued).
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would know that the space group is R�3c or No. 167.
Looking this up in the International Tables, you would
find the information shown in Figure 16.11A. In this
case, you’d have to decide whether you want to use
rhombohedral axes or hexagonal axes; you’ll notice
that there are three times as many atoms in the hexago-
nal cell. The tables in Figure 16.11B tell you which

reflections are allowed, although you can work out or
look up the values of F if you want them. You know the
chemical formula of your material, but you still need to
know which sites are occupied. Look up the positions
from X-ray diffraction data. The paper by Lee and
Lagerlof summarizes the analysis for this particular
example.

FIGURE 16.11. (A) Symmetry information, as given in the International Tables for trigonal a-Al2O3, with space group R�3c (No. 167), showing the two

possible unit cells based on the rhombohedral and hexagonal cells. The symmetry elements at specific lattice points are also indicated. (B) The atomic

positions for the two choices of unit cells in (A).
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That was the traditional approach. Now, you
should have access to EMS or Crystal Kit. Alterna-
tively, use jEMS over the WWW (Section 1.6). In all

these software packages you can just type in your space
group or pull down a menu to find the structure-factor
information.

CHAPTER SUMMARY
When we introduced the primitive lattice at the beginning of this chapter, we only con-
sidered the lattice sites which actually define the unit cell. If there are other lattice points,
these would give us the Bravais lattices. We will conclude by summarizing some of the
selection rules for the different structures in Table 16.2.

In practice, it will become important that you simply know some of the DPs for your
material. You can, however, look up these patterns in some of the textbooks listed in
Chapter 1, but the best sources are the texts by Andrews et al. and Edington; we reproduce
some of them in Figures 18.17–18.19. Alternatively, software (e.g., jEMS) available on the
WWW (Section 1.5) will print out standard spot patterns of most important crystal
structures. When you’re sitting at the TEM, you don’t have time to index a pattern from
first principles and then decide whether or not you are at a pole that contains the reflection
you want to use. To do this you’ll have to be able to index the DPs and determine the beam
direction, which we’ll describe in detail in Chapter 18.

REFERENCES
Examples of indexed DPs are given in the texts by Edington and Andrews et al. As usual, we recommend

your checking the books by Kelly and Groves, Cullity.

DPs and Crystal Data
Andrews, KW, Dyson, DJ and Keown, SR (1971) Interpretation of Electron Diffraction Patterns 2nd Ed.

Plenum Press New York. Stereographic projections, angles, spacings, and much more.

Massalski, T, Okamoto, H, Subramanian, PR andKacprzak, L (Eds.) (1990)Binary Alloy Phase Diagrams

2nd Ed. ASM International Materials Park OH. Appendix A1 gives a complete list of the Pearson

Symbols (L12, etc.) with their space group and Strukturbericht designation.
Misell, DL and Brown, EB (1987) Electron Diffraction: An Introduction for Biologists, Volume 12 of the

seriesPractical Methods in ElectronMicroscopyEd. AMGlauert Elsevier NewYork.Materials science

students should not be put off by the title: this is an invaluable practical guide to indexing DPs and

more.

TABLE 16.2 Examples of Selection Rules for Several Crystal Structures. F is the Structure Factor

Crystal type Reflection present for F No. of lattice points

per cell

Primitive Any h, k, l f 1

Body centered (h + k + l) = 2n 2f 2

Face centered including GaAs

and NaCl

h, k and l all odd or all even 4f 4

Diamond As fcc but if all even and h + k + l 6¼ 4n then

absent, anyway

Base centered h, k and l all odd or all even 2f 2

Example reflection

Hexagonal close-packed h + 2k = 3n with l odd 0 0001

h + 2k = 3n with l even 2f 0002

h + 2k = 3n � 1 with l odd f�3 01�11

h + 2k = 3n � 1 with l even f 01�10
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SOME CRYSTALLOGRAPHY
Dodsworth, J, Kohlstedt, DL and Carter, CB 1983 Grain Boundaries in Transition Metal Carbides Adv.

Ceram. 6 102–109.

Frank, FC 1965 On Miller-Bravais Indices and Four-Dimensional Vectors Acta Cryst. 18 862–866. A
favorite.
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THE COMPANION TEXT
You’ll find jEMS useful for simulating DPs.

SELF-ASSESSMENT QUESTIONS
Q16.1 What is the key assumption that is made in the amplitude calculation in this chapter?
Q16.2 Give one reason why DP selection rules are sometimes broken.

Q16.3 In a bcc Fe specimen, will any kinematically forbidden reflections occur in the DP?
Q16.4 In a bcc specimen, is the 110 reflection allowed?
Q16.5 In fcc, will you see the 111 and/or 100 reflections?

Q16.6 In NaCl, which hkl reflections are chemically sensitive?
Q16.7 In GaAs, which reflections are forbidden?
Q16.8 When determining if a reflection is forbidden or allowed, need we only consider the structure factor, F?

Q16.9 If a material is very well ordered, what does it mean to have formed a superlattice in the DP?
Q16.10 List some advantages in determining superlattice spacings from a DP rather than an image.
Q16.11 Why is the 200 reflection of Si seen in Figure 16.9?

Q16.12 Why are hcp DPs more difficult to index than cubic DPs?
Q16.13 Explain the concept of structure factor in words?
Q16.14 What two things should you keep in mind when looking up tabulated values of the atomic scattering factor?
Q16.15 In Figure 16.8, what is the true periodicity in the [020] direction?

Q16.16 What do we mean by the term ‘chemically sensitive reflection’? Give two examples.
Q16.17 When is it particularly important to use the International Tables?
Q16.18 Why does the uncertainty in f values not usually affect our analysis of DPs?

Q16.19 Why are f values not precisely known?
Q16.20 Give the general equation for the structure factor.
Q16.21 Write down the structure factor rules for a bcc crystal and describe the reciprocal lattice.

Q16.22 Write down the structure factor rules for an fcc crystal and describe the reciprocal lattice.
Q16.23 Write down the structure factor rules for an hcp crystal. Can you describe the reciprocal lattice?
Q16.24 What is the Cartesian vector which is normal to the plane (hkil)?
Q16.25 How many atoms are needed (minimum number) to calculate the structure factor for simple cubic, fcc,

bcc and hcp structures?
Q16.26 How do the structures of NaCl and NiAl differ?
Q16.27 In Figure 16.5, why can we see the ordered domains but not the disordered domains?

Q16.28 In Figure 16.6, why is the AlxGa1�xAs region brighter than the GaAs region?
Q16.29 In Figure 16.7, why is the symmetry of the two DPs changed?
Q16.30 In Figure 16.8, why are there rows of fainter spots between bright spots?

Q16.31 In Figure 16.9, why can we see superlattice reflections even though half the material is amorphous?
Q16.32 If the crystal is ionic, do we use f for the atom or for the ion?
Q16.33 What is a basis?

Q16.34 Describe three equivalent descriptions of systematic absences in crystals.
Q16.35 How can you easily distinguish GaAs from Si given two (001) DPs?
Q16.36 Why didn’t we see superlattice spots in the DP in Figure 16.6B?

TEXT-SPECIFIC QUESTIONS
T16.1 Starting with the fcc case, deduce the structure factor rules for NaCl.
T16.2 Deduce the structure factor rules for NiAl.
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T16.3 Consider Figure 16.6. Draw a schematic of the DP. Index all the remaining reflections. Look at the 002
row of reflections; indicate the location of the extra reflections which should be present due to the
superlattice. Justify your answer.

T16.4 Sketch the DP shown in Figure 16.10 with a box as large as that shown in this figure. Add all the other
reflections you would expect to see. Justify your answer.

T16.5 Look at Figure 16.9. Explain all the contrast features you see in this image (after you’ve read Part 3).

T16.6 Using Figure 16.11, explain which positions are occupied in both the rhombohedral and hexagonal cells
for Al2O3. Neglecting the possibility of dynamical scattering, explain why you will, or will not, see the
0001, 1�100 and/or 11�20 reflections. Will you see the 112, 111 and/or 100 reflections?

T16.7 A simple orthorhombic lattice has the following lattice constants: a=0.30 nm; b=0.40 nm; c=0.50 nm.

Draw the DP when a crystal is observed along the [100], [010] and [001] directions, respectively. The DPs
should be drawn in the same scale. NB: There are no ‘forbidden’ reflections in this structure. (Courtesy
Anders Thølen.)

T16.8 The alloy CuAu3 has an ordered structure. What does the DP look like when the crystal is viewed along
the [110] direction? (Courtesy Anders Thølen.)

T16.9 Electron diffraction from a powder material gives a ring pattern. When the incoming beam is tilted an

angle y relative to the optical axis the ring pattern moves. Calculate the angle y the incoming beam has
been tilted when the center of the DP is moved so it falls on the {222} ring of the original pattern. The
material is Pt (fcc) with a lattice constant 0.392 nm. The acceleration voltage is 100 kV. (Courtesy Anders

Thølen.)
T16.10 What reflections would you expect to observe in an electron DP(s) from a c-centered monoclinic cell?

(Courtesy Lucille Giannuzzi.)
T16.11 The unit cell of a crystal of Ti2Nb10O29 is orthorhombic (space groupAmma) with a=28.5 Å, b=3.8 Å,

c = 20.5 Å. The DP of 1a is from one of the principal axis patterns. Give the Miller indices for this
pattern. The pattern 1b is from a slightly tilted crystal. Find the tilt axis, tilt angle and the excitation error
from the spot circled. A further tilt of the crystal gave the pattern of 1c printed to the same scale. What is

the Miller index of the spot arrowed? (l = 0.037 Å) (See J. Appl. Phys. 42 5891.) (Courtesy John
Spence.)

T16.12 LaMnO3 has a perovskite structure shown below. Calculate the structure factors for {110}, {100}, {200}

and {220} in terms of the atomic-scattering factors (such as fLa, fMn, fO). (A) Use the size of the spot to
represent the intensity, sketch the [001] DP of this structure. (B) Index the first eight diffraction spots.
(Courtesy ZL Wang.)

T16.13 A ternary phase has the following atoms in a cubic unit cell: A at (0,0,0), B at (1/2, 1/2,0) and C at
(1/2,0,1/2), (0,1/2,1/2). Calculate the following structure factors in terms of fA, fB and fC: (a) (001) and
(010) and (b) (100) and (200). (Courtesy ZL Wang.)

T16.14 A ternary alloy (A2BC) has the fcc structure shown in (a) below at elevated temperatures. As the

temperature is lowered, all the C atoms go to the corners of the lattice while the A and B atoms randomly
occupy the face centers, as shown in (b). At still lower temperatures, the B atoms occupy the (1/2,1/2,0)
sites, indicated in (c). Sketch the [100] DPs for each of these structures, plotting the positions and relative

intensities of the different reflections. (Courtesy ZL Wang.)
T16.15 Consider a face-centered orthorhombic lattice. Bymeans of the definition of the reciprocal lattice, obtain

expressions for the three basic vectors of the reciprocal lattice of this real-space lattice, in terms of the

vectors a, b and c. (Courtesy ZL Wang.)
T16.16 A phase in the Fe-C-Al system as the following structure: Al at (0,0,0), Fe at (1/2,1/2,0), (1/2,0,1/2),

(0,1/2,1/2) and C at (1/2, 1/2,1/2). The atomic-scattering factors for the three elements are shown in the
plot below. (a) Derive the expression for the structure factor in terms of fAl, fFe and fC. (b) Calculate the

relative intensity ratios for the following reflection in the DP: (i) I(001)/I(002) and (ii) I(011)/I(002). (c) Sketch
and index the [100] DP of this phase. (Courtesy ZL Wang.)
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